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ABSTRACT

The ability to predict bedform migration in rivers is critical for estimating

bed material load, yet there is no relation for predicting bedform migration

(downstream translation) that covers the full range of conditions under

which subcritical bedforms develop. Here, the relation between bedform

migration rates and transport stage is explored using a field and several

flume data sets. Transport stage is defined as the non-dimensional Shields

stress divided by its value at the threshold for sediment entrainment. Statis-

tically significant positive correlations between both ripple and dune migra-

tion rates and transport stage are found. Stratification of the data by the flow

depth to grain-size ratio improved the amount of variability in migration

rates that was explained by transport stage to ca 70%. As transport stage

increases for a given depth to grain-size ratio, migration rates increase. For a

given transport stage, the migration rate increases as the flow depth to grain-

size ratio gets smaller. In coarser sediment, bedforms move faster than in

finer sediment at the same transport stage. Normalization of dune migration

rates by the settling velocity of bed sediment partially collapses the data.

Given the large amount of variability that arises from combining data sets

from different sources, using different equipment, the partial collapse is

remarkable and warrants further testing in the laboratory and field.

Keywords Bedform migration, bedforms, dunes, ripples, sand-bedded rivers,
sediment flux.

INTRODUCTION

The ability to predict bedform migration rates in
rivers is critical for estimating bed-material load
(Simons et al., 1965; Church, 2006; Nittrouer
et al., 2008; McElroy & Mohrig, 2009). Migration
refers to the downstream translation of a bed-
form as opposed to bedform deformation, which
is change in the bedform shape (McElroy &
Mohrig, 2009). Downstream translation is usu-
ally thought of as contributing to the bedload
transport in the channel. McElroy & Mohrig
(2009) argued that deformation contributes to
the suspended load because, by definition,
deformation occurs by removing sediment from
the bedform.
It is difficult to estimate translation because

empirical relations between migration rates and
various flow parameters (for example, mean

velocity, Froude number and velocity head) are
not well-defined (Simons et al., 1965). Models
of bedform migration require a great deal of
input information to produce predictions (e.g.
Mohrig & Smith, 1996) and theoretical linear
perturbation models that give the velocity of the
fastest growing waveform are of little practical
use. Methods for estimating sediment transport
associated with bedform migration using time-
lapsed observations of bed topography are
improving (Van den Berg, 1987; Ten Brinke
et al., 1999; Villard & Church, 2003; McElroy &
Mohrig, 2009), but require observational data
which are often difficult and labour intensive to
acquire and analyse.
Two physically based models of bedform

migration have been proposed. Mohrig & Smith
(1996) developed a model to calculate bedform
migration rates where there was both bedload
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and suspended load, by estimating the fraction
of sediment moving over the crests of bedforms
that bypasses the lee face. Particles with excur-
sion lengths greater than the length of the bed-
form lee face were assumed not to contribute to
bedform migration. These authors found that if
all sediment that bypassed the dune crest was
deposited on the lee face, the model over-
estimated dune migration rates. If no suspended
sediment was deposited in the lee of the crests,
the model under-estimated dune migration rates.
Ultimately, bedform migration was found to be
achieved by a constant exchange between the
bedform and the water column. While these
insights are useful, the model itself requires an
inordinate amount of input data, including frac-
tional sediment transport rates, making it inap-
propriate for sediment flux predictions.
Bartholdy et al. (2010) introduced a model for

sediment flux associated with bedform migration
that is based on sediment mechanics over
dunes. While the model is useful, it is strictly
applicable to bedload-dominated channels
because the migration is calculated from the
bedload transported over the dune crest, quanti-
fied using the bedload transport velocity. This
approach ignores the significant amount of
suspended material that can contribute to bed-
material transport in mixed load and suspended
load-dominated channels (Kostaschuk et al.,
2009; McElroy & Mohrig, 2009). Kostaschuk
et al. (2009), for example, shows that ca 17% of
the suspended bed-material load transported
over the dune crest in the R�ıo Paran�a is depo-
sited in the lee before it reaches the trough.
There remains a need for a model that covers
the entire range of transport conditions (bed-
load-dominated to suspended load-dominated)
over which bedforms develop.
In light of this, empirical relations between

fluid forcing and bedform migration could be
quite useful. Here, the relation between transport
stage and bedform migration rates is explored.
Following Church (2006), the transport stage is
defined as the ratio of the Shields number to the
critical Shields number for sediment entrainment
(s*/s*c). The Shields number is defined as:

s� ¼ s
ðqs � qwÞgD

ð1Þ

where s is the shear stress at the bed, qs and qw
are the sediment and water densities, respec-
tively, g is gravitational acceleration and D is the
grain size of the sediment, which is usually taken
to be D50, the median grain size of the bed

