Value at Risk

Thomas J. Linsmeier and Neil D. Pearson

This article is a self-contained introduction to the concept and methodology
of value at risk (VAR), a recently developed tool for measuring an entity’s
exposure to market risk. We explain the concept of VAR and then describe
in detail the three methods for computing it—historical simulation, the
delta-normal method, and Monte Carlo simulation. We also discuss the
advantages and disadvantages of the three methods for computing VAR.
Finally, we briefly describe stress testing and two alternative measures of

market risk.

uppose you are responsible for managing

your company’s instruments and positions

that are sensitive to foreign exchange and

interest rate risk. Your boss has been reading
about derivative losses suffered by other compa-
nies and wants to know if the same thing could
happen to his company. That is, he wants to know
just how much market risk the company is taking.
What do you say?

You could start by listing and describing the
company’s instruments and positions, but this
approach is not likely to be helpful unless the com-
pany has only a handful of instruments and posi-
tions. Even then, the approach will help only if your
boss understands all of the instruments/positions
and the risks inherent in each of them.

You could talk about sensitivities (i.e., how
much the values of the instruments or positions
change when various underlying market rates or
prices change and perhaps option deltas and gam-
mas).! You are unlikely to win favor with yourboss,
however, by inundating him with long lists of com-
plex data. In addition, even if you are confident in
your ability to explain these data in English, you
still have no natural way to net the risk of, for
example, your long position in Finnish markka
against your short position in Swedish krona.?

You could simply assure your boss that you
never speculate; you use derivatives only to hedge.
He will understand, however, that this statement is
vacuous. He knows that the word “hedge” is so ill
defined and flexible that virtually any transaction
can be characterized as a hedge.

So what do you say?
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Perhaps the bestanswer starts: “Our VARis.....”3
But this answer involves a concept your superiors
might never have heard of, let alone understand. This
approach does not seem to be a good strategy for get-
ting promoted. The objective of this article, therefore,
is to provide a comprehensive introduction to VAR so
that you can explain VAR and VAR numbers clearly
and simply.

The need for VAR stems from the fact that the
past few decades have witnessed tremendous vol-
atility in exchange rates, interest rates, and com-
modity prices and a proliferation of derivative
instruments for use in managing the risks of
changes in market rates and prices. The prolifera-
tion of derivative instruments has been accompa-
nied by increased trading of securities and a growth
of financing opportunities. It has also been coinci-
dent with growth in foreign trade and increasing
international financial links among companies. As
aresult of these trends, many companies have port-
folios that include large numbers of (sometimes
complex) cash and derivative instruments. Because
of the complexity and sometimes frequent trading
of these instruments, the magnitudes of the risks in
companies’ portfolios change frequently and often
are not obvious. All these trends have led to a
demand for a portfolio-level quantitative measure
of market risk that a manager can succinctly report
to the senior managers charged with the oversight
of risk management and trading operations. VAR
is the leading summary measure of this type.

The concept and use of VAR is relatively
recent. VAR was first used by major financial firms
in the late 1980s to measure the risks of their trading
portfolios. Since then, the use of VAR has exploded.
J.P. Morgan’s attempt to establish a market stan-
dard through its RiskMetrics™ system in 1994 (J.P.
Morgan 1994) provided a tremendous impetus to
the growth. VAR is now widely used by other
financial institutions, nonfinancial corporations,
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and institutional investors. Even regulators have
become interested in VAR. For example, the Basle
Committee on Banking Supervision (1996) permits
banks to calculate their capital requirements for
market risk using their own proprietary VAR mod-
els, and the U.S. Securities and Exchange Commis-
sion (1997), which requires that U.S. companies
disclose quantitative measures of market risks, lists
VAR as one of three possible disclosure methods.

What Is VAR?

VAR is a single, summary statistical measure of
possible portfolio losses. VAR is a measture of losses
resulting from “normal” market movements.
Losses greater than the VAR are suffered only with
a specified small probability. Subject to the simpli-
fying assumptions used in its calculation, VAR
aggregates all of the risks in a portfolio into a single
number suitable for use in the boardroom, report-
ing to regulators, or disclosure in an annual report.
Once one crosses the hurdle of using a statistical
measure, the concept of VAR is straightforward to
understand. It is simply a way to describe the mag-
nitude of likely losses in a portfolio.

Consider a simple example of VAR involving a
foreign exchange (FX) forward contract entered into
by a U.S. company at some point in the past. Sup-
pose that the current date is May 20th and the for-
ward contract has 91 days remaining until the
delivery date of August 19th. The three-month U.S.
dollar and British pound interest rates are, respec-
tively, ry;sp = 5.46875 percent and rggp = 6.0625 per-
cent, and the spot exchange rate is 1.5355 USD/GBP.
On the delivery date, the U.S. company will deliver
USD15 million and receive GBP10 million. The USD
mark-to-market value of the forward contract can be
computed by using the interest and exchange rates
prevailing on May 20th. Specifically,

USD mark-to-market value

B .
= {(Exchange rate in USD/GBP) x GBP10 million }

1+ ragp(91/360)

USD15 million
1+ r,5p(91/360)

GBP10 million
= | (1.5355 USD/GBP
[( /B X T 060625(91 /360)}
USD15 million
1+ 0.0546875(91 /360)
= USD327,771.

This calculation uses the fact that one leg of the for-
ward contract is equivalent to a GBP-denominated
91-day zero-coupon bond and the other leg is
equivalent to a USD-denominated 91-day zero-
coupon bond.

On the next day, May 21st, interest rates,
exchange rates, and thus the value of the forward
contract are all likely to have changed. Suppose that
the distribution of possible one-day changes in the
value of the forward contract is the distribution
shown in Figure 1. The figure indicates that the
probability that the loss will exceed USD130,000 is
2 percent, the probability that the loss will be
between USD110,000 and USD130,000 is 1 percent,
and the probability that the loss will be between
USDY0,000 and USD110,000 is 2 percent. Summing
these probabilities produces a 5 percent probability
that the loss will exceed approximately USD90,000.
If you deem aloss that is suffered less than 5 percent
of the time to be a loss resulting from unusual or
“abnormal” market movements, then USD90,000
divides the losses between those from “normal”
market movements and those from abnormal move-
ments. Using this 5 percent probability as the cutoff
means that USD90,000 is the (approximate) VAR.*

The probability used as the cutoff need not be
5 percent; it is chosen by either the user or the
provider of the VAR number—perhaps the risk
manager, risk-management committee, or designer
of the system used to compute the VAR. If the
probability chosen were 2 percent, the VAR would
be USD130,000 because the loss is predicted to
exceed USD130,000 only 2 percent of the time.

Also implicit in this discussion is a choice of
holding period. Figure 1 displays the distribution
of daily profits and losses. One could construct a
similar distribution of 5-day or 10-day profits and
losses or even use a longer time horizon. Because
5- or 10-day profits and losses typically are larger
than 1-day profits and losses, the distributions
would be more dispersed or spread out if the longer
horizon were chosen and the loss that is exceeded
only 5 percent (or 2 percent) of the time would be
larger. So, the VAR would be larger.

Now that you have seen an example of VAR,
we can proceed to the definition: With a probability
of x percent and a holding period of ¢ days, an
entity’s VAR is the loss that is expected to be
exceeded with a probability of only x percent dur-
ing the next t-day holding period. Alternatively,
VAR is the loss that is expected to be exceeded
during x percent of f-day holding periods. Typical
values for the probability x are 1, 2.5, and 5 percent;
common holding periods are 1, 2, and 10 (business)
days and 1 month.

Theory provides little guidance about the
choice of x. It is determined primarily by how the
designer of the risk-management system wants to
interpret the VAR number: Is an abnormal loss one
that occurs with a probability of 1 percent or 5
percent? For example, the RiskMetrics system uses
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Figure 1. Histogram of Hypothetical Daily Mark-to-Market Profits and
Losses on a Forward Contract
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5 percent whereas Mobil Qil’s 1998 annual report
indicates that Mobil uses 0.3 percent.

The parameter f is determined by the entity’s
horizon. Those that actively trade their portfolios,
such as financial firms, typically use one day,
whereas institutional investors and nonfinancial
corporations may use longer periods. A VAR num-
ber applies to the current portfolio, so one (some-
times implicit) assumption underlying the
computation is that the current portfolio will remain
unchanged throughout the holding period. This
assumption may not be reasonable for long holding
periods.

In interpreting VAR numbers, one must keep
in mind the probability x and holding period ¢.
Without them, VAR numbers are meaningless.
Two companies holding identical portfolios will
come up with different VAR estimates if they make
different choices of x and t. Obviously, the loss that
is suffered with a probability of only 1 percent will
be a larger amount than the loss that is suffered
with a probability of 5 percent. Under the assump-
tions used in some VAR systems, it is 1.414 times
as large.” The choice of holding period can have an
even larger impact because the VAR computed
using a t-day holding period is approximately J/r
times as large as the VAR computed using a one-
day holding period. In the absence of appropriate
adjustments for these factors, VAR numbers are not
comparable across entities.

