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Abstract

We show there is an upper bound to the allowed frequencies of time periodic solu-
tions of a class of nonlinear wave equations: if ¢ is a 27 /w -periodic solution then

w? < f/(0), where f is the nonlinearity. We also prove that
2w 2a|z| 2 2\ N
e le(z,t)|° +[Ve(z,1)]7)d¥zdt < oo
0 N

for all a® < f(0) — |4/ f—;(g(D 2w? where |a]| denotes the integer part of a.

1 Introduction
In this article we study periodic solutions of the nonlinear wave equation (NLW)
Ofp — Ap+ f(p) =0 (1.1)

where ¢ : RY xR, =+ R, f: R— R with f(0) =0, and 6? = 8?/0t*>, A = YN, 6?/0z;*>. By

a periodic solution we understand solutions that are periodic in time ¢, and L? in . This
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notion extends, on the one hand, the concepts of bound states of the Schrodinger equation
and standing waves of linear wave equations and, on the other hand, the concept of periodic
solutions of dynamical systems (equation (1.1) can be viewed as an infinite dimensional
Hamiltonian system). Both concepts are among the simplest and most basic in the fields

mentioned.

To state our results we introduce some notation. Let S! denote the circle of radius w .

The class of solutions we consider is the following set:

D, = {4,0 € H'RN x S}) ; if¢ is any of o, 8,0 or z - Vi, then 19| Los RN w51y < 00

and |1|im | ¥(z,t) |=0 uniformly in t } (1.2)
[—0o0

(This class of solutions can, probably, be enlarged.) Here H'(2) stands for the Sobolev space

of order 1 for functions on 2.

Our main result is a characterization of two fundamental properties of periodic solutions:
their frequencies and their spatial localization. Consequently, we find that the spatial and
temporal properties of periodic solutions are related. More precisely, we prove the following

theorems.

Theorem 1.1 Suppose f € C3(R,R). Let ¢ be a nontrivial 2 /w-periodic solution of NLW
on D,,. Then w? < f'(0).

Theorem 1.2 Suppose f € C3*(R,R) and that f'(0) # m?w? m € Z. Let ¢ be a 2m/w-
periodic solution of NLW on D,. Then e*Ilp € L2(SL, H*(RN)) for all o satisfying

o < £(0) - | T

w
where |a| denotes the integer part of a.

By L*(S., H'(R")) we mean functions ¢ : S, — H'(RV), such that [|[9||7>gmvys1) +
”VW&Z(RNX s1y < oo. In Theorem 1.1, by nontrivial periodic solution we exclude time-

independent solutions. Theorem 1.2, however, applies to time-independent solutions as well.
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In this case ¢ solves the nonlinear elliptic equation

—Ap + f(p) = 0.

Conversely, any solution of this equation is a time independent solution of NLW. For time
independent solutions we can take for the frequency w any positive number. Taking w
sufficiently large results in L\/@J = 0. On the other hand we have that if f'(0) < 0
then ¢ = 0. This result follows from Theorems 2.2 and 5.1 (below). The former theorem
states, in this context, that if f/(0) < 0 then ¢ is exponentially bounded with arbitrarily
large exponent. By the latter theorem ¢ is then in fact zero. Thus, we have the following

corollary.

Corollary 1.3 Let f € C3(R,R) with f(0) = 0. Suppose ¢ € H'(RY) is a solution of the

equation

such that p and z - Vo € L®(RY) and vanish as |z| — oo. If f'(0) < 0, then ¢ = 0. If
f'(0) > 0, then e*lp € H'(RN) for all a® < f'(0).
We comment on the condition f(0) = 0 in the above theorems. From a physical point of

view one usually considers solutions with finite energy E(y), where

1 1
B(e) = [ 500 + Vel + F(g), F =
(9) = [ou 5(00)" + SIVel" + F (o), f
Note that the potential F' is defined only up to a constant. We see that for solutions of finite
energy,

Op and Vo — 0 as |z| = o0

(at least along a subsequence). Therefore, ¢ — const. as |z| — oo and so (07 — A)p — 0 as
|z| — oco. Since ¢ solves NLW, ¢ — ¢ as |z| — oo where f(c) = 0. If ¢ # 0, then by defining
w. = ¢—cand f.(z) = f(z+c) we have that 82, — Ap.+ f.(p.) = 0 with f.(0) = 0. Thus,

for finite energy solutions the assumption f(0) = 0 is not a restriction.

