
Chapter 7: The Parity Theorem

Permutations TheParityTheorem

Individual Activity
Start with the initial configuration

4 8 I 7 6 5 3 2

Count howmany swaps it takes to solve the puzzle

Try sofjinsogueitinmnumdeff.IT orwdeaYs c first then 2 then 3
solve in reverse numerical order
solve in random order
use only swaps involving bose 1
use our quickmethod for writing a permutation
as a product of 2 cycles

a

whatever other method you can think of

Observation



Even permutation one that can be expressed as a product of an
EVEN number of 2 cycles

Odd permutation one that can be expressed as a product of an
ODD number of 2 cycles

Sign of a permutation

Sgncx if X is an even permutation

if x is an odd permutation

Examples Determine the parity of each of the following
a E

b l 2

c l 5 4

d l 7 3 5 68

e l 47 26 3 10 5 9

Parity of a cycle An M cycle Ca az am is even if m l is even
and odd if m l is odd Since

Ca az am a a2 Ca93 ooo Ca an
m I transposeheirs



Variation of Swap

Legal move Pickany 3 boxes and cycletheir contents eitherto the left or right

position is solvable

Example Considerthe solvabilityof the following configuration

7 4 3 I 6 8 2 5

position is a

x is therefore puzzle is with 3 cycles



Proof of ParityTheorem

Prop 1 ParityTheorem

Prop 2 Prop 1 ParityTheorem



ProofofProposim2
Example Consider the product

E I 3 2 5 l 4 2 3 4 5 3 5 l 4 l 2

We will try to write it using two fewer transpositionsConsider the number 1 which appears in the rightmost
transposition Note

I 4 l 2

ProofofProp2 Let E t.cz Tm and let a be a number in the
right most transposition Em Ca b Then Tm item
can be expressed in one of the followingways

ab ab E
a c ab ab Cbc
Ccd ab fabfedb c ab ac cb

In case we omit tin item and get an expression for E
using m z transpositions In theother 3 cases we can push
the rightmost occurrence of a to the m l transposition
we can continue to pushthe rightmostoccurrenceof a
to the left until eventually two consecutive transpositions
cancel or the only occurrence of of a appears in the
first transposition The latter would not fix a hence
could not happen Therefore twotranspositions mustcancel
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