March/April 2000

Identifying the Important Market
Factors

To compute VAR (or any other quantitative measure
of market risk), one needs to identify the basic mar-
ket rates and prices that affect the value of the
portfolio—that is, the market factors. Identifying a
limited number of basic market factors is necessary
because, otherwise, the problem of computing a
portfolio-level quantitative measure of market risk
becomes unmanageable. Even for simple instru-
ments, such as forward contracts, an almost count-
less number of contracts are possible because
virtually any forward price and delivery date are
possible. Other instruments, such as swaps, loans
with embedded options, options, and exotic options,
are even more complicated. Thus, expressing the
instruments’ values in terms of a limited number of
basic market factors is an essential first step.

Typically, market factors are identified by
decomposing the instruments in the portfolio into
simpler instruments more directly related to basic
market risk factors and then interpreting the actual
instruments as portfolios of the simpler instru-
ments. We will illustrate this concept using the FX
forward contract we introduced earlier.

So, the current date is May 20th. The contract
requires a U.S. company to deliver USD15 million
in 91 days. In exchange, it will receive GBP10 mil-
lion. The current USD market value of this forward
contract depends on three basic market factors: S,
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the spot exchange rate expressed in U.S. dollars per
British pound; r5gp, the three-month British pound
interest rate; and r;5p, the three-month U.S. dollar
interest rate. To explain, we decompose the cash
flows of the forward contract into a portfolio con-
sisting of a long position in a 91-day zero-coupon
bond with a face value of GBP10 million and a short
position in a 91-day zero-coupon bond with a face
value of USD15 million. This decomposition yields
the following formula, which was used in the open-
ing example, for the current mark-to-market value
(in U.S. dollars) of the position in terms of the basic
market factors, ry;sp, 7gpp, and S:

0 milli
USD mark-to-market value = [S GBP10 million :I
1

x ot 10 miflion
1+ rggp(91/360)

USD15 million
1+ ryep(91/360)

Similar formulas expressing the instruments’ values
in terms of the basic market factors must be obtained
for all of the instruments in the portfolio.® Once the
formulas have been obtained, a key part of the prob-
lem of quantifying market risk is finished. The
remaining steps involve determining or estimating
the statistical distribution of the potential future
values of the market factors, using these future mar-
ket factors and formulas to determine potential
future changes in the values of the various positions
that compose the portfolio, and then aggregating
across positions in order to determine the potential
future changes in portfolio value. VAR is a measure
of these potential changes in portfolio value.

Of course, the values of most actual portfolios
depend on more than three market factors. A typi-
cal set of market factors might include the spot
exchange rates for all currencies in which the com-
pany has positions, together with (for each cur-
rency) the interest rates on zero-coupon bonds for
a range of maturities. For example, the maturities
used in the first version of the RiskMetrics system
were 1day, 1 week, 1, 3, 6, and 12 months, and 2, 3,
4,5,7,9,10, 15, 20, and 30 years.7 A company with
positions in most interest rates and actively traded
currencies can easily have a portfolio exposed to
several hundred market factors.

The dependence of VAR on only a limited num-
ber of basic market factors often remains implicit in
the historical and Monte Carlo simulation method-
ologies, but it must be made explicit in the delta-
normal methodology. The process of making the
dependence explicit is known as “risk mapping,”
and we describe it in detail in a later section.

VAR Methodologies

The three basic methods of calculating VAR are

historical simulation, the delta-normal approach,8
and Monte Carlo simulation.

Historical Simulation. Historical simulation
requires relatively few assumptions about the sta-
tistical distributions of the underlying market fac-
tors. We illustrate the procedure with a simple
portfolio consisting of the single three-month FX
forward contract described previously, and we per-
form the analysis from the perspective of the U.S.
company. Even though our example is of a single-
instrument portfolio, it captures some of the fea-
tures of multiple-instrument portfolios because the
forward contract is exposed to the risk of changes
in several basic market factors.

In essence, the approach involves using histor-
ical changes in market rates and prices to construct
a distribution of potential future portfolio profits
and losses (similar to Figure 1) and then reading off
the VAR as the loss that is exceeded only 5 percent
of the time. The distribution of profits and losses is
constructed by taking the current portfolio and sub-
jecting it to the actual changes in the market factors
experienced during each of the last N periods (peri-
ods here being days). That is, N sets of hypothetical
market factors are constructed from their current
values and the changes experienced during the last
N periods. Using these hypothetical values of the
market factors, N hypothetical mark-to-market port-
folio values are computed. This step allows one to
compute N hypothetical mark-to-market profits and
losses on the portfolio, as compared with the current
mark-to-market portfolio value. (Even though we
use the actual changes in rates and prices, the mark-
to-market profits and losses are hypothetical
because the current portfolio was not held in each of
the last N periods.) The use of actual historical
changes in rates and prices to compute the hypothet-
ical profits and losses is the distinguishing feature of
historical simulation. Once the hypothetical mark-
to-market profit or loss for each of the last N periods
have been calculated, the distribution of profits and
losses and the VAR can be determined.

Single-instrument portfolio. Recall that the
current date is May 20th and that the forward con-
tract obligates a U.S. company to deliver USD15
million on the delivery date 91 days hence and
receive in exchange GBP10 million. The holding
period is one day (f = 1), the VAR will be computed
using a 5 percent probability (x = 5 percent), and
the most recent 100 business days (N = 100) will be
used to compute the changes in the values of the
market factors and the hypothetical profits and
losses on the portfolio. Because in our example May
20th is the 100th business day of the fiscal year, the
most recent 100 business days start on January 2.
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Historical simulation is carried out in five
steps.

Step 1. The first step is to identify the basic
market factors and obtain a formula expressing the
mark-to-market value of the forward contract in
terms of the market factors. The market factors were
identified in the previous section: the three-month
British pound interest rate, the three-month U.S.
dollar interest rate, and the spot USD/GBP
exchange rate. Also, we previously derived a for-
mula for the dollar mark-to-market value of the
forward contract by decomposing it into a long
position in a pound-denominated zero-coupon
bond with face value of GBP10 million and short
position in a dollar-denominated zero-coupon
bond with face value of USD15 million.

Step 2. The next step is to obtain historical
values of the market factors for the last N periods.
For the example portfolio, we need to collect the
three-month U.S. dollar and British pound interest
rates and the spot USD/GBP exchange rate for the
last 100 business days. Daily changes in these rates
will be used to construct hypothetical values of the
market factors for the calculation of hypothetical
profits and losses in Step 3, because the daily VAR
number measures the hypothetical portfolio loss
over a one-day holding period (e.g., May 20th to
May 21st).

Step 3. This is the key step. We subject the
porttolio to the changes in market rates and prices
experienced on each of the most recent 100 business
days by calculating the daily profits and losses that
would have occurred if comparable daily changes
in the market factors had been experienced and the
current portfolio had been marked to market.

To calculate the 100 daily profits and losses, we
first calculate 100 sets of hypothetical values of the
market factors. The hypothetical market factors are
based on, but not equal to, the historical values of
the market factors over the past 100 days. Instead
of using actual historical values, we calculate daily
historical percentage changes in the market factors
and then combine the historical percentage changes
with the current (May 20th) market factors to com-
pute 100 sets of hypothetical market factors on May
21st.” We will use these hypothetical market factors
to calculate the 100 hypothetical mark-to-market
portfolio values. For each of the hypothetical port-
folio values, we subtract the actual mark-to-market
portfolio value on May 20th to obtain 100 hypothet-
ical daily profits and losses.

Table 1 shows the calculation of the hypotheti-
cal profits and losses based on the changes in the
market factors from the first business day of the
current year, which is Day 1 of the 100 days preced-
ing May 20th. We start by using the May 20th values
of the market factors to compute the mark-to-market
value of the forward contract on May 20th, which is
shown on Line 1. Next, we determine what the value
might be on the next day. To do this, we use the
percentage changes in the market factors from
December 29th of the prior year to January 2nd of
the current year. The actual values on December
29th and January 2nd and the percentage changes
are shown on Lines 2 through 4. Then, on Lines 5
and 6, we show the result of using the values of the
market factors on May 20th with the percentage
changes from December 29th to January 2nd to com-
pute hypothetical values of the market factors for

Table 1. Calculation of Hypothetical May 21st Mark-to-Market Profit/Loss on Forward Contract:

Historical Simulation Method

Market Factors Mark-to-Market Value of

USD Interest Rate  GBP Interest Rate  Exchange Rate

Forward Contract

Measure of Value (% per year) (% per year) (USD/GBP) (USD)
1. Actual values as of close of business on 5/20 5.46875% 6.0625% 1.5355 $327,771
2. Actual values on 12/29/prior year 5.6875 6.5000 1.5530
3. Actual values on 1/2/ current year 5.6875 6.5625 1.5568
4. Percentage change 12/29 to 1/2 0.0000 0.9620 0.2430
5. Actual values on 5/20 5.46875 6.0625 1.5355 327,771
6. Hypothetical future values calculated using

rates from 5/20 and percentage changes

from 12/29to 1/2 5.46875 6.1208 1.5392 362,713
7. Hypothetical mark-to-market profit/loss on

forward contract 34,942

Note: The hypothetical future value of the forward contract is computed using the formula

GBP10 miflion

USDI5 million

USD mark-to-market value = kxchange rate i USD/GBP x

March/April 2000

14 10gp(90/360) 1 47,,5,(90/360)
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May 21st. We then use these hypothetical values on
May 2ist and Equation 1 to compute a mark-to-

the loss of USD97,230 (in the box in Table 2). Using
a probability of 5 percent, this number is the VAR.

market value of the forward contract for May 21st.
This value is also shown on Line 6. Once the hypo-
thetical May 21st mark-to-market value has been
computed, the profit or loss on the forward contract
is simply the change in the mark-to-market value
from May 20th to May 21st, shown on Line 7.

