
Chapter 9: The 15 Puzzle





Solvability Criteriafor the 15 puzzle

Example Determine the solubility of the following configurations

A 13 4 7 14 b 6 11 15 5

5 8 1 3 13 14 I 8
2 9 6 15 9 10 4 12

12 10 11 3 7 Z

C
5 I 3 4
26 7 8
9 10 11 12

13 14 15

The number of solvable positions where the empty spaceis
in box 16 is

Ant 125,1 653,837,184,000



Solvability in the case where the empty space is not in box16

Example I 2 3
456 7
8910 11

13 14 15 12

Parityof a Box
Colourboxes in a checkerboard style
Define

shaded base every
white bose odd

Reasonfordefinition If emptyspace is in a white
boxthen it takes an ODDnumber
of moves swaps to get it to bose
16
Similarly it is an even numberof
moves from a shadedboxto box 16

Consequence There are solvable configurations out of 16

1950s Manufactures still can'tcount the number
of solvable configurations correctly
Instructions saynumberof configurations is s

2 615,348,736,000
but thecorrectnumber is

8115 10,461,394,944,000
65,348,736,000 i.e 4timeslarger



Example Determine the solubility of the following configurations

a g 5 2 b l 2 3
436 I 8 5 G 7 8

7 13 4 12 14 12 9
14 10 15 11 13 11 10 15

Proofof Thin9 lol A solvable x is even

1 x solvable x even

If x is solvable then
2 I eT ooo TI

for some transpositions ti Sincethe empty space muststart in box 16 and return to bore16 itmusthaired
moved an even number of times Therefore K is even
and so x is an even permutation

2 x even x solvable

since every even permutation is a product of 3 cycles
it suffices to show every 3 cycle can be obtainedthrough
puzzle moves

First note we can obtain the 3 cycle 0 Il 1215

Using 0 we can produce any 3 cycle of the farm11 12 i for it 11 12



1 Pick any box i i 11,12
2 x is the move sequence that hides tilesfromboxes 11 12
into boxes 12 16

1216 Il iz

3 p is the move sequence that moves the tile in box i
to box 15 using one of the following paths i

Don'tworrythat this move seem to mix up othetiles thosewillget fixed as weproceed

4g apply d i.e move tiles 11 and 12 back
applythe 3 cycle O 11 12 15

6 reverse steps 4 through2

The whole move sequence steps 2 G will be

xp I o xp x xp a il xp E iz xp x 15

Il 12 i

Finally we can produce any 3 cycle j ki To see
how first observe

11 12k Il 12 j Il j 12k

and so

Il 12 K Il 12 j Il 12 i Il 12 K Il 12 j
Il j Rk Il 12 i Il j 12 k

i j k
Hence we can produce any 3 cycle on the 15puzzle pg



Proofof Thin9 1.2 x solvable parityof x equals parityof
box containing empty space

Reducethe problem MADAM

Let be the permutation representing the puzzles position
Move the empty space to base 16 by moves Ii ooo EkLet it be the resulting configuration

x LT Tz ooo tic

x is solvable 2 7 a is solvable
It is even Thur 9 1.1
parity of x equals party of K
parity of x equalsparty of boxthatcontained the empty space

D

Strategy for solving the 15 puzzle

we now know how to decide if a configuration is
solvable or not But we still don't have a
strategy for actually solving it

Activity Randomly arrange the tiles on the 15 puzzleboard
Try to solve the puzzle


