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Summary This paper is in the line of the recent literature on weak instruments, which,
following the seminal approach of Stock and Wright captures weak identification by drifting
population moment conditions. In contrast with most of the existing literature, we do not
specify a priori which parameters are strongly or weakly identified. We rather consider that
weakness should be related specifically to instruments, or more generally to the moment
conditions. In addition, we focus here on the case dubbed nearly-weak identification where
the drifting DGP introduces a limit rank deficiency reached at a rate slower than root-7'. This
framework ensures the consistency of Generalized Method of Moments (GMM) estimators
of all parameters, but at a rate possibly slower than usual. It also validates the GMM-LM
test with standard formulas. We then propose a comparative study of the power of the LM
test and its modified version, or K-test proposed by Kleibergen. Finally, after a well-suited
rotation in the parameter space, we identify and estimate directions where root-7 convergence
is maintained. These results are all directly relevant for practical applications without requiring
the knowledge or the estimation of the slower rate of convergence.

Keywords: GMM, Instrumental variables, Weak identification.

1. INTRODUCTION

In this paper, we revisit the Generalized Method of Moments (GMM) of Hansen (1982)
when classical identification assumptions are only barely satisfied. Following Hansen (1982),
we imagine an economic model with structural parameter of interest 6 € ® C R”. The
econometrician’s information about the true unknown value #° of # comes through moment
conditions. For some stationary ergodic process (Y;), ¢(Y;, 8) is a K-dimensional function,
integrable for all & € ®, and the underlying economic model states that these moment conditions
are satisfied at the true unknown value of the parameter:

E[¢(Y;,0%] = 0. (1.1)
Moment conditions (1.1) strongly globally identify 0° if they do not admit any other solution:
E[¢(Y:,60)] =0, He® =0 (1.2)
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Hansen (1982) maintains (1.2) to prove consistency of a GMM estimator, defined as:
br = arg géiél[fﬁ}(O)QTér(é‘)]- (1.3)

¢r(6) is the sample mean of ¢(Y,, 0); Qr is a sequence of random non-negative matrices with
positive definite probability limit. To address the asymptotic distribution of a GMM estimator,
Hansen (1982) extends the above definition and considers any sequence 7 such that:

Plim[T"?A7¢7(67)] = 0. (1.4)

(A7) is a sequence of (p, K) random matrices converging in probability to a constant full-row
rank matrix Ay. The strong global identification condition (1.2) may be replaced by a local one:
moment conditions (1.1) strongly locally identify 6° if 6° belongs to the interior of ® where
¢(Y,, 0) is continuously differentiable, and E[d¢ (Y, 6°)/86'] has full-column rank. Under this
strong local identification condition, the GMM estimator §; defined by (1.4) is consistent and
asymptotically normal. Moreover, the GMM estimator defined by (1.3) is a special case of (1.4)
(through the first-order conditions), when strong local identification holds.

Both global and local strong identification conditions have been questioned in the literature
during the last ten years. Stock and Wright (2000) relax the strong global identification when
considering a drifting Data Generating Process (DGP) with:

0
Elo(Y;,0)] = m;+§2) + my(0;) for some given subvector 6, of 6. (1.5)

Then, only possibly 6 is identified, since, for the other components of 8, the relevant moment
information vanishes at rate square-root 7, the speed at which information is accumulated with
a larger sample size. This case has been referred to as (global) weak identification.

Kleibergen (2005) focuses on the GMM score-type test of a null hypothesis: H,,: 8 = 6. For
such a problem, only local identification is relevant, and Kleibergen (2005) refers to as (local)
weak identification the case where:

0
E[M(Yz,@ >} _c

= with full-column rank matrix C. (1.6)
96’ T1/2
We revisit the issue of GMM estimators and score-type tests in the nearly-weak identification
case, first introduced by Hahn and Kuersteiner (2002): through a drifting DGP approach,
information now vanishes when sample size T increases, but at a rate §7 slower than T2 In
the context of Stock and Wright (2000), global nearly-weak identification would mean:

0
E (Y, 0)] = ”“5;:) + ma(0)), (1.7)

while in the context of Kleibergen (2005), local nearly-weak identification would mean:

0
E[aqb(n,e )} _c

. 1.8
a6’ Sr (1.8

The possible case of nearly-weak identification has been quite overlooked in the literature while,
after all, it makes sense to study a variety of asymptotic behaviours when §  may be associated to
any rate between (1) and O(T''/?). Weak identification is only a limit case where identification
is completely lost. So far, only Hahn and Kuersteiner (2002) in a linear context, and Caner
(2007) in a non-linear one, have considered nearly-weak identification. Our contribution as
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concerns nearly-weak identification is to imagine that, in realistic circumstances, nearly-weak
identification may occur for some moments while strong identification is still guaranteed for
others. This new point of view paves the way for new results as follows.

In terms of GMM score-type testing, the partition between locally strongly- and locally
nearly-weakly identifying moment conditions determines the different rates of convergence
associated with specific directions in the parameter space against which the test has power.!
As a result, the GMM score test has power even in quite weak directions, where the weakness
degree 87 may be arbitrarily close to 7'/2. We show that, by contrast, Kleibergen’s modified
score test is more likely to waste some power in such directions. It is the price to pay to be robust
to weak identification (57 = T''/?) when, as shown by Kleibergen (2005), the standard GMM
score test does not work. We show that the GMM score test and Kleibergen’s modified score
test are actually asymptotically equivalent under relevant sequences of local alternatives, but
only in cases of moderate weakness of identification: we refer to nearly-strong identification,
when 87 goes to infinity slower than T'/4. This equivalence is tightly related to a stronger
equivalence result between the standard two-step (efficient) GMM and the continuously updated
GMM of Hansen et al. (1996) for efficient estimation of all directions. Such a result can only be
embraced after extending the pioneered setting introduced by Stock and Wright (2000): we now
consider that some moment conditions are globally-identifying, while some others are weakly-
identifying. In other words, the vector ¢(Y,, ) is partitioned into two subvectors ¢(Y,, ) =
[p1(Y,,0) (Y, 6)] such that:

E[¢1(Y;,0)] = pi1(0) and  E[¢a(Yy,0)] = p2(0)/7 (1.9)

with the global nearly-weak identification condition:

p0) =0 & 6 =0 where p(0)=1[p|©6): py®)].

Identification is nearly-weak because 5 goes to infinity, but we rather call it nearly-strong when
associated to a rate slower than 7'/#. By contrast with Stock and Wright (2000), we have no
prior knowledge on the subset of parameters that are weakly identified. Intuitively, the first
set of moment conditions (respectively the second one) identifies strong (respectively weak)
directions in the parameter space. Through a convenient rotation in the parameter space in the
spirit of Phillips (1989), we define a reparametrization such that the first components of this new
parameter are estimated at standard rate square-root 7, while the others are estimated only at
slower rate Ay = T'/2/8;. Asymptotic covariances come with standard GMM-like formulas,
but only with nearly-strong identification, i.e. rate A7 faster than T'/4. Interpreting this latter
condition is germane to Andrews’ (1994) study of MINPIN estimators.? In our case, the nuisance
parameter is not infinite dimensional. However, due to nearly-weak identification, it is associated
to a rate of convergence slower than the standard parametric square-root 7. As in Andrews
(1994), the slow rate of convergence needs to be faster than T''/# to avoid contamination of the
well-identified estimated directions by the nearly-weak ones. We also show that the nearly-strong
identification condition is exactly needed to ensure that all directions are equivalently estimated

! As far as the size properties are concerned, we know from results in Andrews and Guggenberger (2007) that nearly-
weak identification does not offer additional insights. Only genuine weak identification is important in investigating size
properties of testing procedures.

2 These estimators are defined as MINimizing a criterion function that might depend on a Preliminary Infinite
dimensional Nuisance parameter estimator.
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by efficient two-step GMM and continuously updated GMM. This explains the aforementioned
partial equivalence between GMM score and Kleibergen’s modified score tests. More generally,
our unified setting for mixed strong/nearly-strong identification incorporates coherently both
global and local points of view.

Ultimately, evidence of weak identification should not always lead to renounce meaningful
estimation and testing, as the alleged weak identification may only be nearly-weak, or even
nearly-strong. Overlooking these cases could lead to wasting some relevant information.
Moreover, possible weakness should be assigned to some specific instruments (or to some
moment conditions) as in (1.9) rather than to specific parameters as in (1.7). It is the
econometrician’s duty to determine the different directions in the parameter space where she
has more or less accurate information. We illustrate this new point of view with a Monte Carlo
study on the well-known example of consumption-based CAPM, already extensively studied in
the literature: see Stock and Wright (2000) among others.

The paper is organized as follows. In Section 2, we discuss GMM-based tests of a simple
null hypothesis H,: 6 = 6,. We compare the asymptotic behaviour of the standard GMM
score test (Newey and West, 1987), and the Kleibergen modified score test. When complete
weak identification is precluded, both tests work. Our framework allows us to display relevant
sequences of local alternatives with heterogeneous rates of convergence depending on the
direction of departure in the parameter space. By contrast with Kleibergen (2005), different
degrees of nearly-weak identification are simultaneously considered: this opens the door for
non-equivalence, even asymptotically, between standard and modified score tests. In Section 3,
consistency and rate of convergence of any GMM estimator are analysed in a nearly-weak
identification setting. The special case of nearly-strong identification allows us in Section 4
to discuss efficient estimation with various rates of convergence in various directions, and to
check equivalence between two-step efficient GMM and continuously updated GMM in all
directions. These last results bridge the gap between estimation and score tests as discussed
in Section 2. The practical relevance of our new asymptotic theory is checked in Section 5
in a consumption-based intertemporal asset pricing model. It validates our point of view of
nearly-strong identification with different rates of convergence in different directions for realistic
simulated parameter configurations. Section 6 concludes. Proofs are gathered in the Appendix;
Table 1 summarizes the different concepts of identification.

2. GMM SCORE-TYPE TESTING

We want to test the null hypothesis: H: 6§ = 6. Our information about parameter 6 comes from
the following moment conditions,

E[¢(Y,,0%] =0, 2.1)

always assumed to be fulfilled at least by the true unknown value of the parameter #°. Observed
time series (Y)1<;<r of a stationary ergodic process are available, and such that sample
counterparts of the moment conditions satisfy a Central Limit Theorem (CLT) at the true value:

ASSUMPTION 2.1. (CLT at the true value 6°). With ¢7(6°) = % Z;T=1 oY, 0%):

(i)  Tdr(6°) is asymptotically normally distributed with zero mean and covariance matrix
S0
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(ii) HAC estimator St(0) of the long-term covariance matrix S° is available and such that:
SO = Plim[S7(69)].