We also make several comments on extensions of these results to other equations. Com-
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plex valued solutions of NLW for nonlinearities of the form f(¢) = g(|¢|)¢ can be analysed
using our method, the results being the same as above. In particular, standing wave solu-
tions p(x,t) = e“!¢p(x) must satisfy w? < g(0) while ¢(z) is exponentially bounded with any
exponent « such that a® < g(0) — w?. These results are consistent with previous studies of
standing wave solutions (e.g. [B], [Str]).

The results of this paper can be extended to a rather wide class of hyperbolic equations
and some of the results to the nonlinear Schrodinger equation. This will be done in a
separate publication. Note however, that frequency bounds of the type of Theorem 1.1 are
not valid for the nonlinear Schrédinger equation which conforms with the main premises of

our approach (see the remarks below following the statement of Theorem 2.2).

To prove Theorems 1.1 and 1.2 we introduce a method into the area of nonlinear equations
which is related to one that has been developed, to great success, in the scattering theory
of Schrodinger operators: that of positive commutators, and by this we mean the following.
Let K be a self-adjoint operator on a Hilbert space of functions. We say that K satisfies
a positive commutator estimate on a set € if there is a self-adjoint operator A such that
(i[K, A])y > 0||9||* for some 6 > 0 and for all ¢ € 2 where (B)y = (B, v). This is related
to the Mourre estimate [M] of quantum mechanics (for a discussion of the Mourre estimate
and its applications see [CFKS] or [HS]).

Our approach is motivated by pioneering studies of n-body Schrodinger operators of the
form H = —A +V on L*(RY), where V is multiplication by a real-valued function, ([FH],
[FHH-OH-O]). In these references positive commutator estimates based on the Mourre esti-
mate are used to establish (among other results) the exponential localization of eigenfunctions
of H. The situation we are considering here has some fundamental differences, though. One
of them is related to the fact that we are dealing with hyperbolic, not elliptic, operators.

Another, to the fact that the equations in question are nonlinear.

We review briefly previous results on the subject. Exponentially localized periodic so-
lutions on the half-line R; were constructed in ([V],[W]) using techniques from invariant
manifold theory, while radially symmetric exponentially decaying periodic solutions outside

of a ball in RV (the spatial domain) were found in ([S],[Sc]) using techniques similar to
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([V],[W]). Unfortunately, even in theses cases no exponential bounds for a reasonable class
of periodic solutions was obtained. The constraint w? < f’(0) was obtained for classical
periodic solutions in R in [C] and extended to radially symmetric solutions in arbitrary
spatial dimensions in [L]. In the works above it was essential that the spatial variable be ef-
fectively one dimensional: the NLW was formulated as a dynamical system in a phase space
of periodic functions with x playing the role of the dynamical variable. Our results on the
frequency restrictions extend those of [C] and [L] in that we study NLW in arbitrary spatial
dimensions and we assume considerably less regularity from the solutions (H' in space and

time). Our results on exponential bounds seem to be new even in the one dimensional case.

The paper is organized as follows. In Section 2 we formulate NLW as a nonlinear eigen-
value problem in such a way that if ¢ is a 27 /w -periodic solution of NLW, then K,p = Ap
where, for a given 27 /w -periodic function ¢ € D,, K, is a self-adjoint operator on a
Hilbert space of 27 /w -periodic functions. Section 3 collects preliminary results that we use
to prove exponential bounds for a class of hyperbolic operators, which is presented in Section
4. From this we obtain exponential bounds for periodic solutions (Theorem 2) by exploiting
the relation mentioned above. Theorem 1.1 is proven in Section 5. An appendix describes

an operator calculus that we employ.

Notation: For z € RN  let r =|z| and £ = zr™ .