sediment (Raudkivi, 1967). The critical value of
s* for sediment entrainment (s*c) varies with
grain size (cf. Miller et al., 1977; Yalin & Kara-
han, 1979b). Church (2006), building on earlier
work by Dade & Friend (1998), used the transport
stage to define the dominant modes of sediment
motion in river channels. Bedload-dominated
channels have s*/s*c < 3�3, mixed bedload and
suspended load channels have 3�3 < s*/s*c < 33
and suspended load-dominated channels have
s*/s*c > 33. It is important to note that two
channels can have the same transport stage, but
different s* because of variability in s*c.
There is good reason to suspect that a funda-

mental relation exists between transport stage
and migration rate. Transport stage is known to
influence bedform geometry, which is known to
influence migration rates. Yalin (Yalin, 1972;
Yalin & Karahan, 1979a) and later van Rijn
(1984) demonstrated that the aspect ratio of bed-
forms, defined as the height (H) to length (L)
ratio, depends on the transport stage. Figure 1
summarizes observations of ripple and dune H/L
for equilibrium conditions, where the bedforms
are fully adjusted to the imposed flow. Bedform
aspect ratio is small when s* is just above s*c, it
increases with s*/s*c, then decreases at higher
transport stages. Ripples and dunes show the
same trend, but ripples reach a maximum H/L at
a lower transport stage than dunes and the max-
imum aspect ratio is higher for ripples than for
dunes. Lin (2011) showed that this pattern
occurs because equilibrium bedform heights are
smaller under bedload-dominated conditions
and increase with transport stage, reaching a
maximum at a mixed transport stage. Heights
decline with increasing transport stage under
suspended load-dominated conditions until they
wash out to a plane bed. Equilibrium lengths
increase with transport stage, giving rise to the
parabola shape of the relation between H/L and
transport stage.
In addition to the relation between transport

stage and bedform dimensions, there are well-
defined relations between bedform geometry (H,
L and H/L) and migration rates (Allen, 1973;
Coleman & Melville, 1994; Venditti et al., 2005)
(Fig. 1). The length and height of individual
dunes in a bed configuration vary in space and
time as they migrate under steady and uniform
flow (Allen, 1973; Leclair, 2002; Bridge, 2003;
Venditti et al., 2005; McElroy & Mohrig, 2009).
If the sediment transport rate is constant, the
speed of an individual bedform is controlled by
its size. The migration rate of an individual
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bedform normally decreases as its height
increases to maintain constant sediment trans-
port rate in a steady flow (Allen, 1973; Gabel,
1993; Coleman & Melville, 1994; Leclair, 2002;
Bridge, 2003; Venditti et al., 2005).
The influence of suspension on bedform

dimensions and dynamics also supports the idea
that transport stage influences bedform dynamics
and migration rates. Observations show that high
washload concentrations can influence dune
morphology. Wan & Wang (1994) showed that,
under a suspended load-dominated transport
stage, the stability field of dunes was influenced
by clay concentration, with dunes being replaced
by upper stage plane beds at higher volumetric
clay concentrations. Laboratory experiments also
indicate that, at certain clay concentrations, the
dune morphology may be significantly modified
(Simons et al., 1963; Wan, 1982). Others have

documented changes from asymmetrical to sym-
metrical bedforms with lee slopes less than the
angle of repose with greater suspended bed-mate-
rial flux rates (Kostaschuk & Villard, 1996).
Kostaschuk et al. (2009) show that this occurs
because of deposition of suspended bed material
in the dune trough. Collectively, these studies
highlight the changes in bedform morphology
that occur as suspended load increases, which
must influence bedform migration rates.
Given the relations between transport stage

and bedform geometry and the relation between
bedform geometry and migration rates, it seems
likely that there is a relation between bedform
migration rate and transport stage that has
remained relatively unexplored. Here, data
available in the literature are used to explicitly
define the relation between bedform migration
rates and transport stage.
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Fig. 1. The aspect ratio of equilibrium ripples and dunes plotted as a function of the transport stage, defined as
the ratio of Shields number to the critical Shields number for sediment entrainment (τ*/τ*c), for all the data exam-
ined here. The dark and light shaded areas represent the data clouds for ripples and dunes, respectively (Venditti,
2013). The data clouds are drawn from the data compilation presented in Yalin (1972), as are the hyperbolas.