We use the values of the market factors on May
20th and the percentage changes in the market fac-
tors for Days 2 through 100 to repeat this calculation
99 more times. In doing so, we compute 100 hypo-
thetical mark-to-market values of the forward con-
tract for May 21st and 100 hypothetical mark-to-
market profits or losses.

Step 4. The next step is to order the mark-to-
market profits and losses from the largest profit to
the largest loss. The ordered profits/losses, the
beginning and end of which are shown in Table 2,
range from a profit of USD212,050 to a loss of
USD143,207.

Step 5. Finally, we select the loss that is equaled
or exceeded 5 percent of the time. Because we are
using 100 days, this loss is the fifth worst loss, or

In Figure 1, the VAR, the loss that leaves 5 percent
of the probability in the left-hand tail, is indicated
by an arrow.

Multi-instrument portfolios. Using a three-
month forward contract in the example allowed us
to sidestep one minor difficulty that arises when
multiple-instrument portfolios are being consid-
ered: If the market risk factors include the spot
exchange rates and the interest rates at 1, 3, 6, and
12 months, what do we do with a 4-month forward
contract? The obvious answer is to write a formula
for the contract value in terms of the four-month
U.S. dollar and British pound interest rates and the
USD/GBP exchange rate, just as we did with the
three-month forward. But doesn’t this approach
introduce two more market factors—the four-
month dollar and pound interest rates?

The answer is no—but multi-instrument port-
folios do require an extension of the method. The
1-, 3-, 6-, and 12-month interest rates are natural
choices for market risk factors because interbank

Table 2. 100 Hypothetical Daily Mark-to-Market Profits and Losses Ordered from Largest Profit to
Largest Loss: Historical Simulation

Hypothetical Mark-to-
Market Value

Change in Mark-to-

Market Facti
arket Factors Market Value

USD Interest Rate GBP Interest Rate Exchange Rate of Forward Contract of Forward Contract
Number (% per year) (% per year) (USD/GBP) (UsD) (USD)
1 5.469% 6.063% 1.557 $539,821 $212,050
2 5.469 6.063 1.551 480,897 153,126
3 5.469 6.063 1.546 434,228 106,457
4 5.469 6.063 1.545 425,982 98,211
5 5.532 6.063 1.544 413,263 85,492
6 5.532 6.126 1.543 398,996 71,225
7 5.469 6.063 1.542 396,685 68,914
8 5.469 6.063 1.542 392,978 65,207
9 5.469 6.063 1.542 392,571 64,800
10 5.469 6.063 1.541 385,563 57,792
.
L4
.
91 5.469 6.005 1.529 270,141 -57,630
92 5.500 6.063 1.529 269,264 58,507
93 5.531 6.063 1.529 267,692 -60,079
94 5.469 6.004 1.528 255,632 -72,139
95 5.469 6.063 1.528 249,295 -78,476
96 5.469 6.063 1.526 230,541 97,230
97 5.438 6.063 1.526 230,319 -97,452
98 5.438 6.063 1.523 203,798 -123,973
99 5.438 6.063 1.522 196,208 -131,563
100 5.407 6.063 1.521 184,564 -143,207
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deposit markets are active at these maturities and

rates for these maturities are widely quoted. In-

addition, for a number of currencies, there are also
liquid government bond markets at some of these
maturities. But typically, four-month interbank
markets are not active. As a result, the four-month
interest rates used in computing the model value of
the four-month forward contract are typically
interpolated from the three-month and six-month
interest rates. (The interpolated four-month rates
might also depend on rates for the other actively
quoted maturities, depending on the interpolation
scheme used.) Thus, the current mark-to-market
values of all USD/GBP forward contracts, regard-
less of delivery date, will depend on the spot
exchange rate and the interest rates at only a limited
number of maturities.

Extending the methodology to handle realistic
multi-instrument portfolios also requires a bit of
additional work in three of the steps. First, Step 1is
likely to involve many more market factors,
namely, the interest rates for longer maturity bonds
and the interest and exchange rates for other cur-
rencies. These factors must be identified, and pric-
ing formulas expressing the instruments’ values in
terms of the market factors must be obtained.
Options may be handled either by treating the
option volatilities as additional market factors that
must be estimated and collected in each of the last
N periods or by treating the volatilities as constants
and disregarding that they change randomly over
time. Second, in Step 2, the historical values of all
the market factors must be collected. Third, a cru-
cial aspect is that the mark-to-market profits and
losses on each instrument in the portfolio be com-
puted and then summed for each day before they
are ordered from highest profit to lowest loss in
Step 4. The calculation of VAR is intended to cap-
ture the fact that gains on some instruments typi-
cally offset losses on others. Netting the gains
against the losses for each of the 100 days in Step 3
captures these correlations.

Delta-Normal Approach. The delta-normal
approach is based on the assumption that the
underlying market factors have a multivariate nor-
mal distribution. Using this assumption (and the
approximation involved in mapping the portfolio
that is detailed later), one can determine the distri-
bution of mark-to-market portfolio profits and
losses, which is also assumed to be normal. Once
the distribution of possible portfolio profits and
losses has been obtained, standard mathematical
properties of the normal distribution are used to
determine the loss that will be equaled or exceeded
x percent of the time (i.e., the VAR).

March/April 2000

To illustrate, we continue with the three-month
FX forward contract introduced earlier and con-
tinue to assume that the holding period is one day.

For the normal distribution, outcomes less
than or equal to 1.65 standard deviations below the
mean occur only 5 percent of the time. Because the
VAR is defined as the loss that is exceeded with a
probability of x percent, the VAR is

Value at risk = — I:( Expected change]

in portfolio value
@

165 Standard deviation of
" | change in portfolio value ) |’

For this example, we assume that the expected
change in portfolio value is zero. This assumption
is reasonable for a short holding period and is fre-
quently made. The standard deviation, which is a
measure of the “spread” or dispersion of the distri-
bution, is approximately USD52,500. This normal
distribution with a mean of zero and standard devi-
ation of 52,500 can be represented by the probability
density function shown in Figure 2. Using this dis-
tribution, we find the VAR is -[0 - 1.65(USD52,500)]
=USD86,625.

Clearly, computation of the standard deviation
of changes in portfolio value is the key step in the
delta-normal approach. The standard deviation of
the changes in value of a portfolio depends on the
standard deviations of the changes in value of all
the instruments in the portfolio and the correlations
among them; with n instruments in the portfolio,
the total is n{n + 1)/2 parameters. But estimating
all of these standard deviations and correlations
directly is usually not feasible. The necessary data
simply may not exist, either because the securities
or instruments have only recently been traded or
because they have only recently been added to the
portfolio. Even when some data are available, reli-
able estimation of all the standard deviations and
correlations requires that the number of observa-
tions be considerably greater than the number of
instruments #, and so much data will be available
only when 1 is relatively small.

As a result, most risk-measurement systems
replace the actual portfolio with a simpler portfolio
that has approximately the same risk and then
compute the VAR of the simpler portfolio. In par-
ticular, they identify a set of k market factors (e.g.,
yields on zero-coupon bonds) that account for most
of the changes in value of the portfolio; then, for
each market factor, they identify a standardized
position (e.g., a zero-coupon bond) that is exposed
to the risk of only one market factor. This “approx-
imating” portfolio has the same exposures to the
basic market factors as the original portfolio and,
therefore, captures its risks.
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Figure 2. Probability Density Function and VAR Obtained from Delta-Normal
Method
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The representation of the portfolio in terms of
k standardized positions is known as risk mapping.
It is specifically designed to minimize the burden
of computing the portfolio standard deviation by
limiting the number of standard deviations and
correlations in the computation to k (k + 1)/2. Com-
putational and data costs are minimized in risk
mapping because by carefully selecting the market
factors, the designer of the risk-measurement sys-
tem can often make k considerably less than n. In
addition, in this approach, problems of data collec-
tion are minimized because standard deviations
and correlations are computed from time series of
changes in market factors, which are more readily
obtainable than changes in the values of specific
instruments and positions.

In the next two sections and Appendixes A and
B, we discuss key issues in the risk-mapping pro-
cess and provide specific steps for computing the
portfolio standard deviation and VAR in the delta-
normal approach.

Single-instrument portfolio. The delta-normal
method requires four steps to analyze a single-
instrument portfolio.

Step 1. The first step is to identify the basic
market factors and the standardized positions
directly related to the market factors and map the
forward contract onto the standardized positions.

The designer of the risk-measurement system
has considerable flexibility in the choice of basic
market factors and standardized positions and,
therefore, considerable flexibility in setting up the
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risk mapping. The choice of market factors is, in
fact, the key issue in designing a risk-measurement
system because the choice of market factors
amounts to the choice of what risks to measure.!