RY: V = (8/0z1,...,0/0zy). For an operator B on L*(RY x S!), (B), will stand for

V denotes the gradient operator on

the expectation value (B, ¥). |[¢||L2(s1,m1(Rvy) denotes the space-time norm of functions

(I S:, — Hl(RN);
19117251, m vy = 19 172@v sy + [V 2@y sy

where H"(R") is the L?(R") Sobolev space of order r. From now on the norm on L?(RN x S})
will be denoted simply by ||1||. We decompose L*(RY x Sl) into a direct sum using the
eigenspaces of 10;;

L*(RY x 8,,) ~ @rezEr



where E; = e*'R @ L2(RY). For ¢ € L2(RN x S1) we can write ¢ = Y.z e*t, where
Ye(z) = 27 /w) " [o1 Y(z,t)e ™  dt € L*(R") are the Fourier coefficients ("modes”) of 1.
P, will denote the projection onto Ey : Py = e*“tyy,. P,=1— P, and II,, = > |k|<m P,
with IT,, = 1 — II,,.

For an interval I C R and self-adjoint operator H we define a smoothed-out spectral
projection E;(H) as follows. Let o > 0 be sufficiently small so that 20 < |I| and let g €
C2(R,R) be such that supp(g) C I and g =1 on I, where I, = {\ € I ; dist(\,0I) > o}.
We then set Ef(H) = g(H). The parameter ¢ is not made explicit since it is understood

that it can be taken as small as needed.

2 NLW as an eigenvalue problem

To apply the technique of positive commutator estimates we first formulate NLW as a (non-

linear) eigenvalue problem for a self-adjoint operator. Let
W) =—">-k, = f(0). (2.1)

We assume that f € C3(R,R). Then, W € C'(R,R). For a given function ¢ € L2(RN x S)
define the ”potential” W, (z,t) = W(p(z,t)) acting as an operator of multiplication, and

the linear operators

K,=K,+W,, K,=0}-A (2.2)
on L?(RN x S1). Thus,
¢ is a 27 /w-periodic solution to NLW <= K,p = —kop.
Our analysis requires self-adjointness of the operators K, and K. It is clear that K, is

self-adjoint. To show that K, is also self-adjoint we require the following lemma.

Lemma 2.1 If ¢ € D,, then W,, O,W, and z - VW, are of class LY RN x S}) for all

q € [2, o] and vanish as |x|— oo, uniformly in t.

Proof:



We denote W, simply by W. By the chain rule, ;W = W0, and - VW = W'z - V.
Since W (u) € C'(R,R) and ¢ is bounded, W and W' are members of L>(R" x S!). Therefore
O,W and z - VW are bounded. There exist constants c,c¢ and d, all strictly positive, such

that |W(u)|< c |u| and |W' (u)|< ¢ |u| for |u|< d. For q € [2,00) we compute;

w qq = / W |4 + / W |?
Wiy = [, W17+ [ W)
< el amrnsyy + bTmeas{[ ¢ |>d} = M, (2.3)

where b = sup {|W(u) | ; |u|< ||@||peo®yxsy)}- Since ||| g ®rrxs1) is finite, the continuity
of W(u) implies that b is finite. Hence M is finite. If ¢ € L®°(R" x S!), then so is W.
Therefore, W € LI(RN x SI) for all ¢ € [2, co0]. A similar argument applies to W', and
therefore 9, and z- VW € L¢(RY x S1) for all ¢ € [2, oo]. Since ¢, d;p and z - Vi vanish

as |z |— oo, uniformly in ¢, W, ;W and x - VW vanish in the same manner O

By the results of Lemma 2.1, for ¢ € D,,, W,, is a small perturbation of K, and therefore
by the Kato-Rellich theorem [RS-II] K, as defined by (2.2) is self-adjoint on L*(R"Y x S} ) with
domain D(K,) = D(K,) = closure of H?(R" x S}) in the graph norm [|9[|; = (|72 g 51y +
1Kol 72 s

We saw that if p € L*(RN x S!) is a 27 /w-periodic solution to NLW, then K, = —k¢p.
That is, ¢ is an eigenfunction of K, corresponding to the eigenvalue —x = —f'(0). For
the remainder of the paper we will study properties of the eigenfunctions of K, which we
will translate into properties of periodic solutions of NLW by considering, in particular, the

eigenfunctions of the operator K, corresponding to the eigenvalue —«x.

We now formulate the theorem concerning exponential bounds for eigenfunctions of the

operator K, from which we will derive Theorem 1.2.