We focus here on a case where local nearly-weak identification of some directions in the
parameter space may occur simultaneously as strong identification of other directions. More
precisely, we assume:

ASSUMPTION 2.2. (Nearly-weak local identification).

(i) 0° belongs to the interior of ®, and ¢(Y,, 0) is continuously differentiable on ©.
(ii) There exists a (K, p) matrix C, with full-column rank such that:

3d17(6° T 37 (6°
Plim 9@ | _ C, and Plim «/__% =,
367 00

- - .- . T . T
where ¢1(8) = [¢](0) : $5(O)], C =[C; : C)1, Ay — 00, and % = 0.
The following toy example illustrates our focus of interest.

EXAMPLE 2.1. (Toy example). Consider the moment conditions: E[Y},] = 2% and E[Z, ®
Yoy — X2,69)] = 0, where the general functions ¢;(.) and ¢,(.) are defined as follows:

$1(Y;,0) =Y, —g@®) and  $(Y;,0) = —Z, @ (Yo — X2,0).

The instruments Z, introduced in ¢, are only nearly-weak instruments since

C ) VT 71 ot 1 71
E[Z ® Xyl = — with 8 = — a L__ Ty
[Z; ® Xo] 5 wi T o — 00 an «/T e -
Then the associated Jacobian matrix is:
317 (6° 3g(0°
Plim d17(0%) _ 8( ): c
200’ 20’
| VT 327 (8°) vt 1 | VT
th[XT = Plim V?;(z,@xzf) =lim | ~—E(Z/ ® Xa) | = C2

and we assume that the following matrix has full-column rank:

08'0°) - ’

GMM score-type testing asks whether the test value 6 is closed to fulfil the first-order
conditions of the (efficient) two-step GMM minimization, mingeg [q_S/T(Q)S; Y(00)pr ()], that is,
whether the score vector is close to zero. It is defined at the test value 6 as:

3¢7(00) -
Vi(fo) =~ =7 @0)br (6o).
The GMM score test statistic (Newey and West, 1987) is then a suitable norm of V 1(6):
, 3¢7(60) 0 (9)
V= TVT(GO)[ L2057 (60) ‘“ . } Vr(60).
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Kleibergen (2005) considers instead the first-order conditions of the continuously updated GMM
minimization: mingee[@(0)Sy 1©)¢7(6)]. The corresponding score vector can be computed
either by direct differentiation (see equations (15) and (16) and appendix in Kleibergen, 2005), or
with even simpler computations within a Euclidean Empirical Likelihood approach (see Antoine
et al., 2007). The score vector computed at the test value 6 is:

37 (60)
06

Vr(6o) = S7'(60)pr (B0).
7(j) AT
3¢y (00>] of [aqs.,(eo)

where each column [ o =

[255%] on G (60):?

] is the residual of the long-term affine regression of

590 9o 590
¢39( o) _ ¢39( b) Cov,, (ﬁ ¢8 ©) x/_cbr(@o)) Var,, (x/_qﬁr(@o)) b (60),

where Var, (v/Tr(8y)) = S° is the long-term covariance matrix of the moment conditions

¢(Y,, 00), and Covys(v'T 3"’59(9” VT$r(6p)) is the long-term covariance between [2¢-0)]
and ¢(Y ,, 0). This long-term covariance is assumed to be well defined.*

ASSUMPTION 2.3. (Long-term covariance).

G p0 [O2F7a0]
Cov,, (ﬁa¢8(9) J—¢T(9°)> —llm{TC (aqsa(e) ¢T(9°))}

is a well-defined (p, K) matrix.

Kleibergen (2005) maintains Assumption 2.3, and in addition assumes that it corresponds
to the asymptotic covariance matrix of the (assumed) joint asymptotic normal distribution of

[\/_ aqu (9 )] and [«/T qST(GO)]. In our nearly-weak identification setting, what we really need,
albeit almost equivalent for all practical purposes, is only the following regularity condition:

ASSUMPTION 2.4. (Well-behaved Jacobian matrix for the strong subset of moment conditions)

- 0
N [% _ Cl] = Op(1).

From the above discussion, replacing [3¢(j )(00)/89 ] by [a¢“> (6°)/96] amounts to removing
the finite sample correlation between [d¢ ey )(00)/89 and @7 (0°). As extensively discussed
in Antoine et al. (2007), while this correlatlon may be responsible for the finite sample
bias of standard two-stage GMM, the well-documented improved bias performance of
continuously updated GMM is precisely due to this correction. When considering genuine
weak instruments (A = 1 in Assumption 2.2), this correlation remains asymptotic, and

3 For any vector Y € RX, we distinguish between the following notations. (i) ¥ = [w’l 1//’2]/ refers to the partition
introduced in Assumption 2.2: v (respectively ;) is a subvector of ¥ with the same dimension as the strong
(respectively nearly-weak) group of moment conditions. (ii) ¥ = [¢)], <j<k refers to the (single) components of
the vector ¥: each ¥ is a real number. The latter (cumbersome) notation is not used often.

4 These notations are precisely defined in Assumption 2.3.
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Kleibergen (2005) introduces a modified version of the Newey and West (1987) score test
statistic:

A7 (0o)
a0’

3¢7(6o)
26

-1
£ = TV;(GO)[ S7'(60) } Vr(60).

By contrast, we show that with nearly-weak instruments, the correlation is immaterial, and the
standard GMM score test statistic &Y works. It is actually asymptotically equivalent to the

modified Kleibergen’s score test statistic under the null:

PROPOSITION 2.1. (Equivalence under the null). Under Assumptions 2.1-2.4, under the null
Hy:0 =06y, we have: Plim[&}v w_ Sf 1 =0 and both 51}"” and & f converge in distribution
towards a chi-square with p degrees of freedom.

The main contribution of this paper is to characterize the heterogeneity of the informational
content of moment conditions, along different directions in the parameter space. While a proper
assessment of this heterogeneity is crucial for efficient estimation (see Section 4), it also matters
when considering power of tests under sequences of local alternatives.

EXAMPLE 2.2. (Toy example, continued). Consider a sequence of local alternatives defined by
a given deterministic sequence (¥ r)rso in R”, going to zero when T goes to infinity, and such
that the true unknown value 6 is drifting as: 67 = 6y + yr. For large T: g(01) ~ g(@o) +
[0g(00)/30"ly T.

Therefore, the strongly-identified moment restrictions E[Y |, — g(67)] = O are informative
with respect to the violation of the null (67 £ 6) if and only if: [0g(0()/30']y r # 0.

As a consequence, we expect GMM-based tests of H,: 60 =6y to have power against
sequences of local alternatives converging at standard rate square-root T, 87 = 6y + y/~/T,
if and only if [0g(0)/00']y # 0, or, when y does not belong to the null space of C| =
[0g(0¢)/06’]. By contrast, if Cy = 0, violations of the null can only be built from the nearly-
weakly identifying conditions:

C
ElZ, ®Y]=—0r.
ot

We will show that relevant sequences of local alternatives to characterize non-trivial power are
necessarily such that: 67 = 6y + (ST\/LT =6y + %

In other words, the degree of weakness of the moment conditions 6 7 downplays the standard
rate [y /+/T] of sequences of local alternatives against which the tests have non-trivial local

power. The intuition is quite clear. Under such a sequence of local alternatives,

Ca6p n Coy
ot JT

differs from its value under the null by the standard scale 1/+/T.

E[Z, ®Y]=

We need to reinforce Assumptions 2.1(ii) and 2.2(ii) for the study of sequences of local
alternatives:

ASSUMPTION 2.5. (Reinforced assumptions for study of local power). For any sequence 01 in
the interior of ® such that Plim[6; — 6°] = 0,
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(i) HAC estimator St(0) of the long-term covariance matrix S° is available and such that:
SO = th[ST(QT)]
(ii)

3170 JT 36276
plim | 22700 | _ o g plim | YL 2P0 o
390’ 00

(iii) ¢ (Y., 0) is twice conﬁnuously differentiable, and for all components qb(lJT) (see also
foomote 3), Plim[02¢\))(61)/0606'] is a well-defined matrix.

PROPOSITION 2.2. (Local power of GMM score tests). Under Assumptions 2.1-2.5:

(i) With a drifting true unknown value, 07 = 0y + y /T, for some y € R?, we have
Plim[éNY — X1 =0, and both €YV and €X converge in distribution towards a
non-central chi-square with p degrees of freedom and non-centrality parameter yu =

'€ oS (F):

(ii) When )LZT/\/T KN oo, with a drifting true unknown value 6t = 6o + y /\r, for some
y € R? such that Cy = 0, we have Plim[ ;VW — Sf] =0, and both $¥W and %‘[f
converge in distribution towards a non-central chi-square with p degrees of freedom

and non-centrality parameter . = (0 )/’Cé)[SO]’1 (C(z))/)'

Two additional conclusions implicitly follow from Proposition 2.2.

First, if Cy # 0, the two GMM score tests behave more or less as usual against sequences
of local alternatives in the direction y. They are asymptotically equivalent, and both consistent
against sequences converging slower than square-root 7. They both follow asymptotically a
non-central chi-square against sequences with exactly the rate square-root 7. However, the non-
centrality parameter (and hence the power of the test) does not really depend on the size of the
departure y from the null, but only on the size of its orthogonal projection of the space spanned
by the columns of C' (orthogonal space of the null space of C1); that is, by the columns of the
Jacobian matrix corresponding to the strong moment conditions.

Second, if C;y = 0, the two GMM score tests have no power against sequences of local
alternatives 67 = 6y + y/~/T. They may have power against sequences 67 = 6y + y /A7 (or
slower); their behaviour is pretty much the standard one, but only in the nearly-strong case where
A1 goes to infinity faster than T''/4. The case Cy = 0 corresponds to the study of Guggenberger
and Smith (2005) (see theorem 3, p. 680). In the setting of Stock and Wright (2000) that they
adopt, with 6 = (¢/ B’), @ weakly identified and B strongly identified, C;y = 0 means that 8 is
fixed at its value 8 under the null. However, since this approach does not disentangle partition of
moments and partition of parameters, it amounts for us to consider that ¢ = ¢,. This simplifies
the study of local power (see our Proposition 2.3 below) and makes immaterial the condition of
nearly-strong identification.