We use a simple set of standardized positions to
illustrate the procedure. The natural choice corre-
sponds to our previous decomposition of the for-
ward contract into a long position in a three-month
British-pound-denominated zero-coupon bond
with a face value of GBP10 million and short posi-
tion in a three-month U.S.-dollar-denominated zero-
coupon bond with a face value of USD15 million.
Thus, we take the standardized positions to be three-
month dollar-denominated zero-coupon bonds,
three-month pound-denominated zero- coupon
bonds exposed only to changes in the pound interest
rate (i.e., as if the exchange rate were fixed), and a
spot position in pounds.

By decomposing the forward contract into a
U.S. dollar leg and a British pound leg, we have
already completed a good bit of the work involved
in mapping the contract. We need only finish the
process by specifying the dollar amount of the stan-
dardized positions exposed to each market factor.

The U.S. dollar leg of the forward contract is
exposed to changes in U.S. interest rates. This leg is
equivalent to a short position in a dollar-
denominated zero-coupon bond with a face value
of USD15 million, and the dollar magnitude of
exposure to U.S. interest rates can be obtained by
discounting the face value of the contract using the
three-month dollar interest rate.
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Letting X, denote the first standardized posi-
tion, we compute the exposure to U.S. dollar inter-
est rates to be

USD15 million
1+ 7 ysp (91/360)
USD15 million
1+ 0.05469(91/360)
—USD14,795,000.

X =

We use a negative sign to represent the short position.

The British pound leg must be mapped into two
standardized positions, X, and X3, because its value
depends on two market factors—the three-month
pound interest rate and the spot USD/GBP ex-
change rate. The magnitudes of the standardized
positions are determined separately by considering
how changes in each of the market factors affect the
U.S. dollar value of the pound leg while holding the
other factor constant. We have

GBP10 million

USD value of GBP leg
1+7rcpp(91/360)

x (USD $/GBP)

_ GBP10 million
1+ 0.06063(91/360)

= USD15,123,242.

x (USD 1.5355/GBP)

Holding the spot exchange rate S constant, the risk of
X, is USD15,123,242 invested in three-month British
pound bonds. Holding the pound interest rate con-
stant, thebond with a face value of GBP10 million has
the exchange rate risk of a spot position (its present
value) of [GBP10 million/[1 + 0.06063(91/360)]
pounds or USD15,123,242. Hence, the dollar value of
the spot pound position is X3 = USD15,123,242.

The equality of X; and Xj is not a coincidence;
both represent the U.S. dollar value of the British
pound leg of the forward contract. This value
appears twice in the mapped position because, from
the perspective of a U.S. company, a position in a
pound-denominated bond is exposed to changes in
two market risk factors.

When this mapping is complete, the forward
contract isnow described by the magnitudes of three

standardized positions: X; = USD - 14,795,000, X,
and X; = USD15,123,242. Appendix A provides a
mathematical argument that justifies this mapping.

Step 2. The second step is to assume that per-
centage changes in the basic market factors have a
multivariate normal distribution and then to esti-
mate the parameters of that distribution. The esti-
mated standard deviations and correlation
coefficients are in Table 3. For this example, we
assume that the means are zero.

Step 3. The next step is to use the standard
deviations and correlations of the market factors to
determine the standard deviations and correlations
of changes in the values of the standardized posi-
tions. The standard deviations of changes in the
values of the standardized positions are determined
by the products of the standard deviations of the
market factors and the sensitivities of the standard-
ized positions to changes in the market factors. For
example, if the value of the first standardized posi-
tion changes by 2 percent when the first market
factor changes by 1 percent, then its standard devi-
ation is twice as large as the standard deviation of
the market factor. The correlations between changes
in the values of standardized positions are equal to
the correlations between the market factors, except
that the correlation coefficient changes sign if the
value of one of the standardized positions changes
inversely with changes in the corresponding market
factor. For example, Table 3 indicates that the corre-
lation between the U.S. dollar interest rate (the first
market factor) and the USD/GBP exchange rate (the
third market factor) is 0.19. Thus, the correlation
between the values of the first and third standard-
ized positions is —0.19 because the value of the first
standardized position moves inversely with
changes in the third standardized position.

Step 4. Now that we have the standard devia-
tions of and correlations between changes in the
values of the standardized positions, we can use
standard mathematical results about the distribu-
tions of sums of normal random variables to calcu-
late the portfolio variance and standard deviation,

Table 3. Standard Deviations of and Correlations between Percentage

Changes in Market Factors

Correlations between Percentage
Changes in Market Factors

Standard Deviation =~ Three-Month ~ Three-Month ~ USD/GBP
of Percentage USD Interest ~ GBP Interest  Exchange
Market Factor Changes Rate Rate Rate
Three-month USD interest rate 0.61 1.00
Three-month GBP interest rate 0.58 0.11 1.00
USD/GBP exchange rate 0.35 0.19 0.10 1.00
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and we can determine the distribution of portfolio
profit or loss. The variance of changes in mark-to-
market portfolio value depends on the standard
deviations, ¢, of changes in the value of the stan-
dardized positions;'! the correlations, p; and the
sizes of the positions, X. The variance of changes
in mark-to-market portfolio value is given by the
formula

2

(5[) ortfolio

2 2 2 2 2.2
:chl+X2(52+X3(53+2X]X2p1120102 3)

+2X, X350, 30,03 +2X,X5p; 70,05

For our example, the portfolio standard devia-
tion is approximately 6,1, = USD52,5000. Using
Equation 2 and the assumption that the expected
change in the portfolio value is zero, we can com-
pute the value at risk as

VAR = [O - (165 x Gporrfolm)]
= USD86,625.

Figure 2 shows the probability density function for
a normal distribution with a mean of zero and a
standard deviation of USD52,500, together with the
VAR.

Multi-instrument portfolios. Multi-instrument
portfolios are handled by mapping each of the
instruments to the standardized positions and then
computing the VAR of the aggregate portfolio of
standardized positions. Of course, a multi-
instrument portfolio will have many more market
factors and standardized positions than a single
instrument. More importantly, the mapping is more
complicated.

We can examine the multi-instrument chal-
lenge by starting with the question discussed for
the historical simulation method: How would a
four-month instrument be handled in the delta-
normal method? In this approach, a four-month
forward would be handled by first decomposing
the contract into British-pound-denominated and
U.S.-dollar-denominated four-month zero-coupon
bonds (just as in the three-month forward). Next,
the four-month zeros would be mapped onto the
three-month and six-month zeros. The idea is to
replace each of the four-month zero-coupon bonds
with a portfolio of three-month and six-month stan-
dardized positions with the same market value and
risk (in this context, “risk” might mean either stan-
dard deviation of changes in mark-to-market value
or duration). An instrument with multiple cash
flows at different dates—for example, a 10-year
British government bond—would be handled by
mapping the 20 semiannual cash flows onto the 3-
month and 6-month and 1-, 2-, 3-, 4-, 5-, 7-, and 10-
year pound-denominated zero-coupon bonds,
which are the standardized positions. Each cash
flow would be mapped onto the two nearest stan-
dardized positions.

Forward contracts and bonds decompose nat-
urally into portfolios of zero-coupon bonds and
thus map naturally into the standardized positions.
This is not the case for options and other securities
or instruments with embedded options. To map
such instruments, we need to rely on a more gen-
eral approach, one that applies to all instruments.

This general approach is based precisely on the
theoretical framework discussed in Appendix A. In
this approach, to measure the risk of an option or
other instrument, one uses its sensitivities, or deltas
(partial derivatives), with respect to each of the
market factors. The deltas indicate the magnitudes
of the changes in the value of the instrument result-
ing from changes in each of the market factors.
Thus, the deltas can be used to measure the risk of
an option or another instrument; two instruments
or portfolios with the same deltas have the same
risk. Using this idea, options and other instruments
are mapped to a portfolio of standardized positions
with the same deltas or exposures to the basic
market factors. Appendix B discusses this proce-
dure in more detail. The mapping of the forward
contract is actually no more than a special case of
this approach.

An important limitation of the delta-normal
approach is that it maps instruments to their delta-
equivalent positions (i.e., it amounts to finding a
portfolio of standardized positions that have the
same deltas as the original instruments), but if the
instruments’ deltas change as the market factors
change (as is common with options), delta will not
completely measure the changes in value. Appen-
dix B also discusses this issue.

Monte Carlo Simulation. The Monte Carlo
simulation methodology has a number of similari-
ties to historical simulation. The main difference is
that, rather than carrying out the simulation using
the observed changes in the market factors over the
last N periods to generate N hypothetical portfolio
profits or losses, in Monte Carlo simulation, one
chooses a statistical distribution that is believed to
adequately capture or approximate the possible
changes in the market factors. Then, a pseudo-
random number generator is used to generate thou-
sands (or perhaps tens of thousands) of hypothetical
changes in the market factors. These hypothetical
changes are used to construct thousands of hypo-
thetical portfolio profits and losses on the current
portfolio and the distribution of possible portfolio
profit or loss. Finally, the VAR is determined from
this distribution.
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Single-instrument portfolio. We use the same
forward contract to illustrate the approach. The
steps are as follows:

Step 1. The first step is to identify the basic
market factors and obtain a formula expressing the
mark-to-market value of the forward contract in
terms of the market factors. We did this step in the
discussion of historical simulation: The market
factors are the three-month British pound interest
rate, the three-month U.S. dollar interest rate, and
the spot USD/GBP exchange rate. We have already
derived a formula (Equation 1) for the mark-to-
market value of the forward contract by decompos-
ing it into a portfolio of dollar- and pound-
denominated three-month zero-coupon bonds.