Theorem 2.2 Let K, = K,+W,, ¢ € D,,. Suppose K, = X\ for somep € L*(SL, H*(RY))

and for some X\ £ —m?w? | m € z. If A <0, then e*™p € L*(SE, H'(RN)) for all a satis-

—-A
2 / 2 2
a < —A—| w2jw
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where |a| denotes the integer part of a. If A > 0 then e®™p € L*(SL, HY(RN)) for all a.

Remarks:

If ¢ is a 27 /w -periodic solution of NLW such that ¢ € D,, then ¢ is an eigenfunction
of K, = K, + W, corresponding to the eigenvalue —x = — f’(0). Theorem 1.2 thus follows
from Theorem 2.2. We also have a kind of unique continuation at infinity theorem (Theorem
5.1 below) which states that if an eigenfunction of K, is in the space e=*"L*(S}, H'(R")) for
all @ > 0 then this function is in fact zero. This, coupled with the last statement of Theorem
2.2, implies that K, has no positive eigenvalues. The nonexistence of positive eigenvalues is

related to the frequency constraint w? < f/(0) of Theorem 1.1.

By separation of variables we see that the spectrum of the operator K, is composed of
semi-infinite branches of essential (continuous) spectrum originating at the points {—m?w? ; m € z}.
We expect that the essential spectrum of K, will be stable under the perturbation W,, (this
would certainly be true if W, was compact relative to K,, by Weyl’s theorem [RS-IV]).

Thus, due to the nonresonance condition A # —m?w? and the assumption A < 0, there is

an integer m, > 1 such that
—m2w® < A < —(m,—1)%W%

Then, L\/gjz = (m, — 1)%. In keeping with terminology used for Schrédinger operators,
we call the set £(K,) = {—m?w? ; m € Z} the thresholds of K,. Therefore, Theorem 2.2
states that eigenfunctions of K, are exponentially bounded with any exponent o such that
o? is less than the distance from ) to the nearest threshold above (i.e., greater than) X (see
Figure 1).

The thresholds of K, are precisely the points in the spectrum of the operator —9} on
L*(S), the operator associated to the time variable, while the branches of continuous spec-
trum of K, are due to the continuous spectrum of —A on L*(RY), the operator associated
to the spatial variables. For other partial differential equations in space-time variables that
are amenable to our method, the nature of the spectrum of the associated operator K,

will depend upon the nature of the spectrum of the operators associated to the spatial and
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Figure 1: (Rotated) Spectrum of K,

time variables. Consequently, the statements and conclusions of the above theorems will
change accordingly. For example, in the case of the nonlinear Schrédinger equation (NLS)
i0yp — Ap + g(|¢|)p = 0, the spectrum of i9; on L%(S!) is {mw ; m € Z}. Therefore, the
spectrum of i9; — A on L*(RYN x S!) has branches of continuous spectrum originating at
each integral multiple of w. This conforms with the fact that periodic solutions of NLS with
arbitrarily large (negative) frequencies are possible, while we expect exponential bounds of

the type discussed above for such solutions.

Outline of the proof of Theorems 1.1 and 2.2:

We will omit the subscript ¢ when discussing the operators K, and W, so that from now
on K = K, and W = W,,. We begin by presenting an heuristic argument that delineates the
structure of the proof of Theorem 2.2. Let ¢ € L?(S., H'(RY)) and suppose that Kt = A1

for some A < 0, A\ # —m2w?, m € Z. For R > 0 and § > 0 set

Yr = XReéh(r)"/)a and

K" = ShMIKeh) = K — 6% Vh|? + idyp.
Here h(r) = 0, r < 2R, h(r) = 7+ const, r > 3R, and v, = (VA -V + V- Vh).
Xz 18 a smooth cut-off function: xz(r) = 0, » < R and xx(r) = 1, » > 2R. The
important features of the function h are that h = 0 on supp (x), h(r) = r near infinity,

and |h™)(r)| < ¢,n R'™, ¢ independent of R.