© 2013 The Authors. Journal compilation © 2013 International Association of Sedimentologists, Sedimentology

Bedform migration model 3



METHODS

In order to explore the empirical relation between
migration rate and transport stage, published data
were selected where the following conditions
were met: (i) bedform height, length and migra-
tion rate (Vb) were reported; (ii) information
required to calculate the total shear stress and
Shields number were reported; (iii) the flow was
unidirectional; and (iv) bedform properties were
measured when the original authors deemed the
bedforms to be in ‘equilibrium’ with the flow.
Equilibrium is reached when the mean properties
of the bedform field cease to change with time.
Data sets used in this study are listed in Table 1.
Each observation is for the mean bedform proper-
ties measured at an imposed flow condition,
rather than observations of individual bedforms.
Bedform type (ripple or dune) was classified
according to the original authors. The study by
Guy et al. (1966) is the only data set that separates
ripples and dunes. Unclassified bedforms were
assumed to be dunes. Data from experiments by
Guy et al. (1966) that were designed to examine
the effects of temperature and high suspended
sediment concentrations on bedform dimensions
were excluded from the present study.
In order to calculate the transport stage, the

Shields number (Eq. 1) was calculated using the
shear stress calculated from the depth-slope
product:

s ¼ qwgdS ð2Þ

where d is flow depth and S is the water surface
slope. The density of water was assumed to be
1000 kg m�3 and the density of sediment was
assumed to be 2650 kg m�3. Sidewall correc-

Table 1. Data sources used in the analysis.

Source Data type
Channel
width (m) D50 (mm)

Observations that
met criteria
in methods

Observations used
in analysis after
outliers removed

Stein (1965) Flume 1�22 (4 ft) 0�4 40 35

Guy et al. (1966) Flume 2�43 (8 ft) 0�19, 0�27, 0�28, 0�47, 0�93 116 113
0�61 (2 ft) 0�32, 0�33, 0�54

Williams (1967) Flume 0�30 (1 ft) 1�35 26 26

Gabel (1993) Field 23 0�31–0�41 18 18

Leclair (2002) Flume 0�6 0�43 20 20
2�7 0�81

Venditti et al. (2005) Flume 1�0 0�5 5 4

Stein (1965)(1·2 m flume)

Guy et al. (1966)(2·4 m flume)

Guy et al. (1966)(0·6 m flume)

Williams (1967)(0·3 m flume)

Gabel (1993)(23 m river channel)

Leclair (2002)(0·6 m flume)

Leclair (2002)(2·7 m flume)

Vendiƫ et al. (2005)(1 m flume)

Guy et al. (1966)(2·4 m flume)(ripple)

Guy et al. (1966)(0·6 m flume)(ripple)
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Fig. 2. Bedform migration rate versus transport stage
(s*/s*c) for all the data listed in Table 1.
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tions were implemented for flume data to calcu-
late shear stress applied to the bed using the
empirical equation of Williams (1970):

scorrected ¼ s
1þ 0 � 18d=w2ð Þ ð3Þ

where w is the width of the flume. This shear
stress represents the total shear stress applied to
the bed including form and skin drag. Drag is not
partitioned because a wide range of transport
stages are examined, over which the bedform
geometry changes significantly. Relations for par-
titioning drag over bedforms are not well-defined
over this range of transport stages for field and
laboratory conditions.
The goal was to define the simplest possible

relation between the transport stage and bed-
form migration rates. To simplify the model, s*c
was held constant at 0�03 through most of the
calculations, except where specifically indi-
cated. This approach is reasonable because the
variation in the Shields curve is not substantial
in the sand-sized range and it flattens for larger
particles (Brownlie, 1981). This assumption may
not be reasonable for fine sand, so the validity
of the constant s*c assumption was assessed by

calculating the critical Shields number, using
the Brownlie (1981) fit to the Vanoni-Shields
curve, and allowing it to vary in the model cal-
culations where indicated.

RESULTS

Data assessment

The first step in the analysis was an examination
of the observations to identify any eccentric data.
The aspect ratio of bedforms was plotted as a
function of s*/s*c in Fig. 1 and the bedform
migration rate was plotted as a function of s*/s*c
in Fig. 2. Several data points clearly do not fit
the general patterns observed. The data from
Williams (1967) are for bedforms developed in
very coarse (D50 = 1�35 mm) sand and with a
much narrower (0�305 m) flume than the rest of
the data set. The data have high migration rates
for a given s*/s*c compared with data from other
sources (Fig. 2). These data were excluded in the
analysis except when the data set is stratified by
the depth to grain-size ratio and the Williams
(1967) data form their own category, as well as
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Fig. 3. Outliers identified in the data set for various ranges of the depth to grain-size ratio d/D: (A) 200 <d/
D <400; (B) 400 <d/D <500; (C) 600 <d/D <700; and (D) 1200 <d/D <1800.
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contributing to an adjacent category. Figure 3
shows that a number of other data points were
also anomalous. They did not follow trends pres-
ent within these experiments, meaning that high
or low migration rates were found for a given
grain size and shear stress. These included: (i)
Runs 25, 26, 31, 32 and 35 from Stein (1965); (ii)
Runs 8 and 32 from experiments in the 2�4 m
(8 ft) wide flume and D50 = 0�19 mm from Guy
et al. (1966); (iii) Run 75 from an experiment in
the same flume with D50 = 0�47 mm from Guy
et al. (1966); and (iv) Run E from Venditti et al.
(2005). The specific reason why these runs had
anomalous migration rates is not clear.