Step 2. The second step is to determine or
assume a specific distribution for changes in the
basic market factors and estimate the parameters of
that distribution. The ability to pick the distribution
is the feature that distinguishes Monte Carlo simu-
lation from the other two approaches, for in the
other two methods, the distribution of changes in
the market factors is specified as part of the method.
For this example, we assume that percentage
changes in the basic market factors have a multivari-
ate normal distribution and use the estimates of the
standard deviations and correlations in Table 3.

The assumed distribution need not be multi-
variate normal.'> The designers of the risk-
management system are free to choose any distri-
bution they think reasonably describes possible
future changes in the market factors. Beliefs about
future changes in the market factors are typically
based on observed past changes, so in effect, the
designers of the risk-management system are free
to chose any distribution they think approximates
the distribution of past changes.

Step 3. Once the distribution has been selected,
the next step is to use a pseudo-random generator
to generate N hypothetical values of changes in the
market factors, where N is almost certainly greater
than 1,000 and perhaps greater than 10,000. These
hypothetical market factors are then used to calcu-
late N hypothetical mark-to-market portfolio val-
ues. Finally, from each of the hypothetical portfolio
values, one subtracts the actual mark-to-market
portfolio value on May 20th to obtain N hypothet-
ical daily profits and losses.

Steps 4 and 5. The last two steps are the same as
in historical simulation. The mark-to-market prof-
its and losses are ordered from the largest profit to
the largest loss, and the VAR is the loss that is
equaled or exceeded 5 percent of the time.

Multi-instrument portfolios. As with histori-
cal simulation, extending the methodology to han-
dle realistic multi-instrument portfolios requires
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only that some additional work be performed in
three of the steps. First, many more market factors
are likely than in a single-instrument analysis—in
particular, the interest rates for longer maturity
bonds and the interest and exchange rates for other
currencies. These factors must be identified, and
pricing formulas expressing the instruments’ val-
ues in terms of the market factors must be obtained.
Again, as in historical simulation, options may be
handled either by treating the option volatilities as
additional market factors that must be simulated or
treating the volatilities as constants and disregard-
ing that they change randomly over time. Second,
the joint distribution of possible changes in the
values of all the market factors must be determined.
This joint distribution must include the option vol-
atilities if they are to be allowed to change. Third,
similar to historical simulation, to reflect accurately
the correlations of market rates and prices, the
mark-to-market profits and losses on every instru-
ment must be computed and then summed for each
day before they are ordered from highest profit to
lowest loss.

Which Method Is Best?

Unfortunately, no easy answer exists to the ques-
tion of which method of calculating VAR is best.
The methods differ in ability to capture the risks of
options and option-like instruments, ease of imple-
mentation, ease of explanation to senior managers,
flexibility in analyzing the effect of changes in the
assumptions, and reliability of results. The best
choice will be determined by which dimensions the
risk manager considers most important. In the next
sections, we discuss how the three methods differ
along these dimensions, and Exhibit 1 summarizes
the differences. We also discuss a closely related
issue, namely, the choice of holding period.

Capturing the Risks of Options and Option-
Like Instruments. The two simulation methods
work well regardless of the presence of options and
option-like instruments in the portfolio. In contrast,
the standard delta-normal method works well for
instruments and portfolios with little option con-
tent but not as well as the two simulation methods
when options and option-like instruments are sig-
nificant in the portfolio. The limitation of the delta-
normal method is that it typically incorporates
options by replacing them with or mapping them
to their “delta-equivalent” spot positions. This pro-
cess amounts to linearizing the option positions or
replacing the nonlinear functions that give their
values with linear approximations. For instru-
ments or portfolios with a great deal of option

57

R
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Financial Analysts Journal

Exhibit 1. Comparison of VAR Methodologies

Attribute Historical Simulation

Delta-Normal Monte Carlo Simulation

[s it able to capture the risks ~ Yes, regardless of the option  No, except when computed usinga  Yes, regardless of the option

of portfolios that include
options?

content of the portfolio

Is it easy to implement? Yes for portfolios for which

short holding period for portfolios
with limited or moderate option
content

Yes for portfolios restricted to

content of the portfolio

Yes for portfolios restricted to

data on the pastvaluesof the  instrumentsand currenciescovered instruments and currencies

market factors are available

by available off-the-shelf software;  covered by available off-the-
otherwise, reasonably easy to

shelf software; otherwise,

moderately difficult to implement, moderately to extremely
depending on the complexity of the  difficult to implement
instruments and availability of data

Are the computations Yes Yes

performed quickly?

Is it easy to explain to senior ~ Yes No

managers?

Does it produce misleading  Yes
VAR estimates when recent
past is atypical?

Are “what-if” analyses to No
examine effect of alternative
assumptions easy to

perform?

Yes, except that alternative
correlations/standard deviations
may be used

No, except for relatively small
portfolios

No

Yes, except that alternative
estimates of parameters may
be used

Examining alternative assumptions  Yes
about correlations /standard

deviations is easy; examining

alternative assumptions about the

distribution of the market factors
(i.e. distributions other than the
normal) is impossible

content, the linear approximations may not ade-
quately capture how the values of the options
change with changes in the underlying rates and
prices (see Appendix B).

In the delta-normal method, the problem of
adequately capturing the risks of options and
option-like instruments is least severe when the
holding period is one day. Large changes in the
underlying rates or prices are unlikely over such a
short period, and the linear approximation in this
method works well for small changes in rates and
prices. Over longer holding periods—one month,
for example—larger changes in underlying rates
and prices are likely and VAR estimates produced
by the delta-normal method cannot be relied on for
positions with moderate or significant option
content.

The simulation methods work well when
options are in the portfolio because they recompute
the value of the portfolio for each “draw” of the
basic market factors. In doing so, they estimate the
“correct” distribution of portfolio value. This state-
ment must be qualified, however, because the dis-
tribution of portfolio value generated by Monte
Carlo simulation depends on the assumed statisti-
cal distribution of the basic market factors and
estimates of its parameters. To the extent thata poor
choice of distribution is made or the estimates of
the parameters are poor, the method will lead to

errors in the calculated VAR. Similarly, the distri-
bution of portfolio value generated by historical
simulation will be misleading if the prior N days
from which the historical sample was drawn were
not representative.

A final risk-measurement issue related to
options and option-like instruments is the ability of
the VAR methodologies to incorporate the fact that
option volatilities change over time. In principle,
the delta-normal and Monte Carlo methods can
incorporate changing option volatilities by includ-
ing them as additional market factors, although this
step typically is not taken in practice. Historical
simulation also can incorporate changes in option
prices with changes in volatilities if option volatil-
ities are included as additional factors and collected
for the N-day period used in the simulation.

Ease of Implementation. Historical simula-
tion is easy to implement for portfolios restricted
to instruments for which data on the past values of
the basic market factors are available. It is concep-
tually simple, and it can be implemented in a
spreadsheet because pricing models for most
financial products are available as spreadsheet
add-in functions. The principal difficulty in imple-
menting historical simulation is that it requires the
user to possess a time series of the relevant market
factors covering the last N days, which can pose a
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problem for multinational companies with opera-
tions in many countries or with receivables and
other instruments that are sensitive to changes in a
wide range of market factors. Although spot
exchange rates are readily available for virtually all
currencies, obtaining reliable daily market interest
rates for a range of maturities in countries without
well-developed capital markets can be difficult.

Several vendors offer software that uses the
delta-normal method to compute VAR estimates, so
this method is easy to implement for portfolios with
market factors and types of instruments covered by
the available systems. But the delta-normal method
can be moderately difficult to implement for port-
folios that include market factors and types of
instruments not covered by the available systems.
First, the method requires estimates of the standard
deviations and correlations of the market factors,
and although computing these estimates is straight-
forward (if data are available), reliable market inter-
est rates may not be available for all the maturities
in all the currencies represented in the portfolio. A
second, and more difficult, problem is that the
instruments must be mapped to delta-equivalent
positions, as described in Appendixes A and B.

Off-the-shelf software is also available for
Monte Carlo simulation, which makes it as easy to
implement as the delta-normal method for portfo-
lios covered by the available systems. For portfolios
not covered by existing software, Monte Carlo sim-
ulation is in some ways easier and in some ways
more difficult than the delta-normal method. It is
easier because it does not require mapping of the
instruments onto standardized positions. It is more
difficult because the user must select the distribu-
tion from which the pseudo-random vectors are
drawn and select or estimate the parameters of that
distribution. Actually carrying out the simulation
is not difficult because pseudo-random number
generators are available as spreadsheet add-ins.
Selecting the distribution and selecting or estimat-
ing the parameters, however, require great exper-
tise and judgment. Another disadvantage of Monte
Carlo simulation is that the computations for large
porttolios can be time-consuming.

All three methods require pricing models for
all instruments in the portfolio.!” (Although the
delta-normal method does not directly make use of
instruments’ prices, options are mapped to their
delta-equivalent positions and the computation of
deltas requires pricing models.) The need for pric-
ing models can pose a problem for complex instru-
ments and portfolios that include such instruments.

