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Lecture 23 - Fermions

What's Important:

* Fermi-Dirac statistics

* comparisons among distributions
* Fermienergy

Text: Reif

Fermi-Dirac statistics

The Fermi-Dirac distribution can be handled in a similar way to the Bose-Einstein
system.

Start with the partition function
Z — Ze—[)’(n1£1+n282 +Ng 65 +...)

and multiply by exp(-aN) to form
Z = ZN' eXp('O{N’) Z(N,)

where
N=n,+n,+n, ..

and
InZ =-aN + InZ(N) (23.1)
Thus
Z - e—[g’(ma +Noea+N3e3+...)-a(N +N2+N3+...)
nyny,ng...

(23.2)

— ( E e—(a+ﬁ51 )m)( E e—(a"‘ﬁfz)nz)
n =0,1 n2=0,1

Because a given energy state can be occupied by only one particle at the most, each
term in brackets has only two contributions, and becomes
1+ @«

Taking the logarithm of Eq.(23.2) then gives a series
InZ =2, In(1 + exp(-a-P¢,) ) (23.3)

Substituting into Eq. (23.1) gives
INZ(N) = aN + Z, In(1 + exp(-a-f¢,) ). (23.4)

Finally, with the relation
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_laInZ 1 -pexpk(a+ pe;)]
B de; B 1+expk(a +fe;)]

1
- exp@ + fe;)+1

Sl

we obtain

=]

(23.5)

This is the Fermi-Dirac distribution. The constant « is fixed by the normalization
condition

1
N=Eexp€x+ﬂgi)+1' (23.6)

The Fermi-Dirac distribution function has somewhat different behavior than BE or
Maxwell-Boltzmann:

& —=0 n—1/(e%+1)
g —> o n —0
1/ (1+€%

e

Summary
In the last several lectures we have derived four distribution functions:

Maxwell-Boltzmann
_ 1

' expe+ Be;)

_ 1
exp(Be;) - 1
Bose-Einstein

y
- exp@ + fe;) -1

=]

Fermi-Dirac
y

- exp@ + fe;)+1

n;
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Notes:

* in the MB distribution, « is determined from e = N/ Z.exp(-f¢,)

» for the highest energy states, all distributions tend to exp(-f¢,) times a constant

» if the concentration of particles is small, or the temperature is high, then « is large,
and both the BE and FD distributions tend to exp(-f¢,) times a constant.

In other words, at low concentrations, or high temperatures, all distributions tend to the

"classical mechanics" MB distribution.

Sign of o

Suppose that we have a FD distribution in its ground state

energy | ——— one particle per level,
—_e— ignoring spin
_._
_._
At T =0, the distribution obeys
n=1 E< &
n=0 E> &

where ¢ is the Fermi energy. The constant a can be replaced by the (reduced) Fermi
energy by noting that
— 1

n =
"oexpa+ Be)+1
has the appropriate zero temperature properties only if

a+ Pe=0

or
a=-f&

Whence,at T=0 or p—
£> & Ple- &) — o and n=0
£> & Ple-¢g) —= - and n=1
£= & Plee- &) =0 and n=1/2

The sign of a should not trouble us, as it was introduced only as a normalization
constant.
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