Bedform geometry and its relation to the
Shields number

The aspect ratio of ripples and dunes included
in the analysis is plotted as a function of trans-
port stage in Fig. 2. The transport stage for
ripple data ranges between 1�69 and 19�2 and
ripple aspect ratio ranges between 0�0172 and
0�117. Data for dunes have a wider range of
transport stages (2�45 to 61�5) and are generally
lower amplitude (H/L ranges from 0�00690 to
0�119). The difference in the transport stage data

range highlights the fact that ripples wash out to
a flat bed at much lower shear stresses than
dunes. The dune data used here clearly overlap
the data cloud from Yalin (1972) and the broad
pattern of increasing then decreasing aspect ratio
with increasing transport stage is well-repre-
sented. The overlap between the ripple data and
the Yalin (1972) data cloud is not obvious, but
the data plotted here for ripples are very limited.
The data of Williams (1967) have the steepest
aspect ratios for a given grain size. Data from
Leclair (2002) also appear to have anomalous
aspect ratios (Fig. 1); however, the migration
rates are entirely consistent with the rest of the
data set. These experiments used the largest grain
sizes in the data set [Williams (1967): 1�35 mm
and Leclair (2002) 0�81 mm], suggesting that
grain size plays a role in dune aspect ratio.

Regression analysis of all dune and ripple data

Ripple and dune and migration rate are plotted
as a function of transport stage in Fig. 4A and B,
respectively. The ripple data have a wider range
of migration rates (5�08 9 10�7 to 1�58
9 10�3 m sec�1) than the dune data (1�52
9 10�4 to 8�13 9 10�3 m sec�1). Both ripple
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Fig. 4. Migration rate of (A) ripples and (B) dunes plotted against transport stage (τ*/τ*c) for the edited data set.
Solid black lines are linear regressions (Table 2). Dashed black lines are regressions corrected using the BCF (bias
correction factor).
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and dune migration data show strong positive
correlations, but the slopes of the relations vary
considerably between ripples and dunes and
amongst different dune data sets (Fig. 4B).
Regression analysis of the ripple and dune data
yields a power relation that has the form:

Vb ¼ a
s�
s�c

� �m

�BCF ð6Þ

where Vb is the bedform migration rate, a is the
intercept, m is the slope and BCF is a bias
correction factor. A bias arises when a log-
transformed variable is retransformed back into
its original units. A variety of methods have
been proposed to correct the transform bias, but
are all based on some estimate of the error in
the regression and are nearly identical (Duan,
1983; Miller, 1984; Ferguson, 1986). The bias
correction factor of Miller (1984) is used here:

BCF ¼ er
2=2 ð7Þ

where r is the standard error of the regression.
The BCF is kept separate from a so its effect on
the relation is clear. The values of a, m, BCF,
the coefficient of determination (R2) and the
P-value are summarized in Table 2.
The relation between ripple migration rates

and s*/s*c is statistically significant at the 99%
confidence interval. The 99% confidence level is
used to minimize the chance of accepting a non-
significant result. The proportion of the variance
in Vb explained by s*/s*c is 61% (Table 2). The
relation between dune migration rate and trans-
port stage is also statistically significant at the
99% confidence level, but <25% of the variation
in Vb is explained by s*/s*c. In order to improve
the explanatory power of the dune relation, the
data set is stratified by two measures of relative
roughness: H/d and d/D. The ratio of the bed-
form height to flow depth was explored with the
expectation that height is a function of transport
stage and therefore may influence the relation.
The grain-size to flow depth ratio is explored
with the understanding that grain size controls

whether sediment will be suspended by a given
flow. Yalin & Karahan (1979a) demonstrated that
stratification by the inverse (D/d) improved the
predictive power of parabolas fit through plots
of aspect ratio and transport stage. Results are
reported here using d/D because it produces
integer category boundaries.

Regression analysis for dune data stratified
by the height to depth ratio (H/d)

Figure 5 shows the dune migration data strati-
fied by H/d. Category boundaries were selected
that were easy to distinguish and divided the
data into groups with similar numbers of points.
Small H/d represents low-amplitude bedforms
compared to d; large H/d represent high-ampli-
tude bedforms compared to d. It is clear from
Fig. 5 that stratification by H/d does not reveal
any underlying pattern in the relation between
dune form and dune migration rate. Only one
category (0�25 < H/d < 0�3) has a statistically sig-
nificant relation at the 99% confidence interval.
This category has the greatest number of data
points (see Lin, 2011, for further details).
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Fig. 5. Dune migration rate stratified by H/d. No BCF
(bias correction factor) is applied to the lines.