Ease of Communication. The conceptual
simplicity of historical simulation makes it easiest
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to explain to senior managers. The delta-normal
method is difficult to explain to those who lack
technical training because the key step, the mathe-
matics of the normal distribution in calculating
portfolio standard deviation and VAR, is simply a
black box. Monte Carlo simulation is even more
difficult to explain. Choosing a statistical distribu-
tion to represent changes in the market factors and
engaging in pseudo-random sampling from that
distribution are simply alien to most people.

Reliability of Results. All the methods rely
on historical data. Historical simulation is unique,
however, in relying so directly on historical data. A
danger is that the price and rate changes in the last
100 (or 500 or 1,000) days might not be typical. For
example, if by chance the last 100 days were a
period of low volatility in market rates and prices,
the VAR computed through historical simulation
will understate the risk in the portfolio. Alterna-
tively, if by chance the U.S. dollar price of, for
example, the Mexican peso rose steadily over the
last 100 days and the U.S. dollar price of a peso fell
on relatively few days, the VAR computed through
historical simulation will come to the unrealistic
conclusion that long positions in the Mexican peso
involve little risk of loss. Moreover, one cannot be
confident that errors of this sort will “average out.”
Traders will know whether the actual price changes
over the last 100 days were typical and, therefore,
will know for which positions the VAR is underes-
timated and for which it is overestimated. If VAR
is used to set risk or position limits, the traders can
exploit their knowledge of the biases in the VAR
system and expose the company to more risk than
the risk-management committee intended.

The delta-normal and Monte Carlo methods
also use historical data to estimate the parameters
of distributions (for example, the delta-normal
methodology relies on historical data to estimate
the standard deviations and correlations of a mul-
tivariate normal distribution of changes in market
factors); thus, they also are subject to the risk that
the historical period used might be atypical. The
problem is not as severe for them, however,
because assuming a particular distribution inher-
ently limits the possible shapes that the estimated
distribution can have. For example, if one assumes
that the changes in the U.S. dollar price of a Mexi-
can peso follow a normal distribution with a mean
of zero, one will predict that there is a 50 percent
chance that the price of a peso will fall tomorrow
even if the price has risen on each of the last 100
days. Because theoretical reasoning indicates that
the probability that the price of the peso will fall
tomorrow is about 50 percent, regardless of what it
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has done over the past 100 days, this prediction is
often better than the prediction implicit in historical
simulation.

The delta-normal and Monte Carlo simulation
methods also share another potential problem: The
assumed distributions may not adequately describe
the actual distributions of the market factors. Typi-
cally, actual distributions of changes in market rates
and prices have fat tails relative to the normal dis-
tribution. That is, there are more realizations far
away from the mean than predicted by a normal
distribution. Nonetheless, for the purpose of com-
puting VAR using a probability of 5 percent, the
normal distribution assumed in the delta-normal
method appears to be a reasonable approxima-
tion.!* An issue unique to the Monte Carlo simula-
tion method stems from the fact that the designer of
the system can choose the statistical distribution to
use for the market factors. This flexibility allows the
designer to make poor choices, in the sense that the
chosen distribution might not adequately approxi-
mate the actual distribution of market factors.

Concerns about the reliability of the methods
can be partially addressed by comparing actual
changes in value to VAR amounts. This sort of val-
idation is feasible because the VAR approach explic-
itly specifies the probability with which actual
losses will exceed the VAR amount. Validation is
performed by collecting a sample of VAR amounts
and actual mark-to-market portfolio profits and
losses and answering two questions: First, does the
distribution of actual mark-to-market profits/losses
appear similar to the distribution used to determine
the VAR amount? Second, do the actual losses
exceed the VAR amount with the expected fre-
quency? A limitation of this approach to validation
is that chance occurrences will almost always cause
the distribution of actual portfolio profits/losses to
differ somewhat from the expected distribution.
Therefore, reliable inferences about the quality of
VAR estimates can be made only by comparing
relatively large samples of VAR amounts and actual
changes in portfolio value. If validation of this sort
is considered essential, a short holding period must
be used in computing the VAR amounts because
many years will be needed to collect a large sample
of monthly or quarterly VAR amounts and portfolio
profits/losses.

Flexibility in Incorporating Alternative
Assumptions. In some situations, the risk man-
ager will have reason to think that the historical
standard deviations and/or correlations are not
reasonable estimates of future ones. For example,
in the period immediately prior to the collapse of
the Thai baht in July 1997, the historical correlation

between changes in the USD/THB and USD/JPY
exchange rates was very high, but a risk manager
might have suspected that the baht might collapse
and, therefore, that the correlation would be much
lower in the future. How easily could the three
methods have been used to calculate the VAR in
this situation? Historical simulation is directly tied
to the historical changes in the basic market factors.
As a result, “what-if” analyses do not fit naturally
within this framework." In contrast, carrying out
what-if analysis is easy in the delta-normal and
Monte Carlo simulation methods. The user may
override the parameter estimates based on histori-
cal data and use any consistent set of parameters
the user chooses.

Stress Testing

If a probability of 5 percent and a holding period of
one day are used in computing the VAR, the analyst
should expect to suffer a loss exceeding the VAR on
one (business) day out of 20, or about once a month.
A level of loss that will be exceeded about once a
month is reasonably termed a “normal” loss. But
the next question is: When the VAR is exceeded, just
how large might the loss be?

Stress testing attempts to answer this question
by focusing on the losses that exceed the VAR
amount. Stress testing is the rubric for a set of
scenario analyses used to investigate the effects of
extreme market conditions. To the extent that the
effects are deemed unacceptable, the portfolio or
risk-management strategy needs to be revised.
There is no standard way to carry out stress testing
and no standard set of scenarios to consider.
Rather, the process depends crucially on the judg-
ment and experience of the risk manager.

Stress testing often begins with a set of hypo-
thetical extreme market scenarios. These scenarios
might be created from statistical characterizations
of extreme scenarios, such as assumed 5 or 10 stan-
dard deviation moves in market rates or prices. Or
they might come from actual extreme events. For
example, the scenarios might be based on the
changesin U.S. dollar interest rates and bond prices
experienced during the winter and spring of 1994
or the dramatic changes in the exchange rates of
several Asian countries during the summer and fall
of 1997. Alternatively, the scenarios might be cre-
ated by imagining a few sudden surprises and
thinking through their implications for the mar-
kets. For example, how would the unanticipated
failure of a major dealer or hedge fund affect prices
and liquidity in the swap markets? What would be
the effect on the Korean won and the Japanese yen
of the North Koreans crossing the 38th parallel?
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What would be the effect of such an incident on the
U.S. and Japanese equity markets? In developing
these scenarios, an important aspect is to think
through implications for all markets. An event suf-
ficiently significant to have a sudden, major impact
on the USD/JPY exchange rate would almost cer-
tainly affect other exchange rates and would likely
affect interest rates in many currencies.

Companies whose risk-management strate-
gies depend on dynamic hedging or the ability to
frequently adjust or rebalance their portfolios also
need to consider the impact of major surprises on
market liquidity. For example, executing transac-
tions at reasonable bid-ask spreads may be difficult
or impossible during periods of market stress.

In addition, companies that use futures con-
tracts to hedge relatively illiquid assets or financial
contracts must consider the funding needs of the
futures contracts. Gains or losses on futures are
received or paid immediately, whereas gains or
losses on other instruments are often not received
or paid until the positions are closed out. As a
result, even a well-hedged position that combines
futures contracts with other instruments can lead
to timing mismatches between when funds are
required and when they are received.

The phrase “stress testing” is also used to
describe scenario analyses examining the effects of
violations of the assumptions underlying the VAR
calculations. For example, immediately prior to the
collapse of the Thai baht in July 1997, all three VAR
methodologies would have indicated that from the
perspective of a U.S. dollar investor, a long position
in bahts combined with a short position in Japanese
yenhad a very low VAR. Thelow VAR would have
been a result of the historically high correlation
between the USD/THB and USD/JPY exchange
rates and the fact that all three VAR methodologies
rely on historical data. Yet, in July 1997, that long
position in bahts would have suffered a large loss
because the historical correlations no longer held.
This risk could have been evaluated either by
changing the correlation used as input in calculat-
ing the VAR or by examining directly the impact
on portfolio value of a Thai baht fall relative to the
dollar without a corresponding change in the yen.
Regardless, the key input to this process is the risk
manager’s judgment about whether a scenario is
worth considering.

Alternatives to VAR

VAR summarizes the information in the probability
distribution of possible changes in portfolio value
ina particular way (i.e., simply by reporting the loss
that is exceeded with a probability of x percent).
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This measure will not be appropriate for all entities.
Two alternative market risk measures are sensitiv-
ity analysis and cash flow at risk (CFAR). Sensitiv-
ity analysis is arguably less sophisticated than VAR.
Companies or institutions with exposures to only a
few market factors may find sensitivity analysis
preferable because for them, the benefits of VAR do
not justify the difficulty of mastering the approach
and implementing a system to compute VAR.
CFAR may be considered more sophisticated than
VAR because, although CFAR is similar in concept
to VAR, estimating the risk of loss in cash flows can
be more complicated than estimating value at risk.