We now explain why non-standard asymptotic behaviour of both score tests may arise when
we consider sequences of local alternatives in the weak directions (87 = 6¢ + y/Ar with
Cy = 0) while the nearly-weak identification problem is so severe that even AzT /~/T goes to
zero. Recall that the genuine weak identification usually considered in the literature (A7 = 1) is

a limit case, since we always maintain the nearly-weak identification condition A7 — oco. Under
such a sequence of local alternatives, while by Assumption 2.1, ~/T¢7(f7) is asymptotically
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normal with zero mean, the key to get a common non-central chi-square for the asymptotic
distribution of a score test statistic is to ensure that /T ¢7(6p) is asymptotically normal with non-
zero mean if and only if y is not zero. This result should follow from the Taylor approximation:

- - b7 (0
VTEr0r) ~ T + VT2 (67— gy

\/_ 3¢T(97)
96’

_ 0
~ VT r(6) + ( ) .
Cyy

= VT 1) +

Assumption 2.5 justifies this approximation insofar as we can show that Cy = 0 implies:

Plim [ﬁwy} —=0. 2.2)
Ar 90

This question is irrelevant if, as in Kleibergen (2005), two different degrees of identification are
never simultaneously considered.® In other words, we can easily state:

PROPOSITION 2.3. (Special case with only one degree of weakness). Consider the special
case where the same degree of weakness is assumed for all moment conditions at hand (¢(.) =
$2(.)). Under Assumptions 2.1-2.5, with a drifting true unknown value 61 = 0y + y /Ar, for
some y € RP, we have PLim[EXV — X1 =0, and both €YV and £X converge in distribution
towards a non-central chi-square with p degrees of freedom and non-centrality parameter | =

y'C'[S°1!Cy.

Needless to say that a result similar to Proposition 2.3 holds when ¢(.) = ¢(.) (standard
strong identification). Hence, the interesting case is precisely the mixture of strong and nearly-
weak identification, or non-empty subsets of components ¢; and ¢-,. In this case (2.2) should
follow from:

Ciy =0= Pl
1Y = 1m[)q YT

Note that (2.3) is a direct consequence of Assumption 2.4 applied to the drifting true value
0% = 0. Of course, conditions (2.2) and (2.3) are identical in the special case where the moment
conditions ¢ (.) are linear. In other words, we can also easily state:

PROPOSITION 2.4. (Special case with linear strong moment conditions). Consider the special
case where ¢ (Y, 0) is linear with respect to 0. Then conclusions of Proposition 2.3 hold.

By contrast, in the general case of non-linear moment restrictions, we would like to be able
to deduce (2.2) from (2.3) through a Taylor argument for each component ¢(1] ).

VT 3¢1707) VT 0¢10r) VT °¢i705)

Al Vit LI 2.4
90 80 ar 9000 O =0r) 24

3 The fact that with only one rate of convergence, nearly-weak identification does not modify the standard equivalence
between tests (that all have trivial asymptotic power) has already been noticed by Smith (2007): see footnote 3,
p. 244.
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The problem is then that, since we only know that (65 — 67) = Op(1/Ar), we can neglect the
second term in the RHS of (2.4) only when (\/T / AzT) goes to zero, or nearly-strong identification.
Otherwise, there is no guarantee that ~/7'¢7(6) is asymptotically normal under a sequence of
‘weak’ local alternatives 8 = 6 + y /A, even when Cy = 0. This explains why we no longer
get a characterization of local power through standard non-central chi-square. Fortunately, this
problem may not invalidate the consistency of the standard GMM-score test against sufficiently
slow sequences of weak alternatives. Ideally, one would like to prove that:

(A hypothetical claim of consistency) The GMM-score test is consistent against any sequence of

local alternatives 01 =0 + y /é1, for all y € RP, when §7 /At N 0: Plim[&}vw] = +00.

This claim is trivially deduced from former results if either the direction y is strong (Cy #
0) or with nearly-strong identification ((~/T / AZT) goes to zero). The novelty would be to maintain
consistency even in case of nearly-weak identification arbitrarily close to weak identification
(A1 goes to infinity arbitrarily slowly) insofar as the sequence of alternatives converges even
more slowly than the sequence Ar. We develop in the Appendix an argument to show that
the consistency is likely, but not granted. In other words, the information may be quite weak
but efficiently used for testing. This result is consistent with our estimation result in Section 3
below: we show that in any case, with nearly-weak global identification, a GMM estimator will
converge at least at rate A7. This consistency property is no longer likely for the Kleibergen’s
modified score test, because its modification may waste this fragile part of information. This
is the price to pay for a correct asymptotic size even in the limit case of no-identification.
Kleibergen (2005) overlooked this problem since, as pointed out by Proposition 2.3, it may occur
only when considering simultaneously two different rates of identification. Fragile identification
may be wasted by Kleibergen’s modification precisely because it comes with another piece
of information which is stronger. To see this, the key is the aforementioned lack of logical
implication from (2.3) to (2.2). As a result, the modified score statistic and the original one
may have quite different asymptotic behaviours since, as reminded above:

087 00) =087 ()
VT 30’ _‘/_ 00’

a¢(”<90> |
— CoVs | VT L2, VT 1 (60) | Varas (VT dr(00)) VT dr(6). (2.5

It is quite evident from (2.5) that, when VT ¢7(6p) is not Op(1), the modified score statistic
may have an arbitrarily nasty asymptotic behaviour.

3. CONSISTENT ESTIMATION WITH NEARLY-WEAK INSTRUMENTS

3.1. General framework

In this section, we provide consistent estimation of the true (unknown) parameter 69. Standard
GMM estimation defines its estimator 7 as follows:

DEFINITION 3.1. Let Q7 be a sequence of symmetric positive definite random matrices of size
K which converges in probability towards a positive definite matrix Q. A GMM estimator 07 of
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00 is then defined as:

Or = arg min Or(0) where  Qr(0) = b1 (0)Q2rdr(0), 3.1

with ¢r(0) = % ZZT:, ¢(Yy, 0), the empirical mean of the moment restrictions.

We consider here k; standard moment restrictions such that®

VT$17(6) — p1(6)] = Op(1) (3.2)
and k, (=K — k) weaker moment restrictions such that
JT [(]SZT(G) - %pz(e)} —Op(1) where ir=o(T) and Ay > oco. (3.3)

Ar measures the degree of weakness of the second group of moment restrictions: its
corresponding component p5(.) is squeezed to zero and Plim[ ¢,7(6)] =0 for all 6 € ©.
Therefore, the probability limit of ¢7(8) does not allow to discriminate between #° and any
0 € ©. In such a context, identification is a combined property of the functions ¢(Y,, .), and p(.)
and the asymptotic behaviour of Ar. Assumption 3.1 below reinforces the standard CLT stated
in Assumption 2.1 for moment conditions evaluated under the null by maintaining a functional
CLT on the whole parameter set ®. In this respect, we follow Stock and Wright (2000).”

ASSUMPTION 3.1. (Identification)

(i) p(.) is a continuous function from a compact parameter space ©® C R” into RX:

0
,0(9)=|:pl( )]=0 — 0=0".

p2(0)
(ii) The empirical process (W 1(0))geco obeys a functional CLT:
é17(0) — p1(6)
Ur(0) =T = W(b),

ur®) — 2L 5 6)
2T ﬁpz

where V(0) is a Gaussian stochastic process on ® with mean zero.
(iii) A7 is a deterministic sequence of positive real numbers with
AT

lim A =00 and lim — =
T—o0 T—o0 T

0.

Our framework is different from the seminal paper by Stock and Wright (2000) in two ways.
First, we rather consider nearly-weak identification, as introduced in a linear setting by Hahn
and Kuersteiner (2002), than weak identification. In this sense, we are closer to Caner (2007).
Second, we do not assume the a priori knowledge of a partition 6 = (a’ : 8'), where « is strongly
identified and B (near)-weakly identified. Our framework conveys the idea that identification

6 Functions p; and p are introduced in equation (1.9). See also Assumption 3.1 below for a formal definition.

7 As stressed by Stock and Wright (2000), the uniformity in 6 provided by the functional CLT is crucial in case of non-
linear non-separable moment conditions, that is when the occurrences of 6 and the observations in the moment conditions
are not additively separable. By contrast, Hahn and Kuersteiner (2002) (linear case) and Lee (2004) (separable case) do
not need to resort to a functional CLT.
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is a matter of the moment conditions: nearly-weak identification is produced by the rates of
convergence of the moment conditions. More precisely, Assumption 3.1 implies that, for the first
set of moment conditions, we have (as for standard GMM),

p1(8) = Plim[$17(6)],

whereas we only have for the second set of moment conditions
VT
p2(0) = Plim |:T¢2T(9) :
T

The above identification assumption allows for consistent GMM estimator, even in the case
of nearly-weak identification.

THEOREM 3.1. (Consistency of Or). Under Assumption 3.1, any GMM estimator O like (3.1)
is weakly consistent.

Under additional (local) identification assumption, we get consistency at the slowest available
rate Ar.

THEOREM 3.2. (Rate of convergence). Under Assumptions 2.2, and 2.4-3.1, we have: ||6; —
0% = Op(1/A7).

In Section 4, we introduce a convenient rotation in the parameter space that allows us to
identify some strongly identified directions at rate ~/7T .

3.2. Single-equation linear 1V model

We already pointed out a major difference between our framework and the existing literature:
possible weakness is assigned to some specific instruments (or moment conditions), and not to
the structural parameters of the model. The following single-equation linear IV model with two
structural parameters, two orthogonal instruments (and no exogenous variables for convenience)
sheds some light on the consequences of such distinction:

y = Y 0 + u

(T, (T,2) (@1 (7,1 34
Y = [X;)X,] O + [V Va]

(T,2) (T,2) (2,2 (T,?2).

As commonly done in the literature the matrix of coefficients I1 is artificially linked to the
sample size T in order to introduce some (nearly)-weak identification issues. Depending on the
focus of interest, several matrices I1 = I1; may be considered.

(i) Staiger and Stock (1997) consider a framework with the same genuine weak iden-
tification pattern for all the parameters: H‘;S = C//T.

(i) Stock and Wright (2000) reinterpret this framework to consider simultaneously strong
and weak identification patterns. This distinction is done at the parameter level and the
structural parameter 6 is (a priori) partitioned: 8 = [0' : 0,]', with 0 strongly-identified
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and 6, weakly-identified. Consequently, they introduce

c11 cn/é
H§W=[1‘ IZ/T} with 67 =/T.

