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Figure 20.3: Orientation markings.

Definition 20.1.1 — Position vector of a configuration of cube pieces.. If X is any configu-
ration of Rubik’s cube the position vector is a 4-tuple (p, o, v,w) where p € Sg, o € S}, encode
the permutations of the cubies, and v € Z§ and w € Z}? encode the orientations of the cubies.

p€Ss: p(i)=j ifcomer cubie iis in cubicle j.
cc€S;: o(i)=j ifedgecubiei isin cubicle j.
v=(vi,v2,...,v8) € Z5 = {0,1,2}8 : v, is the number on the i corner cubie beneath
the “+" mark of the cubicle p(i) it occupies.
w=(wi,wp,...,wp2) € Z%z = {0, 1}12 : w; is the number on the i™ edge cubie beneath

the “+" marking of the cubicle o (i) it occupies.
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Theorem 20.2.1 — Fundamental Theorem of Cubology. A position vector (p,o,v,w) €
Sg X S12 X Zg X Z%Z corresponds to a legal configuration of Rubik’s cube if and only if the
following three conditions are satisfied.

(a) sign(p) = sign()

() vi+vo+---+vg=0 (mod 3)

() wi+wr+---+wpp=0 (mod 2)
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Corollary 20.2.2 — Impossible Configurations. Each of the following configurations cannot
be obtained from the solved state cube through legal cube moves.

(a) Exactly two edge cubies are swapped.

(b) Exactly two corner cubies are swapped.

(c) Exactly one edge cubie is flipped.

(d) Exactly one corner cubie is twisted.

(e) Exactly two corner cubies are twisted in the same direction.

Corollary 20.2.3 — The Size of the Cube Group. The number of legal and illegal configura-
tions of Rubik’s cube are:

IRG;|
12
IRC;| = |o/| = 8!-12!-38.212,

IRC3| = | €| = —=227.314.53.72 .11 = 43,252,003,274,489, 856,000 ~ 4.3 - 10"°.
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(d) X(_1,0,1): edge swap

(@) X(1,0,0: solved (b) X(_1,0,0): edge swap (©) X(1,0,1): edge flip 0.
” & edge flip

(¢) X(1,1,0): counter- (f) X(_1,1,0): ccw corner (8) X(1,1,1): ccw corner (h) X(_1,1,1): cew cor-
clockwise corner twist tw1st & edge swap twist & edge flip ner twist & edge swap
& edee flip

() X(12,0): clockwise () X(~1,2,0): cw corner (&) X(1,2,1): cw corner (1 X(_12,1): ew corner
corner twist tw1st & edge swap twist & edge flip twist & edge swap &
edge flip
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