Table 2. Summary of a, m, R2 and P-value for ripple and dune data shown in Fig. 4.

Bedform type n
Regression analysis
intercept (a)

Regression analysis
slope (m) BCF R2 P-value

Dune 159 1�41 9 10�4 0�666 1�35 0�232 1�25 9 10�10

Ripple 31 3�96 9 10�7 2�650 2�30 0�613 1�96 9 10�7
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Regression analysis for dune data stratified
by the depth to grain-size ratio (d/D)

Figure 6 shows dune migration data stratified by
d/D. Small d/D represents large grain size rela-
tive to flow depth and vice versa. Stratification
by d/D produces a series of nearly parallel rela-
tions across the plot that all show that bedform
migration rate increases with transport stage.
The data of Williams (1967) have been included

in Fig. 6 because they form their own category
(0 < d/D < 100), as well as contributing to the
100 < d/D < 200 category. The apparent eccen-
tricity of the Williams (1967) data set seems to
arise because the coarsest sediment bedforms
have the highest migration rates. This suggests
that the data are, in fact, not anomalous.
Each category in Fig. 6 yields a least-squares

linear regression that has the same form as Eq. 6.
The values of a, m, R2, BCF, P-value and the stan-
dard error of the slope for each category are sum-
marized in Table 3. All the relations between Vb

and s*/s*c are statistically significant at the 99%
confidence interval. The slope of the relations
vary between 1�06 and 1�88, with a mean value of
1�48 (Table 3). Statistically, the slopes are not
different in that the confidence intervals, calcu-
lated at the 99% confidence interval all overlap.
The proportion of variation in Vb that is
explained by s*/s*c averages 70% – much greater
than for the unstratified data and the ripple data.
The form of the relation is encouraging because
the exponent is nearly equivalent to the 1�5
scaling often observed between shear stress and
bedload transport rates (e.g. Meyer-Peter &
M€uller, 1948; Fernandez Luque & van Beek,
1976; Engelund & Fredsoe, 1976).

Regression intercepts and slopes

In order to assess the effect of holding s*c constant
at 0�03, the regression slopes and intercepts from
Table 3 were plotted in Fig. 7. There does not
appear to be any trend in slope or R2 across the d/
D groupings. However, the intercept for s*c = 0�03
declines with increasing d/D, meaning that as
grain size gets smaller relative to flow depth, the
intercept declines. The dependence of the inter-
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Fig. 6. Dune migration rate stratified by d/D. The
BCF (bias correction factor) has been applied to all
lines. See Table 3 for statistics.

Table 3. Summary of a, m, and R2 for each stratified d/D category plotted in Fig. 6 (assuming a constant critical
Shields stress for sediment entrainment of 0�03).

Category (d/D) n
Regression analysis
intercept (a)

Regression analysis
slope (m) BCF R2 P-value

Standard error
of slope

0 < d/D < 100 17 2�10 9 10�4 1�75 1�17 0�813 7�55 9 10�7 0�216
100 < d/D < 200 17 1�50 9 10�4 1�21 1�15 0�676 5�17 9 10�5 0�217
200 < d/D < 400 38 8�37 9 10�5 1�06 1�15 0�657 7�04 9 10�10 0�128
400 < d/D < 500 32 1�79 9 10�5 1�44 1�14 0�715 1�13 9 10�9 0�167
500 < d/D < 600 11 1�77 9 10�5 1�34 1�08 0�624 3�83 9 10�3 0�347
600 < d/D < 700 13 3�62 9 10�6 1�79 1�05 0�733 1�87 9 10�4 0�325
700 < d/D < 800 14 2�40 9 10�6 1�88 1�06 0�923 4�72 9 10�8 0�157
800 < d/D < 1200 23 9�28 9 10�6 1�32 1�12 0�510 1�30 9 10�4 0�282
1200 < d/D < 1800 20 3�09 9 10�6 1�51 1�03 0�672 9�64 9 10�6 0�249
Mean 21 5�53 9 10�5 1�48 1�10 0�703 4�68 9 10�4 0�232
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cept on d/D suggests that a threshold exists.
This was explored here by allowing s*c to vary,
calculating it for each observation using the
Brownlie (1981) fit to the Shields diagram:

s�c ¼ 0:22Re�0:6� þ 0:06� 10�7:7Re��0:6 ð8Þ
Re� is the grain Reynolds number calculated as:

Re� ¼ u�D
m

ð9Þ

where u� � ffiffiffiffiffiffiffiffiffiffiffi
s=qw

p
is the shear velocity and m is

the kinematic viscosity. A new set of slopes,

intercepts and R2 values were generated from
regression analysis and plotted in Fig. 7 and
reported in Table 4. These values are similar to
those using a constant s*c in the calculation, but
in finer sediment, relative to flow depth, the
slopes of the relations are lower. This observation
suggests that assuming s*c = 0�03 is a reasonable
assumption for the coarser grain sizes relative to
flow depth, but not for the finer grain sizes.