1 cn/dr

(iii)) We consider simultaneously strong and near-weak identification patterns. This
distinction is done at the moment condition level (or the instrument level), and we
suppose the available moment conditions E[¢(.)] to be (a priori) partitioned: ¢ =
[¢] fd)’z]’, with ¢ strongly-identified and ¢, nearly-weakly-identified. Consequently,
we introduce

C C
mak=| " 2 with 87 - oo, 87 = o(V/T).
c21/8r  cxn/dr

Besides considering different degrees of weakness, modelling with H;W or H/}R has an
important implication.? Hf}R modifies the explanatory power of the second instrument X,
only. As a result, one strong moment condition (associated with X ) and one less informative
(associated with X,) naturally emerge. Intuitively, the standard restriction should identify one
standard direction in the parameter space: however, this direction is still unknown and does
not necessarily correspond to one of the structural parameters. On the other hand, modelling
with Hé}W amounts to treat 6, as weakly identified, and to alter the explanatory powers of both
instruments. In the linear model (3.4) the two moment conditions write as, E[(y; — Y ;QO)X =
0. When TT is replaced respectively by T15" and I14X, these moments can be rewritten as:’

o0+ pil (087 =0 and 3 (01) + por (62)/87 =0 (3.5)

p%(61.6,) =0 and p3%(61.6,)/87 = 0. (3.6)

Finally, modelling weak identification with T15" or IT4® does not change the concentration
parameter u (or matrix), which is the well-accepted measure of the strength of the instruments
in the literature. In the linear model (3.4) it is well-defined as:

p=3x,x'xns,"? with Var(V)= 3y

The determinant of this concentration matrix, when IT is replaced by H;W or by TT49%, writes:

det[uSV] = det[uR] = 3i2 det[X'X]det[ '] det[C]*. (3.7)
T

Therefore, the same features of partial identification can be captured with both approaches. While
with standard weak asymptotics, 82T = T and the concentration matrix has a finite limit (see also
Andrews and Stock, 2007), nearly-weak asymptotics allow an infinite limit for the determinant
of the concentration matrix but at a rate smaller than det[X'X] = O(T). In this respect, there is
no difference between HL;W and TT4R: only the rate of convergence to zero of respectively a row
or a column of the matrix IT matters.

8 This difference is relatively obvious, and not extensively discussed here. This also justifies why the same parameter
&1 may refer to different rates of convergence depending on the context.

9 See the Appendix for exact definitions of pfSW(.), ,ofy(.), p§§”(.), pgl‘f(-), p1R() and p3R().
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Partial identification (Phillips, 1989) refers to IT matrices that may not be of full rank.'”
Generalization to asymptotic rank condition failures (at rate §7) comes at the price of having
to specify which row or column asymptotically goes to zero. At least, our approach with pAR
remains true to the partial identification approach by working with “estimable functions” of
the structural parameters, or functions that can be identified and square-root T consistently
estimated. In the former example, it is clearly the case for g(8) = 71,6 + 7 1260,.!"! By contrast,
the approach p5" implies directly a partition of the structural parameters between 6, which is
strongly identified and 6, which is not.

In the literature, 7 /8% plays the role of the effective number of observations available for
(nearly)-weak identification and implies a slow rate of convergence T'!/2 /8 for functions of the
parameters that are not strongly identified, unlike g(6), which is endowed with a square-root T
consistent estimator. By contrast with Choi and Phillips (1992), we even get a normal asymptotic
distribution for this estimator, while they only got a mixture of normals: by assuming that §r
goes to infinity slower than square-root 7', we keep the possibility of consistent estimation for
all structural parameters. However, when considering (in the next section) more general non-
linear settings of nearly-weak identification, we will realize that the price to pay for standard
square-root T asymptotic normality of strongly-identified functions of the parameters may be
even higher: for instance, we will need to refer to nearly-strong identification, or assuming that
the analogue of 87 goes to infinity slower than T''/# (see also Section 2).

4. ASYMPTOTIC DISTRIBUTION THEORY

4.1. Asymptotic distribution theory of 2S-GMM

First, we introduce a convenient rotation in the parameter space to disentangle the rates of
convergence. Special linear combinations of 6 can actually be estimated at the standard rate
VT, while others are still estimated at the slower rate A7. This is formalized by a CLT which
allows the practitioner to apply usual GMM formulas without knowing a priori the identification
pattern. We consider the following situation:

(i) Only k; equations (defined by p;) have sample counterparts converging at rate +/7.
Unfortunately, we have (in general) a reduced rank problem, since [0 CR) /06'] is not
full column rank: its rank s is strictly smaller than p. Intuitively, the first set of equations
can only identify s; directions in the p-dimensional parameter space.

(i) The other k, equations (defined by p;) should be used to identify the remaining
52 (s1 + s, = p) directions.'?> However, this identification comes at the slower rate
AT.

The parameter space will be separated into two subspaces, each of them characterized as the
range of a full column rank matrix: respectively (p, s1)-matrix Ry and (p, s,)-matrix R,. Since R,
characterizes the set of slow directions, it is naturally defined via the null space of [3] G /001,

10 The case considered and studied by Phillips (1989) and Choi and Phillips (1992) is even more general since they also
address identification issues for coefficients of exogenous variables in the structural equation.

1t is shown in the Appendix that p{R(0) = (EX3,)[g(6°) — g(0)].

12 By assumption, our set of moment conditions identifies the entire vector of parameters 6.
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i.e. the directions not identified in a standard way:

P 0()
01(607) R, =
a6’
Then, the remaining s, directions are defined as follows: R = [R| R;], where R is a non-singular
(p, p)-matrix with rank p that can be used as a matrix of a change of basis in R”. The new
parameter is defined as n = R0, that is

0 = [R, R2]<m> Es
n) $ s

In the next subsection, we show that this reparametrization defines two subsets of directions,
each associated with a specific rate of convergence. In general, there is no hope to get standard
(non-degenerate) asymptotic normality of some components of the estimator O of 8°: after a
standard expansion of the first-order conditions, §7 now appears as asymptotically equivalent
to some linear transformations of ¢7(#) which are likely to mix up the two rates. Hence, all
components of f7 might be contaminated by the slow rate of convergence. The advantage of the
reparametrization is precisely to separate these two rates. In Section 4.3, we carefully compare
our theory with Stock and Wright (2000) (in the linear case), and provide conditions under which
some components of 7 converge (by chance) at the standard rate. These correspond to what is
assumed a priori by Stock and Wright (2000) when they separate the structural parameters into
one standard-converging group and one slower-converging one. The reparametrization may not
be feasible in practice since the matrix R depends on the true unknown value of the parameter
6°. However, we can still deduce a feasible inference strategy: technical details can be found in
the companion paper by Antoine and Renault (2008).

Albeit with a mixture of different rates, the Jacobian matrix of moment conditions has a
consistent sample counterpart (see Lemma A.1 in the proof of Proposition 2.1):

3p(6° Tid, 0
PO e and Ay = VT1d, . (42)
00" 0 Arid,

0. 4.1)

37 (6
ﬁ%m\;l—’lj with J =

A is the (p, p) block diagonal scaling matrix, where Id, denotes the identity matrix of size
r; J is the (K, p) block diagonal matrix with its two blocks respectively defined as the (k;, s;)
matrices [3;(8%)/06’ R;] for i = 1, 2. Note that the coexistence of two rates of convergence (Ap
and +/T) implies zero northeast and southwest blocks for J.

Moreover, to derive the asymptotic distribution of the GMM estimator 6, convergence result
(4.2) needs to be fulfilled even when 6° is replaced by some preliminary consistent estimator 05.
Hence, Taylor expansions must be robust to a A r-consistent estimator, the only rate guaranteed by
Theorem 3.2. This situation is rather similar to the one met in Section 2 when introducing nearly-
strong identification. Hence, if moments are non-linear, we need (similarly to Andrews, 1995, for
non-parametric estimates) to assume that our near-weakly identified directions are estimated at a
rate faster than 7''/4,'314 In addition, we want as usual uniform convergence of sample Hessian
matrices. This leads us to maintain the following assumption:

ASSUMPTION 4.1. (Taylor expansions).

13 The link between Andrews (1994, 1995) and our setting is further discussed in Antoine and Renault (2008).
14 As already noted, this nearly-strong condition is irrelevant when the same degree of weakness is assumed for all
moment conditions (¢ = ¢ or ¢ is linear with respect to 6).
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(i) 1Yy, 0) is linear with respect to 0, or limr_wo[)»zT/ﬁ] = 00.
(ii) @7 (0) is twice continuously differentiable on the interior of © and is such that:
P17 i(0) P VT 3oy 1(0) P

— Hlk(Q) and V1 < k < kz —_— — sz(é)

V1<k=<k
0006’ Ar 06000’

uniformly on 6 in some neighbourhood of 0°, for some (p, p) matricial function H ; 1(6)
fori=1,2and 1 <k <k;.

Up to unusual rates of convergence, we get a standard asymptotic normality result for the
new parameter n = R~! 6:1°

THEOREM 4.1. (Asymptotic normality).

(i) Under Assumptions 2.1, 2.2 and 2.4-4.1, the GMM estimator Or defined by (3.1) is such
that:

ArR™ (Or = 0°) -5 N(0, [7'QJT7 T QS0)QITI°QIT).

(ii) Under Assumptions 2.1, 2.2 and 2.4-4.1, the asymptotic variance displayed in (i) is
minimal when the GMM estimator Or is defined with a weighting matrix Qp being a
consistent estimator of Q2 = NCR S

ArR™ (0 —60°) -5 N, [7[SO)1' 7).

Since éT = (Ri71,r + R2fj2.7), a linear combination a’ér of the estimated parameters of
interest is endowed with /T rate of convergence as fj; r if and only if @’R, = 0, or when a
belongs to the orthogonal space of the range of R,. By equation (4.1), it also means that a is
spanned by the columns of the matrix [d0](0°)/36]. Hence, a'6 is strongly identified if and only
if it is identified by the first set of moment conditions p(6) = 0.