Our goal is to show that v, € L2(S1, HY(RY)) for some § > 0. In the rigorous analysis
we will regularize 1, by cutting-off the function A near infinity. We will regain e®*(")4) in a
limiting procedure at the end. For the present discussion, however, we will not regularize h
and consequently we will be ignoring the possibiliy that 15, as defined above, may not lie in
L2(SL, H'(RY)). This is just so we can elucidate the ideas behind the proof, the heuristics
presented here will illustrate all the essential ideas of the full proof.

The significance of the operator K is that e?*(")¢) is an eigenfunction of K corresponding
to the eigenvalue \. The factor y, causes ¢; not to be a bona fide eigenfunction of K", but

it is an approximate eigenfunction in the sense that

I(E™ = Noull < 0n(D)]19]|pa(sy,m @y (2.4)

where 0g(1) denotes a quantity that vanishes as R — oo. This follows from the formula

(Kh - )\)QbR = eéh(r)XR(K - )‘)¢ + eéh(r)[_Aa XR]"/J
= (~Axr)¢¥ — 2Vxgz-Vo. (2.5)

To arrive at (2.4) from this we have used that h = 0 on supp (), and that | X%m)| <cR™.
Let A= L(z-V +V-z). Since e is an eigenfunction of K*, we have that

0 = Im{(K"—=X\)eMMyp, AePPmqp).

This equation is related to the virial theorem of quantum mechanics [CFKS]. Expanding the

inner product,

0 = Im{((K"—X)e"Myp, AeSrTqp)
1 6

= §<Z[K, A])eah(r),p + 5R6 <’)/hA>eah(r)¢ - E<Z[|Vh|2, A]>65h(r)¢.
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If we substitute ¥ for €®*(")4) in this equation the left hand side is no longer zero, but since

(K" — X4y, is localized to the support of X, (cf. (2.5)) where h = 0, we have instead that

[T (K™ = N)ibr, An)| < cll9l|72s1,mm @)

where c is independent of R. Furthermore, since v, = vVA'r—1AvR'r—1, a simple calculation

gives

Re (ywA)y, = Re <\/hIT71A\/h’T‘71A>¢R
= (VHr1A2Vhr1),, + Re (VHrTA[VHr=1, Ay,
— (VR AR, + %(\/h’r—l[A, VI, A T

= positive term +0R(1)||7/)R||2,

where at the bottom we have used that vA'r—1[A, [Vh'r—1, A]] < er~'. We calculate

VAP, Al = [2n'Ar

< ¢

independently of R (here we are using the property A”(r) = 0 for r > ¢'R for some fixed ¢/,

which will hold in the rigorous analysis), so that
& . 2 2 2
|5 VAP, Ar| < cdll9all®
These relations yield
(1K, Al yn — or(IIYrl® — cd®[¥all® < cll¥llZass,m@my)- (2.6)
If we can now show positivity of the commutator i[ K, A] evaluated on )y,

<Z[K, A])'lPR > 9||¢R||%2(S&,H1(RN))7 for some 6 > 0, (27)
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then from (2.6) and (2.7) it follows that for R sufficiently large and ¢ sufficiently small,

[l Zass m@nyy < cll¥llizs mmyy < oo

Hence, e’y € L2(S}, H'(RYN)). Although § must be taken sufficiently small, we will be sure

to show that it is still strictly positive.

Some effort is required to establish the estimate (2.7). Evaluating the commutator
ilK, Al = —2A —z-VW
and writing —A = K — 82 — W, we have
(K, Ayr = (—D)pr + (K =Ny + Nyg + (=0 — (W +2z-VIW)y,.

Now,

K—X = KM= X+ 8 Vh|? —idy, (2.8)

and since K — ) is self-adjoint and i+, is skew-adjoint,
(K - )‘>¢R = Re <Kh - ’\>¢R + 62<|Vh|2>¢12

from which we derive (recalling (2.4))

IN

(K = Ny (K" = N)yrl + c0°[|)a]|*
1K™ = X)oal| [[9a]] + e84l
or (L)%l z2(sy, 11y 19l + €8 (||

on(1) 191325y, a1 vy + [19mlZa sy e vy | + 0% 1wl

INIA

IN
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By Lemma 2.1, W and z- VW both vanish as |z| — oo uniformly in ¢. We use this property
and the fact that 1, is supported outside of a ball of radius 2R to obtain the estimate