DISCUSSION

Bedform migration and its relation to
sediment grain size

Dune and ripple migration rates show statisti-
cally significant positive correlations with
transport stage. Ripple migration rate shows a
higher correlation with s*/s*c than dunes, even
though a weaker relation is expected for ripples
because the data are from a much smaller pool
(n = 31) than dunes (n = 159 without the out-
liers). The weaker relation for dunes reflects the
greater scatter in the dune data set. Stratification
of the dune data set by two measures of relative
roughness (H/d and d/D) shows that dune
migration rate is not influenced by dune geome-
try but is influenced by grain size.
It makes sense that mean bedform migration

rates observed for a particular transport stage are
not influenced by bedform geometry. It has been
shown that individual bedform migration rate
normally decreases as bedform height increases
to maintain a constant sediment transport rate
(Allen, 1973; Gabel, 1993; Coleman & Melville,
1994; Leclair, 2002; Venditti et al., 2005). Such
a relation between bedform height and migration
rate is true for individual bedforms in a bedform
field under the same flow because it takes longer
to move a larger volume of sediment (larger bed-
form) than a smaller volume of sediment (small
bedform) and maintain a constant sediment flux.
Bedforms also propagate more slowly with an
increase in height when they are developing
from a flat bed (Coleman & Melville, 1994;
Venditti et al., 2005). Small bedforms that grow
on the back of larger bedforms move faster than
their host to accommodate the flux (Venditti
et al., 2005). This is because the group of
bedforms moves as a whole package of sedi-
ment, so each part of the system has to move in
proportion to its size. However, the migration
data presented here are for fields of bedforms at
equilibrium conditions and span a range of

In
te

rc
ep

t

0·0000

0·0001

0·0002

0·0003

S
lo

pe

0·0

0·5

1·0

1·5

2·0

Constant τ*c

Variable τ*c

d/D
0 500 1000 1500

R
2

0·0

0·2

0·4

0·6

0·8

1·0

A

B

C

Fig. 7. Variation in (A) slope, (B) intercept and (C) R2

using constant and variable critical Shields number for
entrainment. All values were generated from regression
analysis and are reported in Tables 3 and 4.
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transport stages, so the bedform size has little
explanatory power in the derived relation.
The results indicate that bedforms formed in

coarser sediments move faster than bedforms in
finer sediments at the same transport stage. The
specific reasons why finer sediment bedforms
move more slowly is not clear from the data set.
In a bed composed of larger sand grains, the par-
ticles would be expected to move more slowly
than in a bed composed of finer grains at the
same shear stress because of the increased mass
of the coarser grains. This should make coarser
bedforms slower than finer bedforms because
the rate of bedload movement is proportional to
particle velocity. Coarse sediment bedforms may
move faster because the larger grains protrude
higher into the flow and experience a greater
drag force than smaller particles. Venditti et al.
(2010) showed that coarser gravel particles can
be transported faster than finer grains for this
reason. However, this effect is likely to be more
pronounced in mixed-size gravel because of dif-
ferential protrusion of the grains. Sand tends to
be more uniform in size, particularly in the
experimental settings that dominate the data set,
limiting differential protrusion.
Another potential reason that dunes in finer

sediment move more slowly than in coarser
sediment is suspension potential. McElroy &
Mohrig (2009) argued that the bedform-related
bed-material flux is composed of downstream
translation (migration) and bedform deformation.
Deformation is the change in the bedform shape.
These authors argue that deformation must be
equivalent to that proportion of the bed material
that moves into temporary suspension over a
dune. This is entirely consistent with the obser-
vation of Kostaschuk et al. (2009) who found that
a significant portion of the suspended bed-

material load is exchanged with the bed over a
bedform. The amount of bedform deformation
that occurs in a channel is certainly mitigated by
grain size, whereby finer grains are more likely to
be suspended than coarser grains at the same
shear stress or transport stage.
The total bed-material flux in a sand-bedded

channel with bedforms can be calculated from:

qsT ¼ A

HL
ð1� PÞVbH þ qss ð10Þ

where A is the along stream cross-sectional area
of the bedform, P is the porosity and qss is the
suspended bed-material flux (Simons et al.,
1965; Venditti et al., 2005). The term A/(HL) is a
bedform shape factor that has been reported to
range from 0�5 to 0�6 for both laboratory-scale
and field-scale dunes with a value of 0�55 often
selected for calculations (Van den Berg, 1987;
Ten Brinke et al., 1999; Villard & Church, 2003;
Venditti et al., 2005). Consider two channels,
one with a bed composed of fine sediment and
another composed of coarse sediment, that both
have the same sediment flux for a given trans-
port stage. In the finer-grained channel, bed-
forms would either have to have a smaller
bedform shape factor, be smaller in size or move
more slowly to maintain the sediment flux
because more sediment is moving in suspension.
There is no evidence in the literature that bed-
form shape factors or size are controlled by grain
size (Venditti, 2013), so slower moving bedforms
in finer sediment is the logical response. The
critical assumption here is that sediment flux
rates are the same for a given transport stage,
which is entirely consistent with a wide range
of bedload transport equations (e.g. Meyer-Peter
& M€uller, 1948; Fernandez Luque & van Beek,