As far as inference about 6 is concerned, several practical implications of Theorem 4.1 are
worth mentioning. Up to the unknown matrix R and the unknown rate of convergence Ay, a
consistent estimator of the asymptotic covariance matrix (J'[S @M1 ') Lis'e

3¢ (Or) = 37 (0r)
900 T Hy

-1

T 'ArR™! [ ] [R']"'Ar, (4.3)
where St is a standard consistent estimator of the long-term covariance matrix.'” From
Theorem 4.1, for large T, [Ar R™'(@r — 09)] behaves like a Gaussian random variable with
mean zero and variance (4.3). One may be tempted to deduce that VT (éT — 0% behaves like
a Gaussian random variable with mean 0 and variance

3&}(97)57134_%(9}) -
90 T By ‘

And this would give the feeling that we are back to standard GMM formulas of Hansen (1982).
As far as practical purposes are concerned, this intuition is correct: in particular, estimation of R

(4.4)

15 Note that efficiency in Theorem 4.1(ii) is implicitly considered for the given set of moment restrictions ¢7(.).

16 This directly follows from Lemma A.5 in the Appendix.

17 Recall that a consistent estimator of S7 of the long-term covariance matrix S(9°) can be built in the standard way
from a preliminary inefficient GMM estimator of 6.
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is not necessary to perform inference.'® However, from a theoretical point of view, this is a bit
misleading. First, since in general all components of Or converge at the slow rate, JT (ér — 6%
has no limit distribution. In other words, considering the asymptotic variance (4.4) refers to
the inverse of an asymptotically singular matrix. Second, for the same reason, (4.4) is not an
estimator of the standard population matrix

1¢n0 0y7~!
[3/) (¢ )[5(90)]*18'0(9 )} _

7 4.5
a0 a0’ *43)

To conclude, if inference about 6 is technically more involved than one may believe at first sight,
it is actually very similar to standard GMM from a pure practical point of view. In other words,
if a practitioner is not aware of the specific framework with moment conditions associated with
several rates of convergence (coming, say, from the use of instruments of different qualities)
then she can still provide reliable inference by using standard GMM formulas. In this respect, we
generalize Kleibergen’s (2005) result that inference can be performed without a priori knowledge
of the identification setting. However, we are more general than Kleibergen (2005) since we allow
moment conditions to display simultaneously different identification patterns. !

Finally, the score test defined in Section 2 is completed by the classical overidentification
test:

THEOREM 4.2. (J-test). Under Assumptions 2.1, 2.2, 2.4—4.1, with Q¢ consistent estimator of
A d
SO, TQr(0r) > x*(K — p).

4.2. About the (non)-equivalence of 2S-GMM and CU-GMM

We now show that the nearly-strong identification condition is exactly needed to ensure that
both strong and weak directions are equivalently estimated by efficient two-step GMM and by
continuously updated GMM. This explains the aforementioned case of equivalence between
the GMM score test and Kleibergen’s modified score test. Hansen et al. (1996) define the
continuously updated GMM estimator éTC U as:

DEFINITION 4.1. Let S7(0) and ¢r(0) be defined as in Assumption 2.1. The continuously
updated GMM estimator GTC U of 0 is then defined as:

OV = arg 1012(3 05V ©®) where QSY(0) = ¢4(0)S7' (0)pr(6). (4.6)

PROPOSITION 4.1. (Equivalence between CU-GMM and efficient GMM). Both strong and
weak directions are equivalently estimated by efficient two-step GMM and continuously updated
GMM, if the nearly-strong identification condition is ensured. That is,

2
ATR_1 (éT — éJC:U) = Op(l) when - —T) 0.

§|>)

18 Antoine and Renault (2008) provide feasible asymptotic distribution. It simply involves plugging in a consistent
estimator of R.

19 For notational simplicity, we only consider here one speed of nearly-weak identification A7. The more general
framework with an arbitrary number of speeds is considered by Antoine and Renault (2008).
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In the special case where the same degree of weakness is assumed for all moment conditions (see
Proposition 2.3), CU-GMM and efficient GMM are always equivalent insofar as At — 00.

Several comments are in order.

First, since non-degenerate asymptotic normality is obtained for A7R~' (@7 — 6°) (and
not for ~/7T(0r — 6°)), the relevant (non-trivial) equivalence result between two-step efficient
GMM and continuously updated GMM relates to the suitably rescaled and rotated difference
ArR Y (6r — éTC U). As already mentioned, a naive reading of the asymptotic theory may
spuriously lead to believe that standard formulas are maintained for asymptotic distribution of
estimators of A°.

Second, the case with nearly-weak (and not nearly-strong) identification (AzT JNT X 0)
breaks down the standard theory of efficient GMM, and the proof shows that there is no reason
to believe that continuously updated GMM may be an answer. Two-step GMM and continuously
updated GMM, albeit no longer equivalent, are both perturbed by higher-order terms with
ambiguous effects on asymptotic distributions. The intuition given by higher-order asymptotics
in standard identification settings cannot be extended to the case of nearly-weak identification.
While the latter approach shows that continuously updated GMM is, in general, higher-order
efficient than the standard two-step one (see Newey and Smith, 2004, and Antoine et al., 2007),
there is no clear ranking of asymptotic performances under weak identification.

Third, it is important to keep in mind that all these difficulties are due to the fact that we
consider realistic circumstances where two different degrees of identification are simultaneously
involved. Standard results (equivalence, or rankings between different approaches) carry on when
only one rate of convergence is considered.

4.3. Single-equation linear 1V model (continued)

First, we define the reparametrization in the linear model of Section 3.4. The derivative of the
standard moment restriction is
96"

h= [—Em,xn)i —E(Yz;Xlt)i| = [—E(Xi)nu? —E(Xlz,)ﬂm]

Henc'e, the null space of J; is spanned by the vector [—m |, T 11]" and its orthogonal by
[7 11 : 7 12]". The legitimate matrix of change of basis R in the parameter space R? and associated
new parameter 7 can be defined as:

Ty T2 .
R=— with A =nf +7d,
T2 11

n=R79, m=mn6+rnb and 9 = —mpb + w116,

Only the strong direction is completely determined, since the direction orthogonal to the null
space of J is uniquely determined and defines the first column of R. Any other direction could
define a valid second column of R and a linear combination of 8 and 6, estimated at the slower
rate.

Strictly speaking, the linear re-interpretation of Staiger and Stock (1997) by Stock and Wright
(2000) is not nested in our setting, because each of their moment condition contains a strong
part (that only depends on a subvector of parameter) and a weak one. This setting (through
the definition of the matrix I15") is conveniently built so as to know a priori which subset of
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the parameters is strongly identified. Now, if we pretend that we did not realize that the set of
strongly-identified parameter was known and still perform the change of variables, we get: J =
[—7 11 : 0] with orthogonal space spanned by [0: 1]". The change of basis is defined as:

AR " . 1 0]/6
= wit a = = .
b1 7 =1 4| \e,

As expected, we identify the strongly-identified direction as being parallel to 6 ;. In other words,
even the Stock and Wright approach can be accommodated within our general framework.

5. MONTE CARLO STUDY

We now report some Monte Carlo evidence about the intertemporally separable consumption
capital asset pricing model (CCAPM) with constant relative risk-aversion (CRRA) preferences.
Artificial data are generated to mimic the dynamic properties of the historical data.

5.1. Moment conditions

The Euler equations lead to the following moment conditions:
E[hOIL]=0 with  h(0) =6dric;” — 1.

Our parameter of interest is then & = [§ y]’, with § the discount factor and y the preference
parameter; (r;, ¢;) denote respectively a vector of asset returns and the consumption growth at
time . To estimate this model, our K instruments Z; € 7, include the constant as well as some
lagged variables. We then rewrite the above moment conditions as?°

Eo[¢0.7(0)] = Eo [hi11(0) ® Zi 7]

5.2. Data generation

Our Monte Carlo design follows Tauchen (1986), Kocherlakota (1990), Hansen et al. (1996) and,
more recently, Stock and Wright (2000). More precisely, the artificial data are generated by the
method discussed in Tauchen and Hussey (1991). This method fits a 16-state Markov chain to the
law of motion of the consumption and the dividend growths, so as to approximate a beforehand-
calibrated Gaussian VAR(1) model (see Kocherlakota, 1990). The CCAPM-CRRA model is then
used to price the stocks and the risk-free bond in each time period, yielding a time series of asset
returns.

Since the data are generated from a general equilibrium model, even the econometrician does
not know whether (8, y) are (near)-weakly identified or not. In a similar study, Stock and Wright
(2000) impose a different treatment for the parameters § and y: typically, § is taken as strongly
identified whereas y is not. We do not make such an assumption. Through our convenient
reparametrization, we identify some directions of the parameter space that are strongly identified
and some others that are not.

20 To stress the potential weakness of the instruments, we add the subscript T to refer to the instruments.
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5.3. Strong and weak moment conditions

We consider here three instruments: the constant, the centred lagged asset return and the centred
lagged consumption growth. To apply our nearly-weak GMM estimation, we first need to
separate the instruments (and the associated moment conditions) according to their strength.
Typically, a moment restriction E[¢,(0)] is (nearly)-weak when E[¢;(0)] is close to zero for all
6. This means that the restriction does not permit to (partially) identify 6. Hence, we evaluate
each moment restriction for a grid of parameter values. If the moment is uniformly close to O
then we conclude to its weakness. This study can always be performed and is not specifically
related to the Monte Carlo setting; the Monte Carlo setting is simply convenient to get rid of the
simulation noise by averaging over the many simulated samples.

Figure 1 has been built with a sample size of 100 and 2500 Monte Carlo replications: top
figures for set 1 with (a) constant instrument; (b) lagged asset return and (c) lagged consumption
rate; bottom figures of set 2.2! This study clearly reveals two groups of moment restrictions:
(1) with the constant instrument, the associated restriction varies quite substantially with the
parameter 6; (ii) with the lagged instruments, both associated restrictions remain fairly small
when 6 vary over the grid. The set of instruments, and accordingly of moment conditions, is then
separated as follows:

bric; V= 1)
¢, 7(0) = (8}’,6;}’ e |:r,1 - fi| )

Cir—1 — E

) ~ 1 T ' B . \/T 012 p1(0)
br(0) = T §¢I’T(9) with ﬁE[‘bT(Q)] = (02,1 )»Tld2> <p2(9)) '

As emphasized earlier, our Monte Carlo study simulates a general equilibrium model. So, even
the econometrician does not know in advance which moment conditions are weak and the level
of this weakness. Hence, T and A7 must be chosen so as to fulfil the following conditions,
Ar = o(xT) and /T = 0o(A2).

In their theoretical considerations (Section 4.3), Stock and Wright (2000) also treat
differently the covariances of the moment conditions. The strength of the constant instrument is
actually used to provide some intuition on their identification assumptions (6 strongly-identified
and y weakly-identified). However, we think that if y is weakly-identified, then it affects the
covariance between r, and ct_y, and hence the identification of § should be altered too. This
actually matches some asymptotic results of Stock and Wright (2000) where the weak parameter
affects the strong one, by preventing it to converge to a standard Gaussian random variable.

