Math 304, Spring 2021
Midterm 2

1. Computations in various groups...
[2] (a) In the group Z;s determine the order of 10. (That is, determine ord(10).)
16 ,1041022 , 310=12, Y:lo=Y , S:10=1Y, 6(0=6, 810=8,q+H0 =0 =D orol(l0) =9
allemave L1 The amallist velre of K suda tek  KlO =0 (mo 18) 15 9, :. ordlo)=9.
obemehe2:  geal5;®)=] = G hs o I3 = 2.5=[0 has ordem 9, . ord(lO)=9.

[3] (b) List all the elements a € Z;5 for which Z,5 = (a).
%Mu.rlJN‘s o 4 ore the nombus Pelqu:géj P‘nm b IS -

[,2,4, 7,8, 11,1319

( thee shovld be @U= 2 4Y=@ numbey -0157":0(,)

[3] (c) Consider the permutation oo = (1 2)(3 4 5 6)(7 8 9 10). Which of the following permutations 5; and
B2 is conjugate to o in S1¢? For the ; that is conjugate to o give an example of a v € Sy such that
Bi =~y Lay. (3456)(12) (789 10)

Br=(1234)(56)(78)(910),  B2=(1234)(56)(78910)

Qz ey Sonne ({‘)d‘ shuchre as X, So od ownd @z are cmd\ﬁc.k

T = (l ';3)(26'1) ( other op\whs muolve weys b wichh p enhws "
(RUuse) U
& (234)(56) )

[2] (d) Suppose H is a cyclic group and 18 divides |H|. If b is one element of order 18, list the other elements
of order 18 in terms of b.

b sk rekelg & ged(k,18) =)

3 L+ )
= b‘, ‘os) b?) b“, b‘ , b (s\aou(o( be @(18)=6 m -Id;l)

[2] (e) Consider the pentagon shown. Let » denote a rotation in the clockwise di-
rection through an angle of 72 degrees. The elements of D5 are

D5 = {1,T,T’2,T3,T4,f1,f2,f3,f4,f5}-

Determine the element of D5 corresponding to 2 f3r fi.

Y .
vare does b deke 1 rolahow | smce weo reflechaiy X"
w! S L : |

¢2 f-s C 9"1
l—2 23 ] +— 2 —3

b \'"1‘?3 P3‘P1 =‘f\7—k

alkencke = (12340234 (1) (sU) (12345) (1) (23) = Q 352 4) :! pls
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2. A Group of Permutations:

Let G be a subgroup of Ss with 12 elements. Ten elements of GG are listed here:

G={e, (13)(46), (15)(24), (12)(36)(45), (14)(23)(56), (14)(25)(36),
(16)(25)(34), (135)(246), (153)(264), (123456), _(1cs432), (2L)IBF)}

(Note: the following questions can be done in any order. If you get stuck on one, move on to the next.)

[4] (a) Find the two elements of G that are missing.
(z3use)” = (16S 432)
-1
Cmpgeler (123 u5EY " (1) (24) (1234se) = (26)(39)
L__\fl_-) 3
[2] (b) Is G a cyclic group? Justify your answer.

NO, thee s o  element— OTC ody (2 (,FF H"["PA M,M woulo(
need fo be @02 =Y of trem,
i Fdlql)

a\hrm\-c‘. If 4 Wwas %d(é Hur would (oe UVlb one ell.vnc»f 0‘/’\ ardcr 2.
Bt G has of Least two: (1246 , (/S)24) & asfgele,

[3] (¢) Find a subgroup of G of order 3.

{a, WrsH (246, (16'3)(2&'133

[2] (d) Does G contain a subgroup of order 7? If so, find one. It not, explain why not.

No , 7X\2. ) 'Bs Lt.\ﬁrc.ng,(_'s Heertny, , @ Cavnct haue
a su\abva of o F
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3. Groups, Cayley Table, Commutators and Conjugates...

[3] (a) Complete the statement for the definition of a group.

A group consists of a nonempty set G together with _ a l:lnrJq o K1 GxG —> G

that satisfies the following three properties:

1. (ssoctehue ) Q*Cbkc\' = (a*xbb)*C L~ sl a,b,c QG

2. (qdw/-»b) ter i an B s, ate cexq =G by ddlacS

3. CI;'WM\ Ptf a eG  Hex cxtéh, beG S,J—, orxb=L¥qg =c

[3] (b) Suppose G = {e,a,b,c,d, f} is a group with the following multiplication (Cayley) table. Fill in the
blank entries. You do not need to justify you answers.

o o2 &‘O*ﬁ\h

S QL 0O Qo

S L 0 9 oo
‘5‘(\’9.%@@ S]
P tola [0 5| =
&‘p‘o-mksﬁ )
plo== o=

[4] (c) Prove the following formula which shows that a commutator of a product is a product of commuta-
tors.

[, (B7)] = [ev, Bl[BaB ™, By~

[, (86)] = oc @¥ o (%)
= x@Y¥ o b’"@-' €5)
On twe other \«auo\l

[, 6 g, pig') = xeXg gkg’ (0¢" @ @ g

= xp%¥ o™ b"@ﬂ
= [, @¥%] by &)
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4. Oval Track Puzzle and Variation:

[4] (a) Mapping out your solution strategy: Consider the following configuration of the oval track
puzzle. To solve the puzzle we only need to use two fundamental moves: o3 = (1 74) and 02 = (1 3),
and their conjugates. Provide an outline of the steps involved in solving this configuration: indicate
which move (a 2-cycle or a 3-cycle) you are using at each step, identify the disks you are permuting
(i.e. give the permutation), and draw the resulting configuration. Do not use a 2-cycle unless it
is necessary. You do not need to find the sequence 3 to conjugate o5 or o3, just provide an outline
of the solution steps. (You may not need all the images below, just write “solved” under the image
in which you’ve finished your solution.)

2 3 oe=(13)(24) = (132)(u?) ;23

€uen  move: (permutation in cycle form)

@@@@O

ov
OQOOO

@@@@O
@V

18

% Clay)

15 14 13 12 1 2 3 15 14 13 12 11 2 3

move: (permutation in cycle form) move: (permutation in cycle form)

20

(29] 2930999667 OOOOO

<%booo ‘8 <%COOOOO

15 14 13 12 11 10 15 14 13 12 1

< e\Ue

1)

[3] (b) Consider the variation of the Oval Track puzzle on 20 disks where the turntable move 7" corresponds
to the permutation 7" = (1 4 3 2). You are given the fact that any 3-cycle is possible to do on this
puzzle. Using this fact, show that it is possible to do a 2-cycle.

v Any  d-cgde possible =D o all of
J V‘SLM i possz\-&. = Sn .
R ° R s an odd wove posélole.

it 1—%(&; ore po$$o‘u~b

15 14 013 12 11 10

alterrcte - T=C0432) = (u3)Ui2)

= Tt poss*;LLz t2 do
() T = 30U G2) = 012)
2. A 2~wele 5 possible