Table 4. Summary of a, m, and R2 for each stratified d/D category using a variable critical Shields stress for sedi-
ment entrainment.

Category (d/D) n
Regression analysis
intercept (a)

Regression analysis
slope (m) BCF R2 P-value

Standard error
of slope

0 < d/D < 100 17 2�19 9 10�4 1�83 1�16 0�826 4�50 9 10�7 0�217
100 < d/D < 200 17 1�69 9 10�4 1�20 1�15 0�667 6�30 9 10�5 0�218
200 < d/D < 400 38 1�26 9 10�4 0�98 1�15 0�646 1�20 9 10�9 0�120
400 < d/D < 500 32 5�43 9 10�5 1�15 1�15 0�686 4�90 9 10�9 0�143
500 < d/D < 600 11 9�22 9 10�5 0�87 1�11 0�481 1�80 9 10�2 0�300
600 < d/D < 700 13 3�96 9 10�5 1�13 1�06 0�679 5�40 9 10�4 0�234
700 < d/D < 800 14 1�01 9 10�5 1�56 1�04 0�943 8�00 9 10�9 0�111
800 < d/D < 1200 23 8�28 9 10�5 0�74 1�17 0�305 6�30 9 10�3 0�244
1200 < d/D < 1800 20 2�13 9 10�5 1�05 1�06 0�355 5�60 9 10�3 0�333
Mean 21 9�04 9 10�5 1�17 1�12 0�621 3�39 9 10�3 0�213
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1976; Engelund & Fredsoe, 1976), but is more
difficult to justify when bed material is sus-
pended. Nevertheless, bedforms are observed to
move more slowly in finer sediments, where
greater amounts of suspension occur at the same
transport stage. Whether there is a causal link
between suspension and bedform translation
rate needs to be further explored.

Partial data collapse

The important role of suspension implied by the
analysis suggests that the data may be collapsed
onto a single curve if an appropriate scale can
be found to make the bedform migration rate
dimensionless. Figure 8 shows the dune
migration made dimensionless by the grain fall
velocity, ws, calculated using the relations of

Dietrich (1982). Bedform migration rate was also
made dimensionless with the mean velocity and
shear velocity, but that did not influence the
paralleled groupings seen in Fig. 6. Least-
squares regression analysis yields a relation in
the following form:

Vb

ws
¼ 0:00127

s�
s�c

� �0:989

�BCF ð11Þ

The BCF, calculated with Eq. 7, is 1�316.
Dimensionless dune migration rate shows a
positive correlation with s*/s*c with a slope near
1 (Fig. 8). The relation is statistically significant
at the 99% confidence level (P = 1�73 9 10�20)
and 42% of the variation in Vb/ws is explained
by s*/s*c. While the amount of variability in
Vb/ws explained by s*/s*c is not great, the line
appears well fit to the data. Nevertheless, the
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Fig. 8. Dimensionless migration rate (Vb/ws) plotted against transport stage (τ*/τ*c) and stratified by d/D. The black
line is the least-squared linear regression and the dashed lines are the 99% confidence intervals. The BCF (bias cor-
rection factor) has been applied.
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degree of variability in the data and the apparent
clustering of at least one grouping (1200 <
d/D < 1800) below the line suggests that, for
practical purposes, the d/D stratified relations
(Fig. 6 and Table 3 for fixed s*c and Table 4 for
variable s*c) are most appropriate for prediction.

