





































































Math 304 Assignment 4 Solutions

1 For the oval trackpuzzle with 21 disks the basic moves are
R 21 cycle R R I even
1 I 4 23 T T even

Therefore any solvable configuration is a product of R R t T T which
is even Hence odd permutations are not solvable
Since the configuration shown is 13 which is odd it is notsolvable

seas hagbadethage EnegacEwbiescodies

ftp
13 20 Then each of the six
cube moves R L h D F B is 13 1 14
EarePIadmpTet.ottwo4 Ydesi

fqffYgz.s
Z

R 2 6 10 7 14 1819 15 h 6

8 7edges corners 18
Therefore each move is an 10
esokseeefons.tn motustobin asians fqffefdz9even permutation

Since swapping two corners is a
2 cycle which is odd it is
impossible to perform

b Labelthe 24 edgystickers froinm
I too 24 we'll ignore coronercubbies
Each of the size Cobemmows
212,44D F B is a pemermutatham

m these 24 himmbosws for exampmpke 7

9 11
R 3 11 20 14 4 12 1913 z

8 7 3
Summlay far The other 5 moires w

5 4
Each move is therefore an enemy 6 12
premiumtakin two 4 eye ofstickers It follows 16 15 14 Bthat angry promoddoctlinverseverse of them is 23
also even Hence wryly even pempermotkhinns 21
of the eddggestickers were possible 22

24 20
Since flipping a single edge is a 2 cycle 18
which is odd it is impossible to perform



3 Ca 12345 G 78 C Ag contains a 6 cycle
b 123 4567 8 9 CAlo contains a 3 cycle and a 4 cycle

4 O I 25 8 254 7 45 6 l 4 89
I 2 I 5 I 8 2 5 24 27 45 G l 4 89
125 loons425 2473 ma l a

125 185 125 24 7 456 149 189

Therefore 0 can be written as a product of 3 cycles

5 a Let de Sn be an odd permutation Then Cl 2 x
is an even permutation so by ParityTheorem it
can be written as a product of 3 cycles

IZ X 0 Oz Ok where ou are 3 cyclesTherefore
y 2 O Oz o Ok

is such an expression

b 12 3 456 7 8910
I 2 I 3 4 5 4G 47 89 10

13 5 145 467

I 2 13 5 14 5 462 8 9 10 which is a 2cyclefollowed

byfour 3cycles
6 The order of a permutation written in disjoint cycleform is the least common multiple of its cycle lengths

so an element has order 18 if its disjoint cycleform contains a cycle of length divisibleby 9 and a cycle
length divisible by 2 This means there must be at least
9 2 11 distinct numbers in the cycle But since we are in Aco
this is impossible

Alo has no elementoforder 18

n



7 An element of order 5 in As must be a 5 cycle
C

There are 5 ways to arrange the numbers 1,2 3 4,5
to make a 5 cycle however each 5 cycle a
5 different representations

abode bede a c de ab de ab c Ceabcd
Therefore there are 545 4 24 distinct 5 cycles
Hence there are 24 elements of order 5

An element of order 3 in As must be a 3 cycle
C

There are 54.3 60 ways to make a 3 cycle but
each 3 cycle has 3 representations i Ca b c bca cab
Therefore there are

60 3 20
distinct 3 cycles and thence 20 permutations of order 3

An element of order 2 in As must be a product of
two 2 cycles

C C
There are E Z ways to pick the numbers to fill theslots but disjoint cycles commute so we're overcooked
by a factor of 2 Hence there are

Ek 3 5442 is

elements of order 2

13 Let p be an odd permutation in Sn Then
cAn C B so p Cpo 1 8 C B

Susie JEB and B closed under multiplication
Therefore On CB thus B Sn



9 SageMath Explorations

SampleData

Consider the first row

d l 2 3 4
seems likepgetsappliedtoeachpfPto IP entry in thecycle

Gxp putputputput C

18 20 3 15
3 15 18 20

checkthis is true forother entries in the table
Observations x and f xp have the same cycle structure Forexample

if X is the product of two 3 cycles four 5 cycles and an
H cycle then so is f xp However the individual numbers
in the cycles may be different

If x has a cycle
Ca Az ooo 9k

in its decomposition then the corresponding cycle in pXp is
plan plan pcaa

This is Lemma14 I 1 on page176


