
Chapter 13 Commutators

Note If g and h commute then

g h

g h provides a measure for how much g and h fail tocommute

If xp are permutations and xp fail to commuteby
just a little bit then a p will be close to E i.e
it will only permute a few numbers

Example In 53 let x I 3 f l 23

CreatingPuzzleMoves with commutators

we will concentrate on permutations in Sn
Definitions For the Sn definethe fixed set of by

fixed meCn acm m

this is just the set of numbers that wouldappear
as I cycles in the disjoint cycle form of X

The movedset of X is the complement of froica
mou x frick meCn Acm m

This is the setof all numbers whichappear in cycles
of length 22 in the disjointcycleform of X



For A c n and X e Sn we define

a A ma a c A

called the image of A under x

Note I xal IAI since x is injective

Example Let a I 53 9 411 C5,3

When is Ex p close to the identity
we'll look at conditions for which Mou Cap is small

First consider thediagram



If mech is movedby x B i e ME mouthBJ thenboth
a me mould or Pem E MOV x and
b ME Mov p or 2cm C Mov p

In other words

mov copy mov p u x mov p n mov x up mov x

Proof of a b

a

b Proof similar to part ca B

Another way to write is

piecesmoved pieces moved piecesmoved
byboth x by to common byp foand P intersechai commonintersection
common
intersection

This says
If x are puzzlemoves then Ex p only affects
pieces that are in or moved to locations that are
movedby both A and G

To create a move which only affects a few pieces choose
and p to have very little overlap



Creating moves on Rubik Cube

Puzzle moves x y
X U X F X F
g R y R y R

I

consider

x LD2 swaps rdb and lfu

y U

x LD't F D F twists afl

y U



OvalTrackPuzzle
Mov T I 2 3,4

Ig20 I 2 3 4 5 G
MOUR I 2 ooo 20

18 7
17 8

is 14 13 12 11 to 9

123,5 447 237156

R3,132 I 74