Application in natural river channels

Application of models derived from laboratory
data to natural channels should always be pur-
sued with caution. The data sets examined here
are all derived from laboratory channels, except
one that comes from a small channel (Gabel,
1993). Data from large channels are absent in the
analysis here because the information required to
calculate various parameters is not available or
because the flows are variable and are influenced
by hysteresis effects (Allen, 1974, 1982) which
would add scatter to the relations. This is
particularly concerning because the pre-eminent
bedforms in large channels tend to have a low lee
angle morphology and are less asymmetrical than
in smaller channels (Smith & McLean, 1977;
Kostaschuk & Villard, 1996; Roden, 1998;
Nittrouer et al., 2008). Whether this dune mor-
phology behaves differently in terms of migration
rate is not known and needs to be examined.
The data required to test the models pre-

sented herein are difficult to find. Published
observations of bedform migration rates in the
field are remarkably scarce. Those available do
not contain the observed water surface slopes
required to estimate the total shear stress
required as an input. However, rough estimates
of the total shear stress suggest that the model
can predict reasonable migration rates. Ilersich
(1992) report bedform migration rates of
7�85 9 10�4 m sec�1 at low tide in the Fraser
estuary where D = 0�3 mm and the mean mea-
sured flow depth is 10�8 m. Water surface
slopes were not measured during the measure-
ments, but the water surface slope in Fraser
estuary during flood flows is typically ca
5 9 10�5 (cf. Northwest Hydraulic Consultants,
2006). For these conditions, s* = 1�1, which is
typical of single threaded sand-bedded river
channels (Parker et al., 2003; Parker, 2008). The
transport stage, s*/s*c = 36 and Eq. 11 predict a
migration rate of 18�1 9 10�4 m sec�1, which is
ca 2�3 times the observed migration rate. Given
the level of variability in the data used to
derive Eq. 11, the result is quite encouraging.
Using Eq. 6, the coefficient values for variable
critical shear stress and the largest d/D range

in Table 4, the predicted migration rate is ca
1�2 times the observed rate, even though d/D is
ca 36 000 for the Fraser River. Varying the high
flow water surface slope in the estuary by
�50% gives Vb predictions between 0�6 and 1�9
times the observed rate, bounding the migration
rate from Ilersich (1992). Although rough, these
calculations suggest that the model does pro-
duce reasonable estimates of bedform migra-
tion, even for low angle dunes in large river
channels and where bedforms are certainly
adjusting to variable flow conditions.
A potential concern with the model presented is

that it represents a very small range of suspended
sediment concentrations. Natural river channels
often have higher suspended sediment concentra-
tions than laboratory flume channels and the
material in suspension is washload that is much
finer than the bed material. Dunes in flows with
high suspended sediment concentrations have
lower heights and migration rates relative to flow
with low suspended sediment concentrations
(Simons et al., 1963; Wan, 1982). Simons et al.
(1963) demonstrate that dunes show a distinguish-
able decrease in flow resistance, height and
migration rate under flow with bentonite concen-
tration greater than 5000 to 10 000 ppm
(1�3 9 104 mg l�1 to 2�7 9 104 mg l�1 assuming
qs = 2650 kg m�3). Wan (1982) also shows that
dune height decreases at bentonite concentrations
greater than 7600 ppm (2�0 9 104 mg l�1). In nat-
ural channels, sediment concentrations can vary
widely, from negligible amounts up to
1�5 9 106 mg l�1 in the Yellow River that drains
the loess region of central China (Wan & Wang,
1994). The relations for estimating bedformmigra-
tion rates might be expected to work reasonably
well in rivers where suspended sediment concen-
trations are on the order of 102 mg l�1. In rivers
with suspended sediment concentrations
approaching 104 mg l�1, application of the rela-
tions should be approached cautiously.

CONCLUSIONS

The relation between bedform migration rates
and transport stage, defined as the non-dimen-
sional Shields stress divided by its value at
the threshold for sediment entrainment, are
examined using a field and several flume data
sets. Both ripple and dune migration rates are
positively correlated with transport stage. Rip-
ple migration rates are better correlated with
migration rates across a wide range of trans-
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port stages. The relation between dune migra-
tion rates and transport stage is statistically
significant, but less than 20% of the variability
in migration rates is explained by transport
stage because the role of grain size is not con-
sidered. Stratification of data by the ratio of
the flow depth to grain size improved the
amount of variability in migration rates that is
explained by transport stage to ca 70%. This
suggests that grain size exerts a strong control
on bedform migration rates. As transport stage
increases for a given depth to grain-size ratio,
the migration rate increases. For a given trans-
port stage, the migration rate increases as the
depth to grain-size ratio gets smaller. It is not
clear why this happens mechanistically from
the available data, but it may be linked to the
suspension threshold. Finer sediment is more
easily suspended than coarser sediment at the
same transport stage which may effectively
slow bedforms in finer sediment. This assumes
that the sediment flux rate is the same at a
given transport stage, regardless of the grain
size. Normalization of dune migration rates by
the settling velocity of bed sediment partially
collapses the data onto a single curve, which
is remarkable given the wide range of data
sources included in the analysis, differences in
the way variables were measured and inherent
experimental error within each data set. The
empirical relations are primarily based on lab-
oratory data. Application to a large channel
with low lee angle dunes suggests that they do
produce reasonable estimates of migration rate.
Nevertheless, further explicit tests of the
underlying relation in the laboratory and in
the field are needed.
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