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Common. Sets =

Some basic sets of numbers we should be familiar with are:

e Z = the set of integers ={...,-2,-1,0,1,2,3,...},
e N = the set of nonnegative integers or natural numbers = {0,1,2,3,...} ={z € Z |z > 0},
o Z* = the set of positive integers = {1,2,3,...} = {z € Z | z > 0},

e ) = the set of rational numbers = { % |a,b €Z,b# 0},
e Q" = the set of positive rational numbers = {z € Q |z > 0},
e R is the set of real numbers.

e [n] ={1,2,...,n} = the set of integers from 1 to n, wheren € Z*. !
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Set Opecahoms

AUB={x|x€AorxeB},

umon, -

tecsechm®  ANB={x|xcAandxec B},

complament A°=A={x|x¢A},

dfference A-B={x|x€Aandx¢ B} =ANB°

?roduc'\‘ K AxB={(x,y)|x€Aandy € B}.
Carduhallb : = number of elumens 1, A
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Caeoise o

(A=A
(AUB) =A°NB°
(ANB)¢ =A°UB°

Law of Double Negation

DeMorgan’s Laws

2 rijﬁ i g Eﬁ Commutative Laws
ﬁ E Eg E 8 z Eﬁ Egg r%g Associative Laws
i ﬁ g 8 8 z Ei ﬁg; B g Eg Distributive Laws
ﬁ ﬁi z 2 Idempotent Laws
i ﬁ g/::A A Identity Laws
iﬁii i ;)2/ Inverse Laws

i E Z/ ::q)A Domination Laws
i %J Eﬁ 82; i ﬁ Absorbtion Laws

Numbers 1, 2, 3, ..., 9 are written in a 3x3 array. The only permitted operations are to
swap any two rows and or any two columns. Prove that it is impossible to attain the
pattern on the right starting with the pattern on the left.

1|23 1 3
41 5] 6 6 1
71 8] 9 7 9




Appendia B+ Properhes of Iv\\caers ¥ Tn s sechove oll numbess are 'm’rcgers
o dwdes b Cuwsiben a\ b) W b= ad Hr soma m—\-e@v d.
We say d is the greatest common divisor of a and b (written ged(a, b)) if and only if

(i) d|aandd | b, and
(ii) ifc|aand ¢ | bthenc <d

Eocamplm :

o and b ore l‘F SCA C(l)bs =\

Example

Theorem B.1.1 — Division Algorithm. Let a,b € Z. Suppose that b # 0. Then there exist
unique g,r € Z, with 0 < r < |b| such that

a=gqb+r

We focx our altenhon, on Cmrnpu\w'\ng gc,d:s wihout -po.c\'mn\e) A

Lemma B.1.2 If a = bg+ r then ged(a,b) = ged(b, r).

Eacample :



Theorem B.1.3 — Euclidean Algorithm. If @ and b are positive integers, b # 0, and

a=qgb+r, 0<r<b,
b=qir+n, 0<n<r
r=‘I2"l+"2, 05r2<rl)

Tk = qrsaTks1 +1es2, 0 < rpp <y,

then for k large enough, say k = £, we have ry.y =0, ry_y = qp+1r¢, and ged(a,b) = ry.

Python B.1: Euclid’s Algorithm for ged in Python

def gcd(a,b):
"""Return the GCD of a and b using Euclid’s Algorithm."""
while b > 0:
a, b = b, a%b
return a

E—DC\‘QV\&G& Eoc\ld(qn a,laor'd'h% B

Eacample:

Theorem B.1.4 — Extended Euclidean Algorithm. If gcd(a, b) = d then there exist integers
u and v such that

au+bv =d.




Primes -«
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Lemma B.2.1 If p is a prime number and @ and b are integers such that p | ab then either p | a
orp | b.

Definition B.3.1 — Euler’s ¢-Function. For any positive integer n, ¢ (n) is the number of integers
in {1,2,...,n} which are relatively prime to n. In other words,

o(n)=|{meZ|1<m<n,gcd(m,n)=1}|.

Theorem B.3.1 If n has prime factorization given by

€1 €2

n=pi'ps--p,

then
o) =p (pr—Dps (P2 — 1) P (e — 1)



Modolar Anthmehe :

Definition B.4.1 — a mod n. Let n be a fixed positive integer. For any integer a,
a modn (read a modulo n)

denotes the remainder upon dividing a by n. (Note: the remainder is an integer 0 < r < n.)

E')co.mp(l.'

Definition B.4.2 — Congruence. If a and b are integers and n is a positive integer, we write
a=b modn

when n divides @ — b. We say a is congruent to b modulo n.

Example :

Theorem B.4.1 — Modular Arithmetic.
Ifa=c¢ modnand b=d modn then
e (a+b)=(c+d) modn
e a-b=c-d modn

Example. :