5.4. Reparametrization

To identify the standard directions in the parameter space, we first define the matrix of the change
of basis. Recall that it is defined through the null space of the following matrix:

9p1(6°
Iy = o1( ).
06’

21 Note that the conclusions are not affected when larger sample sizes are considered.
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Straightforward calculations lead to:

30140) | _ [991.1(0) 391..0) | _ [he” © —dnin(e)e” ]
30’ 33 dy e S
and J is then defined as follows:
_ 9p1(6°) _ I 0 —y°
h="to = [E[r,c, ] Lo E[(S r In(e,)e; ]]

The null space of J; is spanned by the vector [—J 1, : J11) and its orthogonal by [J 13 : Jil A
convenient change of basis is then defined by the matrix:

11 J —J
R=—|"" . where A =J} + J}
Al Jin T

and the new set of parameter is then obtained as,

n=R10 o my _ Jud + Jioy .
n —J12é + Jny
The standard direction 7, is completely determined: that is, the relative weights on § and y are

known. As a convention, we normalize all vectors to unity and we also ensure that the subspaces
defined respectively by the columns of R, and of R, are orthogonal.

5.5. Asymptotic result

The adapted asymptotic convergence result writes:

3p1(6°)
96’

Ry 0

302(6°) R
96’

[ﬁ(ﬁlr - 77(1))

. ONO, (SO )Yy with J =
Ar(far — n9)

0 2

The approximation of J can easily be deduced from what has been done above.

5.6. Results

Monte Carlo results are provided for three instruments, constant, lagged asset return and lagged
consumption growth, and two sets of parameter: set 1 (or model M1a as in Stock and Wright,
2000) where 8% = [0.97 1.3]; set 2 (or model M1b) where 8% = [1.139 13.7]. Model M1b has
previously been found to produce non-normal estimator distributions.

First, as previously emphasized, the matrix of reparametrization is not known (even in our
Monte Carlo setting) and is actually data dependent. We then investigate the variability of the
true new parameter 7°. We found that even with small sample size (T = 100), the (estimated)
true new parameter is really stable and does not depend much on the realization of the sample.
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For our two models, we find the following true new parameter:

0.019  0.999
0.999 —0.007]

0.999 —0.019
Set1: 1°=1[0.9449 1.3183]; R~ =

Set2: n°=[1.0356 13.7082]; R~!=
0.007  0.999

Note that n; = 0.9996 — 0.019y (for set 1) and n; = 0.9996 — 0.007y (for set 2): in other words,
we confirm Stock and Wright’s (2000) intuition that the parameter n; which is estimated at the
standard rate /T is almost equal to 8. However, by contrast with Stock and Wright (2000), this
point of view was not a prior belief but only an empirical conclusion.

Our findings are: (i) all the estimators are consistent; (ii) the variances of the estimators
(for both A7 and 67) decrease to 0 with the sample size and (iii) according to our asymptotic
results, in case of nearly-weak identification, the asymptotic variance of the new parameter
fir should decrease faster with the sample size than the one of #j,7. Figure 2 investigates
this feature by plotting the evolution of the ratio of the Monte Carlo variance of 7,7 and the
Monte Carlo variance of 7,7 with the sample size: top panels for set 1, left-hand panels for
Var(#j,r)/Var(;7) and right-hand panels for Var(élr)/Var(ézr); bottom panels for set 2. This
ratio Var(7j,7)/Var(}; 1) increases with T, especially for the second set of parameter values. This
supports previous findings in the literature that the first set of parameter values leads to a less
severe weak identification problem.

6. CONCLUSION

In a GMM context, this paper proposes a general framework to account for potentially weak
instruments. In contrast with existing literature, the weakness is directly related to the moment
conditions (through the instruments) and not to the parameters. More precisely, we consider two
groups of moment conditions: the standard one associated with the standard rate of convergence
/T and the nearly-weak one associated with the slower rate A . In this framework, the standard
GMM-score-type test proposed by Newey and West (1987) is valid, and we do not need to
resort to the correction proposed by Kleibergen (2005). Our comparative power study reveals
that the above correction does have asymptotic consequences, especially with heterogeneous
identification patterns. Hence, we recommend carefulness, especially when instruments of
heterogeneous quality are used. Our proposed framework is not much more involved in terms
of specifying the identification issues, and also helps identify the directions against which the
tests have power.

Moreover, this framework ensures that GMM estimators of all parameters are consistent,
but at rates possibly slower than usual. In addition, we identify and estimate efficiently (with
non-degenerate asymptotic normality) the relevant directions, respectively strongly- or nearly-
weakly identified, in the parameter space. This asymptotic distributional theory is practically
relevant, since it allows inference without the knowledge, or estimation of the slow rate of
identification. It allows in particular the application of the general Wald testing theory developed
in a companion paper, Antoine and Renault (2008) (see also Lee, 2004). Moreover, we show
that both for estimation and testing, continuous updated GMM is not always an answer to
identification issues.
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For notational and expositional simplicity, we focus here on two groups of moment conditions
only. The extension to considering several degrees of weakness (think of a practitioner using
several instruments of different informational qualities) is quite natural. Antoine and Renault
(2008) specifically consider multiple groups of moment conditions associated with specific rates
of convergence. However they do not explicitly consider any applications to identification issues,
but rather applications in kernel, unit-root, extreme values or continuous time environments.
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APPENDIX
LEMMA A.1. Under the assumptions of Proposition 2.1, there exists a (K, p)-matrix J of rank p,

.I=th[V?B¢N@DRA?],

a6’

where A1 is (p, p) diagonal matrix whose first s (resp. last s,) coefficients are N'T (resp. At).
Proof:

0hir(6) VT 3¢17(60) R

a iy 9 ’ ’
v7:¢rszA;1: ﬁe Ar _ﬁe
06 31 () VT 3¢or(6o)
—— R ~———"R,
06’ Ar 06’

From Assumption 2.2, we have:
317 (6 VT 3¢,r(6
mmgﬂﬂﬂm = CiR,, mmA—U@iﬁ& =GR,
20’ Ar 00’

and
3o (6 A
plim | 22270 1 _ ppim | 22 c,R, | = 0.
30’ JT

From Assumption 2.4, we have: j\/—f%& = {—TTC] R, + U;—TRZ where Uy = Op(1).

Since C{R, = 0 (by definition of R;), and Ay N 00, we get: Plim [f—f %RZ] =0.

. g _[CiR 0 ]
We can then define the matrix J as: J = [ 0 CoR, |
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Note that J is of rank p since C R (respectively C,R>) is of rank s, (respectively s, = p — s1). The proof
of Lemma A.1 is now completed. O

We need another preliminary result:

LEMMA A.2. Under the assumptions of Proposition 2.1,

T A7 R'Vr(8y) = J'S; @)V Tdr(60) + 0p(1) = TAZ' R'Vr(60) + 0p(1).

Proof: From Assumption 2.1, S7'(60)v/T é7(6p) = Op(1); combined with Lemma A.1 we get:

3¢7(6)
30

TA;'R'Vi(60) = VTA;'R S7 OINT dr(B0) = J'S7" ()N'T pr(60) + 0p(1).

We now show that: T A7 R'[Vr(8) — Vr(6p)] = 0p(1). We have:

_ a7 (6 adr (6 ' -
TA;R [Vi0) — Vr(60)] = VT [( ) - “’gg,‘))) RA?} X 87 (00N T b1 (B).

Since S;I(GO)«/TJ)T(GO) = Op(1), we only need to show that:

JT [3¢3r(90) 3¢ (60)

80" 06" ] RA7' = 0r(D).

The jth row of the above matrix writes:

067 00) 300 | .
ﬁ[ 96’ 96’ RA;

3 (J) 0
= — Covy, [ﬁ d’a; T ¢r(90)} (Var,s [VT ¢r(00)1) VT dr(00)RAT,

whichis o p(1) since /T d7(8y) = Op(1) and RA;' = 0 p(1). This concludes the proof of Lemma A.2. O

Proof of Proposition 2.1 (Equivalence under the null): Consider the notations: rk[C|] = s; < p; R| is a
(p, s1)-matrix such that: tk[R,] = sy, col[R,] = col[C}]; R, is a (p, s,)-matrix such that tk[R,] = s, and
col[R;] is the null space of C,.?2 By Assumption 2.2, p = s; + 55, and R = [R, : R,] is a non-singular
(p, p)-matrix. We do not exclude the special case: s; = p, s, = 0 and R = R;. From Lemma A.2
and Assumption 2.1, [TA;IR’VT(GO)] is asymptotically normal with zero mean and covariance matrix
JS°171 J

Hence, [T2V}(A) RAT' [J'[S°]17'J17 A7 R’V 1(80)] converges in distribution towards a chi-square
with p degrees of freedom. From Lemma A.1 and Assumption 2.1, this is also the case for:

076 37 (0
TV, (60)RA;! [A— d);( ")ST (o) d’T( W) Tl] A7 R'Vr(6)).
After simplifications, we find that:
) ag.-(8 s (0
W=Tvr<eo>[ P 3o or 0)} Ve(bo) % x2(p).

22 For any (m x n)-matrix M, rk[M] denotes its rank and col[M] represents the subspace of R” generated by the column
vectors of M.
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where x2(p) denotes the chi-square distribution with p degrees of freedom. When [ 29 ¢ 0)] is replaced by
[%], the same argument leads to: £X <4 %2(p) and gX — gV £o. m

LEMMA A.3. Under the assumptions of Proposition 2.2, /T ¢7(6,) 4 N(@m, S®) withm = [—-y'C} 0] in
case (i), and m = [0 — y'C,] in case (ii).

Proof:

VT ér(0r) = VT r(6o) + ﬁa(b;é/er)(% —6) with 6] =6y 4+ Bry, where Br € [0, ar].

