
Math 304 Assignment I Solutions

1cal Legal moves swap contents of any two boxesHere is one of many possible solutions

I 6 4 2 3 5 I 2 4 G 3 5
e

I 2 3 6 4 5

I 2 3 4 G 5
a

I 2 3 4 5 G
which is a solutionusing4 moves

b Legal moves swap contents of any basewith bose 1

I 6 4 2 3 5 6 I 4 2 3 5
a c

5 I 4 2 3 6

3 I 4 2 5 6
c

4 I 3 2 5 G
c

2 I 3 4 5 G
or

I 2 3 4 5 G

c Legal moves 3 cycles

I 6 4 2 3 5 I 2 4 3 6 5

9 car
I 2 3 6 4 5

I 2 3 4 5 6



2 Legal moves 3 cycles

a 264135 164325 124635 123465

which is the desired arrangement

b 264135 611225 612345 Which isthearrangement

c We already know from that we can put it in the order
123465 So if we can swap 6 and 5 by a sequence of3 cycles then we are done However this seems impossible
will will develop thetools to showthis is impossibleshortly

3 Ca 0,23
0,3 6,9 12,15 18,21 24
7 13,19

4 Since ollab then there exists integers k l such that
a Kd and b ed

Then
at b Kdtld Kil d

which means d atb

5 a 306,702

E.ua nAlg ExtendedEuclideandIg
gcd702,306 702 2 3061 90
gcd306,90 306 3.90 ii y
gcd90,36 90 2.36 t 18 18 90 2 3G

gcd 3G18 36 2.181 0 t 90 2 306 390
god 18,0 7190 21306
18 7 702 21306 21306

7 202 LG 306
gcd702,306 18 and 7 702 IG 306 18

b 888 3071

EuclideanAlg Extended EucAlg
gcd3071,888 3071 3 888 407

gcd888,407 888 2 407 174
golf407,74 407 5174 t 37 37 407 5 74

gcd 79,37 74 2.37 to 407 b 888 21407
gcd 37,0 407 51888
37 11 3071 31888 51888

11 3071 3868881
ooo gcd 3071,888 37 and 1 30717 381888 37



6 Let gcdca.bg d
Suppose g gcd Hd Hd Then gloyd and g toldTherefore

golla and gd lb
since gd is a common divisor of a and b but d is thegreatest
such common divisor then

goes d
It follows that g l hence gcd Kd Kd L

7 If there were integers x y such that1034act 444gthen since the LHS is even Cdivisibleby 2 it most follow
that the RHS is even But 1 is odd thus we have a
contradiction Therefore no such integers x and y exist

8 No Forexample 6 2 3 but 642 and 643
9 a Let gcd a b D and suppose Cla b

Then by the Ext Euclidean Atg thereexists integers U sockthat
autbu d

Since cla b then clautbu CID
b Let dlab and gcd dra l
Then by the Ext Euclidean Alg there exists integers u u suchthat

data
Multiplying by b we get

bdu abv b
Since d divides each term on the LHS i.e dlbeta d abu
then d divides the LHS Hence d divides the RHS so

d b

10 42 2 3 7 2 1 3 1 7 1 1.2 G 12

420 2.23 5.2 242 1 3 1 5 1 7 1 2 2 4 6
96

4200 23.3.52 7 242 1 3 l 5 5 1 7 1 222 5 4 G
960

11 1848 1914mod in ml1914 1848 66
m l 2,3 G IL 22,33 66



12 We want to find 32027mod10 and 32027modLOO

mod10 First notice that
32 9 modto
33 7 modelo
34 1 mod10 this is the useful congruence

Now
32027 34506 3

34,50633
1506.33mod10
7 mod 10

Therefore the ones digitof 32027 is 7

mod100 Firstnotice that 320 1 mod100 this isthesmallestpowerwiththisproperty
Now

32027 3204013 7

320 0137
1 37 modLOO
2187 mod 100
87 mod100

Therefore the last two digits are 87

13 We wish to determine It 2 22 23 t t 22020 t 22021 mod3

First observe 22 1 mod3 therefore

2M I mod3 if m even

2 mod3 if m odd

Therefore

1 2 22 23t t 22020 2202 I l t Z t l t 2 t t l t 2 mod3
thereane ion l's and Lou 2s listed here

4011 l t loll 2 mod3
I 3 loll mod 3
0 mod 3

go 1 2 22 t it 2 is divisible by 3