Sensitivity Analysis. The approach in sensi-
tivity analysis is to imagine hypothetical changes
in the value of each market factor, use pricing mod-
els to compute the value of the portfolio given the
new value of the market factor, and then determine
the change in portfolio value resulting from the
change in the market factor. For example, sensitiv-
ity analysis might indicate that if the U.S. dollar
price of a British pound increases by 1 percent, the
value of the portfolio will decrease by USD200,000
and if the U.S. dollar price of a British pound
decreases by 1 percent, the value of the portfolio
will increase by USD240,000. Such computations
are typically performed and reported for a range of
increases and decreases that covers the range of
likely exchange rate changes. Similar computations
would be reported for other relevant market fac-
tors, such as interest rates.

When combined with knowledge of the mag-
nitudes of likely exchange rate or interest rate
changes, these sorts of computations provide a
good picture of the risks of portfolios with expo-
sures to only a few market factors. In fact, they
compose the most basic risk-management informa-
tion and are closely related to option deltas. Their
principal limitation stems from the fact that a sen-
sitivity analysis report for a portfolio with expo-
sures to many different market factors can easily
contain hundreds or thousands of numbers. In the
absence of an approach like VAR, a risk manager
or senior manager charged with oversight of trad-
ing and risk-management activities will find it dif-
ficult (or impossible) to read and review sensitivity
analysis reports for portfolios with exposures to
many different market factors and get a sense of
aggregate portfolio risk from the information.

Cash Flow at Risk. CFAR is similar to VAR.
It differs primarily in quantifying the potential loss
in cash flows rather than mark-to-market values.
CFAR is popular with some companies, particu-
larly nonfinancial corporations, that are concerned
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more with managing the risks inherent in operating
cash flows than in mark-to-market values.

CFAR is typically estimated through Monte
Carlo simulation. There are important differences,
however, between the use of Monte Carlo simula-
tion to estimate VAR and its use to estimate CFAR.
First, when the focus is on cash flows (not changes
in mark-to-market values), hypothetical market
factors must be combined with the terms of cash
and derivative instruments to compute the hypo-
thetical distribution of changes in quarterly or
annual cash flows. Second, all future cash flows
must be included in the calculation, not simply
those relating to cash and derivative instruments.
This comprehensiveness is essential if the goal of
risk measurement is to assess the impact of deriva-
tives and other financial transactions on compa-
nies” total cash flows, including operating cash
flows. As a result, the factors to be included in the
simulation are not simply the basic financial mar-
ket factors included in VAR calculations; they
include any factors that affect operating cash flows.
Changes in customer demand, the outcomes of
research and development programs, and compet-
itors” pricing decisions are a few examples. Third,
the time horizon is typically much longer in CFAR
simulation because of the longer planning cycles of
nonfinancial companies. For example, in CFAR,
values of the underlying market factors might be
simulated for the next 20 quarters, whereas the time
horizon in VAR computations is often as short as
one day. Finally, the primary objective in using
CFAR is often to facilitate internal planning rather
than to oversee and control firm risk.

A serious drawback is that successful design
and implementation of a CFAR measurement sys-
tem requires a high degree of knowledge and judg-
ment.!'® First, the designer must determine the
important operating factors and how they affect
operating cash flows in order to develop a model of
the company’s operating cash flows. This step alone
may be a major undertaking. Next, this model of
operating cash flows must be integrated with a
model of financial market factors. Then, the user
must select the statistical distribution from which
the hypothetical values of the factors (both operat-
ing and financial) are drawn and select or estimate
the parameters of that distribution. This step can be

particularly difficult in the case of the operating
factors. In contrast to the financial market factors,
data on actual past changes in operating risk factors
may not be available to guide the choice of distribu-
tion. Finally, the user must carry out the computa-
tions. Somewhat offsetting these difficulties is that
the model of the financial market factors can be
relatively crude because there is no point in refining
it tobe more precise than the model of the operating
cash flows. Nonetheless, building a CFAR measure-
ment system is likelv to be a major undertaking.

Conclusion: Is VAR for You?

VAR is not a panacea. It is a single, summary statis-
tical measure of normal market risk. As pointed out
here, VAR summarizes the information in the prob-
ability distribution of possible changes in portfolio
value in a particular way (i.e., simply by reporting
the loss that is exceeded with a probability of x
percent). At the level of the trading desk, it is simply
one more item in the risk manager’s or trader’s
toolkit. Traders and frontline risk managers will
look at the whole panoply of Greek letter risks (the
deltas, gammas, vegas, etc.) and may look at the
portfolio’s exposures to other factors, such as
changes in correlations. The only environment in
which VAR numbers will be used alone is at the
level of oversight by senior managers or regulators.
Even at this level, results of scenario analysis, stress
tests, and other information about the positions
will often supplement the VAR numbers. Clearly,
VAR estimates do not contain all the information
about market risks that one would like to have.

Moreaver, VAR is based on a range of assump-
tions, few (or none) of which will be satisfied
exactly. Perhaps most importantly, it is an estimate
of risk, often based on historical data, that relies on
the idea that the future will be like the past. For this
reason and others, it has been increasingly criti-
cized (for an example, see Taleb 1996). Given these
criticisms, a person could quite reasonably wonder
whether there is sufficient information in VAR esti-
mates to justify the costs of producing them. But
this skepticism needs to be tempered by a consid-
eration of the alternatives—which may be as unap-
pealing as showing your boss a table with
hundreds of market factor sensitivities.

Notes

1. The option delta measures the sensitivity of the option
value to changes in the value of the underlying assetand is
defined as A = 0V/dS, where V is the value of the option and
S is the price of the underlying asset. The option gamma,

defined as [T = dA/dS = 92V /952, measures how delta
changes as the price of the underlying asset changes. See
Hull (2000, Chapter 13) or Kolb (1997, Chapter 14) for more
discussion of these concepts.
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2. Netting the risk makes sense because gains or losses on the
long position in markka will offset gains or losses on the
short position in krona.

3. Your answer should not start: “The most we can lose is...”
because the only honest way to finish this sentence is
“everything.”

4. Asyouwill see in the discussion of the historical simulation
method, the daily VAR using a 5 percent probability is
actually USD97,230.

5. As suggested by its name, the delta-normal method
assumes that the distributions of the underlying market risk
factors and the portfolio value are normal. Under this
assumption, the loss exceeds 1.645 times the standard devi-
ation of portfolio value with a probability of 5 percent and
exceeds 2.326 times the standard deviation of portfolio
value with a probability of 1 percent. The ratio of these
figures is 2.326/1.645 = 1.414.

6. In some cases, formulas are not available and the instru-

ments’ values must be computed using numerical algo-
rithms.

7. The maturities need not be the same for every currency. The
interest rates for long maturities typically will not be relevant
for currencies in which no active long-term debt markets
exist.

8.  The delta-normal approach is also called the “parametric”
approach or “variance—covariance” approach.

9. This procedure of using the May 20th market factors
together with the historical changes to generate hypotheti-
cal May 21st market factors makes sense because it guaran-
tees that the hypothetical May 21st values will be more or
less centered around the May 20th values, which is reason-
able because the May 20th daily VAR is a measure of the
portfolio gain or loss that might occur during the next
trading day. An alternative procedure of computing the
hypothetical mark-to-market portfolio values using the
actual levels of the market factors observed over the past
100 days frequently involves using levels of the market
factors that are not close to the current values. This reason-
ing does not imply, however, that one must use percentage
changes together with the May 20th values. Alternatives are
to use logarithmic changes or “absolute” changes. By using
percentage changes, we are implicitly assuming that the

statistical distribution of percentage changes in the market
factors does not depend on their levels.

10. Forexample, to measure the risk of changes in credit spreads
between the yields on corporate and government bonds, a
VAR system has to include as market factors the yields on
both government and corporate bonds. If the market factors
include only government bond yields, the system will
implicitly assume that changes in the prices of corporate
bonds are perfectly correlated with changes in the prices of
government bonds. Thus, the system will be unable to cap-
ture the risk of changes in credit or yield spreads.

11. Thestandard deviation is, of course, simply the square root
of the variance.

12. The natural interpretations of its parameters (means, stan-
dard deviations, and correlations) and the ease with which
these parameters can be estimated weigh in favor of the
multivariate normal distribution.

13. The pricing models need not be perfect, however, because
VAR focuses on changes in value. If the error in the pricing
model is reasonably stable, in the sense that the error in
today’s price is about the same as the error in tomorrow’s,
then changes in value computed using the pricing model
will be correct even though the level of the prices is not.

14. A good discussion of this issue can be found in J.P. Morgan
{(1995).

15. Special procedures must be used if such scenarios are to be
incorporated in historical simulation. For example, Duffie
and Pan (1997) suggested that alternative assumptions about
the standard deviations of a market factor can be incorpo-
rated by subtracting the mean change in the market factor
from the vector of changes and then multiplying the result
by a constant to rescale the changes in the market factor.