From Assumption 2.1, we have: NT ¢r(67) 4 N(0, ). Therefore, we only need to show:

Plim [«f a‘pT(QT)(eT - 90)]

More precisely, in case (i), we need to show:

Plim [M’T(Q;)y} = (C'y) .
30’ 0

From Assumption 2.5, since Plim[6} — 67] = 0, we have:

pim[] ¢, ana i [ﬁm} = o pim [ 0]

a0’ Ar 06 a0’

And in case (ii), we need to show:
T 37 (6 0
Plim £ 9¢(07) y|l= .
Ar 20’ Cry

VT 3¢or(6F)
Pli —— T | = Gy,
1m |: po 36’ 14 2y

From Assumption 2.5:

while for all components <;3ng) , we have:

VT 36707 _ VT 3di5@n) VT

~—H"®; -6 1) = op(1),
00 — 00 v+ o 07 —0r) +op(1) = 0p(1)
a Z() 0
since /T ¢86( r) = TC 4+ 0p(1)
ith Ciy =0, 0f—0r=0p(— PR O
wil =0, —0r = — | and —= .
1Y T T P o \/7

Proof of Proposition 2.2 (Local power of GMM score tests): First, we get the asymptotic distribution
result for €YV in cases (i) and (ii). We study first the asymptotic distribution of [+/T ¢7(6)] when the true
value is: 07 =0y + ary, with oy = l/ﬁ in case (i), and o7 = 1/A7 in case (ii). We need the following
preliminary result: From Assumption 2.5, and Lemma A.1 the rescaled score can be written:

3¢>T(90)

TA;'R'Vi(60) = VTA;'R S ONT dr(B0) = J'S7" (0)N'T br(80) + op(1),
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since S;I(GO)«/TJ)T(GO) = Op(1). Thus, from Lemma A.3, we get:
TA; R'Vr(6o) > N (J'1S°T'm, J'[S°)' ) .

Therefore: T2V/.(8o)RAT'[J'[S°17'J17' A7 R’V 1(80) converges in distribution towards a non-central
chi-square with p degrees of freedom and non-centrality parameter:

= m' (ST [0S ] IS0 .
From Assumption 2.5 and Lemma A.1, this also holds for:

3 (6o)
96’

3¢(60)
20

-1
M = TV, (60)RAT! [A;IR/ S71(60) RA}I] AT R Vi (6p). (A.1)
We now only need to check the formula for the non-centrality parameter . It is convenient to introduce the
following notations:

SO=(8"2) (82, STP=(s")"" and ms=S5"Pm, X=5""J.

Then: u = m,X[X'X]7'X'ms. We get the announced result if we can check that: 4 = m/gm, that is,
Pymg = mg, where Py = X[X'X]"'X’ is the orthogonal projection matrix on the column space of X.
Therefore, we want to show that m g belongs to the column space of X, or equivalently that m belongs to the
column space of J. From the proof of Lemma A.1, we see that the column space of J is the set of vectors of

RX that can be written: [gﬁ;g] for some a € R*!, and b € R*2.

In case (i), m = [C(‘)y] when choosing b = 0 and a as follows. First, C;y = C,y* where y* is the
orthogonal projection of y onto the orthogonal of the null space of C;, or col[C}|] = col[R;]. Then, there
exists some a such that y* = Ria.
In case (ii), m = ng when choosing a = 0. By definition, m belongs to the null space of C;, which
is spanned by the columns of R;.

We now show that Pim[£YY — £K] =0 in cases (i) and (ii). We show that: TA;'R'[Vr(6p) —

VT(QO)] = op(1). We have:

d¢r(6o) _ 37 (60)
20’ 20’

TAT'R'[Vr(6) — V(0] = NT [( ) RA;‘] x 87" (00)VT 1 (60).

Since S;I(GO)«/TJ)T(GO) = Op(1) from Lemma A.3, we only need to show that:

JT |:8¢_>T(90) _ 37 (60)

00" 06" ] RAz! =or(D.

The jth row of the above matrix writes:

T [aq‘s;“(eo) ~ 843;-”(90)} RAZ

a6’ a6’

()
= —Covys [ﬁa%ae(@o)’ ﬁfﬁT(go)j| (Vary [VT g7 @) ' VT dr(60)RAS",

which is 0 p(1) since /T d7(8y) = Op(1), RA}1 = 0p(1), and from Assumption 2.3:

7 () _
89 =87 BY]=cov, (ﬁa‘bg;%), ﬁqsf(eo)) [Vara VTG 60)] = 051,
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And, we conclude: Plim[£X — Y] = 0. 0

Proof of Proposition 2.3 (Special case with only one degree of weakness): When ¢ = ¢,, the proof of

Lemma A.3 does not require anymore the condition A3/ f T — oo, and the result of Lemma A.3 remains
valid in any case. The proof of Proposition 2.2 can then be rewritten based on this lemma to conclude
that Plim[£" — £K] =0, and both score test statistics converge towards a non-central chi-square as
announced. ]

About the consistency of GMM score test (see Section 2): As in the proof of Proposition 2.2 (see
equation (A.1)), £}V can be rewritten as:

- - —1
3¢’ (6 3¢ (6
=TV;(0)RA;'VT [VTA?R/ ¢g; D5 6y ¢3TQ(,°) RA;WT] VT AR V2 (60)
and we also have:

TAT'R'Vr(6p) = ﬁA;‘R/MS;l(GO)ﬁér(eo)

= J'S; 00T ér(0r) — J'S; (%)«f ag O — o)+ or(l).

The first term on the RHS of (A.2) is asymptotically normal with zero mean and variance J'[S°]~'J. The
second term on the RHS of (A.2) can be written (—A7 /8 7)m ¢ with:

VT 3¢7(6o)
20’

7r =J'S; ‘(90) Y = mir + o,

where the additive decomposition comes from the decomposition of d¢7(8)/36'y according to the two
subsets of moment conditions ¢; and ¢,. By Assumption 2.5:

mor = {J[S"1 ' hCay + 0p(1),

where, for any matrix M with K columns, { M}, is obtained by keeping only the second subset of columns
of M (which corresponds to the second subset of moment conditions). Hence:

TA;'RV(0) = J'Sy YO)VT dr(67) — an — —({J [S°T™'}2Cay + 0p(1))
= J'S; (00)VT br(0r) + Zn

where [|Z7] is likely to go to infinity when (A7 /87) goes to infinity and C,y # 0. When || Z7]| goes
to mﬁmty, since J'S; (Qo)f Tor(0r) is Op(1), &7 NW which is a positive definite quadratic function of
TA; 'R'V 7(8¢) goes to infinity and the test is consistent. The only case where this consistency is lost
is when: mir + {817} Coy = 0p(87/A7). O

The consistency of the minimum distance estimator &y is a direct implication of the identification
Assumption 3.1 jointly with the following lemma:

LEMMA A.4. [p@p)] = Op(1/A7).
Proof: From (3.1), the objective function is written as follows:

Q(9)—[\DT(9)+— (9)] [\IJT(G)Jr— (9)] where Ay — | %0
N RV VG T T’ Lo Zd, |
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Since 67 is the minimizer of Q(.) we have in particular:

A r) V(0 T)
or) < 0" =>[ O | Ar g } [ 2L 5@ ]
Or(0r) < 0(0°) JT «/7 pOr) JT \/» p(07)
< wr(6°) Q, W7 (6°)
NT JT

Denoting dr = W, (07)Qr Wr(6r) — W5(02)Qr W7 (0°), we get:
[Arp@r)) QArp@Or)] + 2[A7rp0r)] Y (6r) +dr < 0.
Let ;7 be the smallest eigenvalue of Q7. The former inequality implies:
ur |l Arp@)I* = 21 A7 p@Gr)| x Q- Wr @) + dr < 0.

In other words, x; = ||A7p(@7)]|| solves the inequality:

21197 Y7 (0 d
2 = 127 r(r)lle+i§O
M“r KT
Qrr(6 QrWr (0 QrUrOn|> d
|| r¥rOr)|l Ay <xr || 7Wr( T)IlJr Ar with A, _ 19r9r @)l _dr
Hr H“r Mr Kr

Since x7 > Arllor(@r)|| we want to show that x; = Op(1), that is

W =0p(l) and Ar =0p() & W = Op(1) and d—T = Op(1).
"

KT M T

Note that since det(Q2r) 5 det(€2) > 0, no subsequence of W7 can converge in probability towards zero
and thus we can assume (for 7 sufficiently large) that ©7 remains lower bounded away from zero with
asymptotic probability one. Therefore, we just have to show that:

IQrWr@r)ll = Op(1) and dr = Op(1).

Since tr(27) £ tr(2) (where tr[M] denotes the trace of any square matrix M), and the sequence tr(27)
is upper bounded in probability, so are all the eigenvalues of Q7. Therefore, the required boundedness in
probability just results from our Assumption 3.1(ii) ensuring that:

sup [[Wr (@) = Op(1). O

0O
Proof of Theorem 3.1 (Consistency of Or): Let us then deduce the weak consistency of 7 by a
contradiction argument. If 67 is not consistent, there exists some positive € such that:
Pll6r = 6°ll > €]

does not converge to zero. Then we can define a subsequence (QAT” Jnen such that, for some positive 7:
P[||éT" —6°| > €] > nforn € N. Let us denote o = infjg_goj=¢ l0(@)|l > 0 by Assumption 3.1(i).

Then for all n € N: P[||p(67,)|| > @] > 0. When considering the identification Assumption 3.1(iii),
this last inequality contradicts Lemma A.4. This completes the proof of consistency. (]

Proof of Theorem 3.2 (Rate of convergence): From Lemma A.4 ||p(0r)|| = lpBr) — pO")| = Op(1/r7)
and by application of the Mean-Value Theorem, for some 87 between &7 and 68° component by component,
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we get:

30(0r)
|52 0 =)

—0p (i)

Note that, by a common abuse of notation, we omit to stress that 87 actually depends on the component of
p(.). The key point is that since p(.) is continuously differentiable and &y, as O, converges in probability
towards 6°, we have:

ap(0r) 2 900" N 3p(6°) (B

_po f—
390’ 30’ ag < (O —6%) =z,

with ||lz7|| = Op(1/A7). Since 3p(8°)/36’ is full column rank, we deduce that:

r also fulfils: |0y —6°| = Op (1/47).

