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Theorem 11.1.1 — Two-Step Subgroup Test. Let G be a group and H a nonempty subset of G.
If

(a) forevery a,b € H, ab € H (closed under multiplication), and

(b) foreverya € H, a~! € H (closed under inverses),
then H is a subgroup of G.
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In [2]: S10=SymmetricGroup(10)
a=S10("(1,2)")
b=S10("(1,5,3)(2,4)")
H=PermutationGroup([a,b]) # could use H=S10.subgroup([a,b])

H.order ()
Out (2] : 120
In [3]: axbxaxb~2
Out [3] : (1,4,3,2)
In [4]: $10("(1,4,3,2)") in H
Out [4] : true
In [5]: s10("(8,9,10)") in H
Out [5] : false
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In [6]: D4=DihedralGroup (4)

D4sublist=["()","(1,3)(2,4)", "(1,4)(2,3)", "(1,2)(3,4)"]
D4subnames=["RO","R180" ,"H","V")

D4.cayley_table(names=D4subnames ,elements=D4sublist)

Out [6] : * RO R180 H v
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Theorem 11.4.1 — Lagrange’s Theorem. If G is a finite group and H is a subgroup of G, then
|H| divides |G]|.

Corollary 11.4.2 — ord(a) divides |G|. In a finite group, the order of each element divides the
order of the group.

Theorem 11.4.3 — Cauchy’s Theorem. Let p be a prime dividing |G|. Then thereisa g € G
of order p.
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Theorem 11.5.1 — Fundamental Theorem of Cyclic Groups. Every subgroup of a cyclic
group is cyclic. Moreover, if |(g)| = n then for each divisor & of n there is exactly one subgroup

of (g) of order k.

Cacample: < Q23 (45) >
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Theorem 11.5.2 — Generators of Cyclic Groups. Let G = (g) be a cyclic group of order n.
Then G = (g*) if and only if gcd(k,n) = 1.
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Theorem 11.5.4 — Generators, Subgroups, and Orders in Z,. Consider the group of integers
modulo n, Z,,.
(a) An integer k is a generator of Z, if and only if ged(k,n) = 1.
(b) For each divisor k of n, the set (n/k) is the unique subgroup of Z, of order k, moreover,
these are the only subgroups of Z,.
(c) For each k | n the elements of order k are of the form £- (n/k) where ged(4,k) = 1. The
number of such element is ¢ (k), and each of these is a generator of the unique subgroup of

order k.
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