16. Off-the-shelf software is currently not available, and it may
never be available, because CFAR systems typically include
operating cash flows, the characteristics of which are com-
pany specific and difficult to incorporate in any general
system. At least one major derivatives dealer has been
willing, however, to provide current and potential future
customers with the framework of a CFAR system, the sim-
ulation engines, and assistance in implementing the system
(Hayt and Song 1995).
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Appendix A. Theory Underlying Mapping the Forward Contract into the
Three Standardized Positions

As discussed in the text, the idea behind risk mapping is to replace the actual portfolio with a portfolio of
standardized positions that has the same exposures or sensitivities to the basic market factors. If the market
factors are chosen so that they capture all (or most) of the risks to which the portfolio is exposed, then the
risk of the portfolio of standardized positions will be (approximately) the same as the risk of the actual
portfolio. We show that the forward contract used in the examples does, in fact, have the same exposures
or sensitivities as the portfolio of the three standardized positions to which it was mapped. The purpose is
to justify the mapping we performed.

In this context, matching exposures means matching partial derivatives, or deltas. We illustrate this
point by using first-order Taylor series approximations to represent the changes in the values of both the
forward contract and the portfolio of the three standardized positions in terms of changes in the three market
factors, and we choose the standardized positions so that the coefficients of the two Taylor series approxi-
mations are the same. If the coefficients of the approximations are the same, then (up to the approximation)
the two portfolios respond identically to changes in the market factors.

First, we consider the forward contract. Let the mark-to-market value of the forward contract, V, be
denoted by

GBP10 million USD15 million
VF =S5x

1+ 7gpp (91/360) | 14 ry,(91/360)

where S is the spot exchange rate and r is the interest rate.
Using a Taylor series, the change in V can be approximated as follows:

v,

A IV, oV,
(Change in rj;g,) + 3 (Change in rggp) + I35 (Change in §)

Change in V. = "
GBP

9 ysp

F . F . F .
=A . (Change in r;gp) + Armw (Change in rg;pp) + A5 (Change in ),

Ty

where AT A}, and A§ are the deltas of the forward contract with respect to the three market factors.

Next, we write down a similar Taylor series approximation of the change in the value of the portfolio
of standardized positions (i.e., change in V) and show that if the standardized positions are chosen
appropriately, the coefficients of the two approximations are identical. In that case, a change in V = a change
in Vg, which implies that (up to the approximation) the portfolio of standardized positions has the same
sensitivities to the market factors as the forward contract.

Let V= X, + X, + X; represent the value of the portfolio of standardized positions. If each of the X’s

depends on only one market factor, then the change in V can be approximated as follows:

X,

. X, . 9X, .
(Change in r;;¢p) + Fy— (Change in rpp) + F (Change in §)

Changein V =
rysp GBP

= Ar(,_\,, (Change in ryop) + Arm (Change in r;5p) + Ag(Change in §),

whereA, . A .. and Agare the deltas of the standardized positions with respect to the three market factors.

We need to choose X;, X;, and X; so that each depends on only one market factor and the two Taylor
series approximations are identical. This task amounts to choosing them so that 60X, /drysp = dV/0rysp,
0X5/drgpp = 0Vp/drgpp, and 0X3/0S = dV/aS or, equivalently, to matching the corresponding deltas. The

choice that works is

X, = USD15 million
1+ 7ry5p(91/360),,,, = 0.0516875
= -USD14,795,000;
X, = (1.5355 USD/GBP) x GBP15 million
i L+ r;pp(91/360) Fenp = 0.060625
= USD15,123,242;
Xy = (S USD/GBP) GBP15 million

1+ 0.060625(91/360) s =15355

USD15,123,242.
These positions are the three standardized positions that represent the risk mapping of the forward contract
as described in the body of the article.

1}
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Appendix B. Mapping Options and Other Positions

Although the approach for mapping options can be more complicated, it is no different in concept from the
approach for mapping the forward contract discussed in Appendix A. As with the forward contract, we
replace the actual portfolio with a portfolio of standardized positions that has the same exposures or
sensitivities (i.e., option deltas) to the basic market factors. We can proceed in two ways, both of which
result in the identical portfolio of standardized positions. We illustrate both of them by considering an OTC
option on a 10-year British government bond, or gilt. We assume that in the VAR system the 20 semiannual
cash flows of a 10-year gilt will be mapped onto the three-month and six-month and 1-, 2-, 3-, 4-, 5-, 7-, and
10-year British-pound-denominated zero-coupon bonds, plus a position in “spot” pounds, for a total of 10
standardized positions.

Ordinarily, one would say that the underlying asset of the option is the 10-year gilt. Taking this point
of view, the first approach maps the option to a delta-equivalent position in the 10-year gilt. To understand
this process, recall that the option delta indicates the price change in the option resulting from a one-unit
change in the price of the underlying asset. For example, an option with a delta of 1/2 changes in value by
GBP1/2 when the gilt changes in value by GBP1. That is, the option has the risk of A = 1/2 gilts. Using this
idea, the first step in this approach is to map the option to a delta-equivalent position of A gilts. But gilts
themselves usually are not a standardized position in most risk-measurement systems, so a second step is
necessary. This step maps the position of A gilts into the standardized positions in the risk-measurement
system. The mapping is performed in the same way any other bond or forward contract would be mapped
to standardized positions.

The alternative approach is to map the option to the standardized positions in a single step. If we take
the perspective of a pound-based investor, we can interpret the option on the gilt as an option on a portfolio
of the nine pound-denominated zero-coupon bonds and think of the option as having nine underlying assets
and nine deltas, one for each underlying asset. The U.S. dollar price of the gilt also depends, however, on
the USD/GBP exchange rate, which gives it a tenth underlying asset and a tenth delta. Thus, from the
perspective of a dollar-based investor, there are 10 underlying assets—the 9 pound-denominated zero-
coupon bonds and the USD/GBP exchange rate, and for each, we can define a delta.

Letting V denote the dollar value of the gilt and P, represent the British pound price of the nth pound-
denominated zero-coupon bond, we have for the first nine deltas

aVv
An = a—P‘fOl’n = 1, ,..,9,

n

and for the 10th delta, the partial derivative with respect to the spot exchange rate, we have

Using these 10 deltas, we map the option to the 10 standardized positions in a single step by finding a
portfolio of the standardized positions that has the same deltas with respect to the market factors.

A limitation of the delta-normal approach is precisely that it is based on mapping instruments to their
delta-equivalent positions (i.e., it amounts to finding a portfolio of standardized positions that have the
same deltas as the options). Using delta as a risk measure is valid for small changes in the underlying market
factors, but if instruments’ deltas change as market factors change, delta does not properly measure the
changes in value resulting from large changes in factors. Thus, to the extent that instruments” deltas change
as market factors change, mapping based on delta will introduce errors in the approach.

We can think about these errors in terms of the option gammas (T"'s), which supplement the deltas by
measuring how the deltas change as the price of the underlying asset, currency, or commodity changes. The
option gamma is defined as the partial derivative of delta with respect to the price of the underlying asset,
currency, or commodity or, equivalently, as the second partial derivative of the option price with respect to
the price of the underlying asset, currency, or commodity.

Letting S denote the spot price of the underlying asset and V(S) denote the option price as a function
of S, the option gamma is

BA(S)
as

3 V(S)
ast
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Delta and gamma together can be used to predict the change in the option price resulting from a change
in S by using the following formula:

) 2
Change in ]+1Fx( Change in ) ‘

Change in option price = A X
market factor | 2 market factor

In contrast, using delta alone produces

Ch i
Change in option price = A X ( ange ]

market factor

Comparing these two equations shows that the error in relying on delta is based on the magnitude and sign
of gamma: When gamma is negative, the change in the option price is more adverse than that predicted
using delta alone; when gamma is positive, the change in the option price is more favorable than that
predicted using delta alone.

The significance of this aspect for VAR measures is that the delta-normal method typically uses delta
alone in measuring the risk of options; therefore, it somewhat understates the risk of positions with negative
gammas. The effect will be small for VAR computations for short holding periods because the change in the
spot price of the underlying asset is typically small for short periods and the term 1/2I'(Change in price of
underlying instrument)? is small. The understatement of the risk of negative gamma portfolios can be
significant, however, when VAR measures are computed for long holding periods. Figure B1 illustrates an
extreme version of the problem.

Figure B1. Risky Portfolio That Has Delta =0

Portfolio Value (USD millions)

1.5 r
Delta = 0
14
\ Value of Portfolio
1.3 1 [ 1 i
1.3 14 1.5 1.6 1.7
USD/GBP Exchange Rate
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Figure B1 shows the value of a portfolio exposed to the USD/GBP exchange rate as a function of the
current value of the exchange rate. At the current exchange rate of 1.5 USD/GBP, the portfolio delta is zero
and the delta-normal approach would map the portfolio to a position of zero British pounds and thus
estimate the VAR to be zero. The portfolio is clearly risky, however, in that a change in the USD/GBP
exchange rate in either direction will lead to a loss. The downward curvature in the portfolio value function
corresponds to a negative gamma and illustrates that the delta-normal approach can underestimate the risk
of option portfolios with negative gamma.

This problem can be overcome by using Monte Carlo simulation. As alternatives, various delta-gamma
approaches have been proposed to deal with the problem (J.P. Morgan 1996; J.P. Morgan/Reuters 1996),
although none are fully satisfactory. Recently, Fong and Lin (1999) proposed a promising new analytical
approach that allows for easy calculation of the VAR of option portfolios.
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