5 g0y _ [22/0") 8p07)] " 0'(6")
O 9)_[ 00 o0’ FE

Proof of Equations (3.5) and (3.6) (Moments in the linear IV model): In the linear model (3.4),
ye = X110 + X071 0 + X1,7021605 + Xo 72005 + V1,07 + Var6 +u,
and the two moment conditions write as follows (assuming orthogonal instruments):
, E(Xlzt)ﬂ’ll(9?—91)+E(X12t)7f12 (93—92)
El(y, = Y/0)X,] = . . . . :
E (XZt) 721 (91 - 01) +E (er) 22 (92 - 92)

When IT is replaced by IT5¥, the moment conditions are:
[E(x3) 67 —6))]en +[E (X3,) (67 = 62) | cra/8r i’ (67) + pi (63) /61
([E (X3) (07 — 1) ean +[E (X3,) (65 — 62)] sz/3r> ) (pziw (07) + p3 (63) /5r)

with

Py 00 = [E(X3) (0f —01)]en pi @) = [E (X)) (5 = 62) ] ero

PO = [E(X3) (0f = 01)]ear 03/ (62) = [E (X3,) (67 — 62) [ e
When I1 is replaced by T14%, the moment conditions are:

[E(X3,) (67 — 01)] enn + [E (X3,) (62 — 02)] ez i (01, 62)

([E (X3) (00 — )] ex for +[E (x3) (6% - 62)] czz/ar> - (pf’*wu 92>/6r>
with
pi(01,60) = [E (X7,) (67 —01)] en + [E (X7,) (65 = 6) ] 1o

p2R(6:,6,) = [E (X2) (60 — 01)] 2 + [E (X2) (69 — 62)] ean.
0

Proof of Equation (3.7) (Determinant of the concentration matrix): By definition, u = E;l/ Y

'x’'xn E‘_,l/ >, Standard calculation rules for determinant yield to:

det (] = det [ 5, TUX'XTIE, | = det[5;"] det [X'X] (det(TT)?
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with det[IT] = 7,75, — 712721. When T1 is replaced respectively by T3 and 14X, we have:

det[C det[C
det[m97] = 29T g der[rpr) = €UCT
87" 8T
Hence: det[p*"] = det[u*R] = d/8} with d = det[Z;"']det[ X' X](det[C])*. O

First, we need a preliminary result which naturally extends Lemma A.1 when the true value is replaced
by some preliminary consistent estimator 6%..

LEMMA A.5. Under Assumptions 3.1-4.1, if 0% is such that (|0} — 0% = Op(1/A7), then

¢y (05
ﬁMRA;I—i;J when T — oo.

06’
Proof: First, note that

3ir ;) VT 3gi1(05)

adr (05) T PR T
VT—_TIRA = | T

96 3bar(03) VT 3gr(05)

—— R — ——R,
06’ At 06’

To get the results, we have to show the following:

.07 (9;) _P) 91(6°) (i) @alﬁn (‘97’5) _P) 902(6°)

(1) ’ ’ ’ ’
36 36 ar 90 36
iy * T y *
(i) 20700 R 1 (iv) £7({%”(9”1@ Zo.
26’ Ay 00

(i) From Assumption 2.2(ii): % — %;0) = 0p(1). The Mean-Value Theorem applies to the kth

component of [d¢;7/36'] for 1 < k < k,. For some & between 8° and 0%.:

I * 7 0 24 3,
8@32/(9” - ) _ (g — oy 2T o),

0000’
where the last equality follows from Assumption 4.1(ii) and the assumption on 6.
(ii) From Assumption 2.2(ii):

ﬁafﬁzr(eo) —r 902(6o)

= 0,1
36’ 36’ P =

op(1)

VT 3 (6°)  9p2(6") _
Ar 06 36"

because Ay 2 0. The Mean-Value Theorem applies to the kth component of d¢,7 /36’ for 1 < k < k,. For
some 07 between 6° and 0%, we have:

VT (3624 (07)  9or (6% . o NT 3¢or (@)
- — =07 — 6% et

vy — D,
oy Y Y 9000 or(D)

where the last equality follows from Assumption 4.1(ii) and the assumption on 67..
(iii) 34’2876(,9;) = % x g 3¢2379(,9;) = 0p(1) because of (ii) and Ay = ?(«/T).
(iv) Recall the Mean-Value Theorem from (i). For 1 < k < k; and 87 between 0° and 0%:

VT 8¢irx (607) VT 3¢ir.(6°)
Ar 90" Ap 00

+)L (0* _ 90)/i£82¢;1T,k(éT)
T Ar Ar 00000
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The second member of the RHS is op(1) because of Assumptions 3.1(iii), 4.1(i) and 4.1(ii) and the
assumption on 6%. Now we just need to show that the first member of the RHS is op(1). Recall from
Assumption 2.4 that

Apir(0°)  9p1(6°)
ﬁ[ 0 a0

f[adhr(@‘)) 3/01(90)] _0 (1)
A P

Op(1
} P)= 30’ 30’ Ar

T

By definition R; is such that i ‘(9 )Rz = 0. Hence we get

VT 3¢i7 (0% 1
— T “R) = — ) =o0p(1).
ar EY% , =0p <)\T> op(1) O

Proof of Theorem 4.1 (Asymptotic normality): From the optimization problem (3.1), the first-order
conditions for §7 are written as:

343/7(9AT)

0 Qpr@r) =0

A mean-value expansion yields to:
0 (0r) 97 (r) o dgr@r)
20

z no0 _ 90 —
QprO) + —5 o0 x (6r —0°) =0,

where 07 is between A7 and 0°. Pre-multiplying the above equation by the non-singular matrix TA}'R/
yields to an equivalent set of equations:

B [VTa 0"+ J; 20 x ArR™ (6 —6°) =0

after defining:

R dpr (6 . T (6
JTzf‘z’T( T)RA;1 and Jr=ﬁ¢géT)RA;].

From Theorem 3.2 and Lemma A.5, we can deduce that: Plim J; = J and Plim J; = J. Hence:
J.QJr E raJ non-singular by assumption. Recall now that by Assumption 3.1(ii), 7(6°) = /T ¢7(6°)
converges to a normal distribution with mean 0. We then get the announced result. ]

Proof of Theorem 4.2 (J-test): A Taylor expansion of the moment conditions gives:

VTérbr) = mrwmﬂ‘i’g;f’” (6r — 6°) + 0p(1)

= VTgr6") + JrArR™ (07 — 6°) + 0p(1)

with fT = ﬁaér (éT)/BO’RA;]. A Taylor expansion of the FOC gives:

- A -1
ArR7N (O —0°) = — [(fa¢T(9T)RA ) Sy <ﬁ8¢T(9T)RA;]>j|

a6’ a6’

x(fa"”f) ) ST VTHr (0% + 0p(1)

with S7 a consistent estimator of the asymptotic covariance matrix of the process W(6). Combining the two
above results leads to:

VT rbr) = NTFr0%) — Jy [J3S7Ir ] T3 S5 VT Er(6%) + 0p(1).
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Use the previous result to rewrite the criterion function:
T Qr(0r) = NTér (01 S;'VTdr(6r)
= [VTar@") — Jr 57" ] dp sy V@) 57!
x [VTEr0%) = Jr [ 357" e ) J357 VT + 0n ()
= WT O S VT Fr(0%) — VTdr(©°)S; Jr [J587 Jr ] Jp.S7 VT $r(6°)
+op(1) = VThr©°) Sy U — M7 S;°VTdr(0°) + 0p(1),

where S)/% is such that Sy = S5 257"% and M = S;"2 Jr[J;.S7 Jr17" 7, 85'? which is a projection
matrix, hence idempotent and of rank (K — p). The expected result follows. O

Proof of Proposition 4.1 (Equivalence between CU-GMM and efficient GMM): The first-order conditions
of the CU-GMM optimization problem can be written as follows (see Antoine et al., 2007):

IO s 060y VT (052 - YT O 51 g0y Ty (960 o,

where P is the projection matrix onto the moment conditions. Recall that:
P Z(j) HCU 9 ) QCU _ R R B R
T O _ o, (¢ E) 5, 65)) 577 650) VT (0.

With a slight abuse of notation, we define conveniently the matrix of size (p, K?) built by stacking
horizontally the K matrices of size (p, K), Cov(d@; (65V)/86, ¢r(B£V)), as

A, (BSUy agh (pcvy
Cov (TE)(QT) or (GTCU)) |:C0v <Ta(0T) ér (05Y)
ad)(/) GCU o a¢(’() 9CU o
oo (B g o) o (B4 1)) |

Then, we can write:

pfa‘”f(ec”)_cOv<3""’fa(§TC”),¢sT(é$")) (rdx @ 7' (65) VTér (057)])

Pre-multiply the above FOC equations by the invertible ( p, p)-matrix A}l R’ to get:

T (HCU T (ACU
a7 T PO ey Ty (050 - a7 R Con (8¢Ta(§T L 4, <éf”>)

x (1de @ 57" (05V) VTr (059)]) 57" (65) VT (65V) = 0. (A3)

(i) Special case with the same weakness (A7) or all moment conditions: JT or (éTC Uy=xr p(éTC Uy 4+
\DT(éTC U), where W (9) = W(0), a Gaussian stochastic process on ®. Consider a Gaussian random variable
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U to rewrite the second term of the LHS of equation (A.3) as follows:

a0

o (M0 Gy 320 (1o s 7)o 051))) 5 5
X |:,0 (05Y) — %U} =op(l),

because we have: (Idx ® [S7 (OSU)VTdr(GEV)) = Op(1) and [p(OSY) — % =o0p(1). And, we
conclude that CU-GMM is equivalent to efficient GMM.
(ii) Consider now two groups of moment conditions with rates VT and Ay

Ni (éf”):(ﬁld’” 0 )p(éTCU)-i-\IJT ().

0 Arldy,
The second term of the LHS of equation (A.3) can be separated into two pieces: the first one involves a
Gaussian random variable V and the second one p(.). First:

A R'COV<M_’,TB(§$U),$T (é;")) (rax ® [s7" (05V) VTar (65V)]) S5 (0FV) v = 0p (D),

Op(1)

Second, recall that we have:

<«/T1dk1 0 >p(éTCU) _ <\/T1dk1 0 )p(éTCU) _ [ﬁp. (éTcU)}

0 )\T]dkz 0 )\T]dkz )\sz (éTC‘U)

and define the matrix

o (M0 Gy 320 (1o s 65 o 051))) 5 5

Ay Ap
=A= s
A21 A22

where A;; = Op(1) for any 1 <1i, j <2 with respective sizes: (s, k1) for Ay; (51, ko) for A (p — 51,
ki) for A,y; and (p — s1, ko) for Ay,. Then the second term writes:

A At o
N A QCU A GCU
_]<A1| A12>|:ﬁpl (QTCU)}_ nor (0f )+ﬁ e (07Y)

Ay Axp AT P2 (éTCU) \){TAzlpl (9 )+ Ao (0 )

And we have:

1
A11;01( ) OP(])XOP< T) =op(1)

A A A 1
T;A]zpz (05) = TTT x Op(1) x Op (E) = op(1)

1
Azzpz( ) Op(1) x Op (A ) =op(1)
T
T A T 1 T
)L£A21P1 (67") = A£ x Op(1) x Op ()T) =0p (f> .
T T

2
T )“T

Hence, to get the equivalence between CU-GMM and efficient GMM, we need the nearly-strong
identification condition, that is: A2 /~/T 2 . g
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