























































































































Chapter20 Fundamental TheoremofCobology
Fix an orientationof the cube in space we'lltake blueupandredfront

Standardorientation

Each configuration scrambling of the cubedefines a 4 tuple

p o J Jo

p permutationof corner cubies i e p eSoo
0 permutation of edge cubies i e OE S iz

f encoding of orientation of corner cubies

Wi encoding of orientation of edgecobies

Permutations of corner and edgecobies

Label every cobie and cubicle with a number
Corners l 8
edges I 12




























































































































Orientationof corner and edge cobies

1 Choose a primary facet for each cubicle mark it with a t

Imagine marking is on a thin layerof skin surrounding the
puzzle and not on the pieces i e markings do not move

2 with the puzzle in the solved state label all stickers with
orientation markings numbers 0,1 2

these labels are on the stickers so they move with the pieces
O is label of sticker in facetmarked with a t

cornerstickers are labelled
0 under t and then
l Z in clockwiseorder
around corner


























































































































Examples Determine the positron vectors for each of the following
configurations

1
Solved
state

2

move R I

3
move U

4

Move
B LD't u B


























































































































Additional Examples

4

5

Not every 4 tiple p o J B corresponds to a solvable configuration
of Rubik's cube Forexample a singleedgeflip say the ur edge
corresponds to

E E 0 co 1,0 0,0 0,0 0190,010
and this configuration is not solvable
The set

RCz Sgx5,2 7138 2 Cp o J w pesoo.oesiz.ve238DEKE
is bigger than RS This set is called the Illegal Cubegroup

RCz is the set of ways to reassemble the cube
w o takingapart the internal mechanism or peeling stickers

S






























































































































The FundamentalTheorem of Cubology

In words
permutation of edges permutation of corners have
the same parity
number of Cw corner twists is equal to number of CCW
corner twists modulo 3
edge flips occur in pairs

Proofi




























































































































Recall some basic moves

CI EL El E2

corner 3 cycle cornertwist edge3cycle edgeflip

Proof of FTC

First we show conditions a Cc are satisfiedfor everylegalconfiguration To
do this we just need to show

conditionsholdforthe solvedstate
p o J Jo E E 0 0

conditions remaininvariant under cube moves
a remains satisfiedsince each move simultaneouslymultiplies p 0

by a 4 cycle
b remains satisfied since

U 8D doesn't change it
R L F B simultaneously increases 2components of Jby 1
and decreases 2 components by 1 mod 3

remains satisfied since
U D F B doesn't change I
R L increases two components by 1 mod2 and decreases
two components by 1 mod 2

O X a legal configuration Ca Cc sahshe'd

Jef X Cp o J J e RG satisfy a Cc we want to show
X can be returned to the solved state by cube moves
Assume sign p_sign o L otherwiseapply12 Sinceboth P o
are even then all corner and edgecubies can be returned home using 3 cycles
Let X E E J I bethe resultingconfiguration By above J oliostill satisfy a Cc

Since J sahshes b thenthe number of Cw twists equals the number
of Ccw twists mod3 Firstuntwistpairs then what is left is triple
corners twisted in the same direction These can besolved usingcornerheists
as well

Since I satisfies there are an even number of edgesflipped
Flipthem in pairs to solve

O Xe Rcs D
































































































When are two assembled cubes equivalent requires Chapter 17 18

consider the equivalence relahin pc on RCz
X pe Y X Y C RC

X can betaken to Y via cube moves

peg partitionsRCz into equivalence classes the left cosets of
RC in Rcf

equivalenceclasses RCF RG IRCYpg
12

Let ci.j.iedenote the conditions on elements in RG
a sign p sign o i where I e I ar l
b U t t Vq j mod3 where j O L or Z
c wit i Wiz K mod2 where k O or 1

Foreach i j k let Xi jkERCzbe a configuration which
satisfies Ci j k Then

Xi jKRG ie 1,13 j c 91,21 KeloI
is thecokechoirof all corsets
of Rcs in RCz



Example Which equivalence class does this configuration belong to

p
0

J
I


