Chapter 3: Permutations
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Definition 3.2.3 A permutation of a set A is a function & : A — A that is bijective (i.e. both
one-to-one and onto).

Fmchone  refcecher

Definition 3.2.1 A function, or mapping, f from a (nonempty) set A to a (nonempty) set B is a
rule that associates each element a € A to exactly one element b € B.

Definition 3.2.2 A function f : A — B is called one-to-one, or injective, if no two elements of

A have the same image in B.

A function f : A — B is called onto, or surjective, if f(A) = B. That is, if each element of B
is the image of at least one element of A.

A function that is both injective and surjective is called bijective .
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Definition 3.3.1 Let , 8 : [n] — [n] be two permutations. The permutation composition, or
product, of @ and 3 is denoted by af} : [n] — [n] is the permutation defined by:
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Theorem 3.5.1 For any permutation & : [n] — [n], there exists a unique permutation f3 : [n] — [n]
such that aff = Ba = €.
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Let’s sun;marize what We—know so far about S,,.
e S,, the symmetric group of degree n, is the set of all permutation of [n] = {1,2,...,n}.

o |S,|=n!
e Two elements &, 8 € S, can be composed (multiplied) to give another element a8 € S,,.2
e The identity permutation is € = ( 1 ; Z ) . It has the property that e = €a =
for all @ € S,..
e Every o € S, has an inverse denoted by a~!. The defining property of an inverse is aot ! =
-1
o "o =E.

(o) t=a o ta

Permutation composition (multiplication) is associative: a(B7y) = (af)y.
Permutation composition (multiplication) is not necessarily commutative.
Cancellation Property: aff = ay implies B = ¥, and B = Yo implies B = 7.
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Theorem 3.8.1 For any o € S, there exists a positive number m for which & = €. The smallest

such m is the order of o, denoted ord(cx).
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Theorem 3.8.2 Let a be a permutation. If a™ = € then ord( ) divides m.