(W +z- VW)l < or()llyal”.
Therefore, we have the inequality

GIE, Ay > IVl + AYrll* + (=07) e

—OR(l)[||¢||%2(55,H1(RN)) + ||wR||i2(S&,,H1(RN))] — c0®||all®. (2.9)
To achieve (2.7) we require that
(=0)yn = (=X+0)¥al®, v >0

up to a remainder term that we can control. In fact, due to the discrete nature of the

spectrum of —9?, we can show that
(=0 yr = myw?|[¥all?, (2.10)

up to a remainder term, where m, > 1 is the integer characterized by the relation

—mow? < A < —(m, — 1)*w?. To prove (2.10) we write
'Q[)R = ﬁmofl’l/)R + Hmofldj}z

where II,, denotes projection onto the first m modes and II,, = 1 — II,, (as defined at the
end of Section 1). Note that II,,, 15 satisfies the estimate (2.10). Using that —0?IL,,, 1 >
m2wl,,, 1 and that —82I1,,,_; > 0 (these inequalities are in the sense of quadratic forms),

we obtain

<_6tz>’l/1R = <_8t2>1:lmo—1¢R + <_8t2>1_[m0—1¢R

> mng <ﬁmo—1>¢R
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= mow’[[Yell® — mow* (Mm,—1)gr- (2.11)

To estimate the second term on the right hand side we proceed as follows.

If Puyp =0, |k|] < m,— 1, then (2.10) is achieved because II,,, 19 = 0. This will be
the situation in Theorem 1.1 (as we will see). Otherwise, pick an interval I C R containing
A and such that sup (I) < —(m, — 1)*w?. Let E;(K) be a smoothed-out spectral projection
of K corresponding to the interval I (as described at the end of Section 1) and decompose

II,,,_1 with respect to Er(K) and E;(K),

M1 = (E1(K) + Er(K)) 1 (Er(K) + Er(K))
= Ef(K)lp,1E(K) + Ef(K)y,,-1E(K)

+ Er(K)L,,_1Er(K) + Ei(K),,, _1E/(K). (2.12)
From this and the Schwarz inequality we then have the bound

(M1 | < BIERE)Gllllall + (C)n, (2.13)

where C' = E;(K)II,,,_1E;(K) is a compact operator, as we will see shortly. Because 15
has support that goes off to infinity as R — oo, this term is of order 0x(1)||1z]|?> (Lemma
3.3 below).

To prove that the operator E;(K)IL,, _1Er(K) is compact, we need some kind of relative
compactness of W. To this end we take advantage of the natural decomposition of K, along
the eigenspaces Ey:

K, = @keZ(_k2w2 —A),

from which it follows that
(K, —2)"" = @pez(—kw’—A—2)"", z€C\R.

Our assumptions on the solution ¢ guarantees that each mode Wy(z) of W is compact relative

to —A as an operator of multiplication on L?(RY). As a result, W is compact relative to K,
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when restricted to finitely many of the subspaces E;. Introducing the spectral projections

E|(K,) associated to the operator K,, we write

Eyf(K)p, 1E(K) = Ej(K)n,_1E;(K,)
+ (EI(K) - EI(KO))Hmo—lEI(K)
+ Er(Ko) T, 1 (Er(K) — Er(Ko)). (2.14)

The first term on the right hand side is zero by conservation of energy. That is,
P.E;(K,) =0 for k <m,. (2.15)
This relation can be seen as follows. On Ran P, = Ei,, K, = —k?w? — A so that
P.E(K,) = E;(—Kw®—A).

Since sup (I) < —k?w?, spec(—k*w? — A) = [-k?w?, o) is disjoint from I. Hence,
Er(—k*w?—A)=0.

To treat the other two terms on the right hand side of (2.14) it is enough to consider the
resolvents R(z) = (K — 2)~! and R,(z) = (K, — z)~! in place of the projections E7(K) and
E;(K,). For the second term on the right, say, and using the second resolvent equation, we

have, for any m; € N,

R(2)W Ro(2)ly,—1 Er(K) = R(2)MLn,W Ro(2) -1 E1(K) + R(2) I, W Ry (2) L, -1 E1(K).
(2.16)
By the relative compactness of W, WR,(z) is a compact operator on each Ej, and so
L, WR,(2)IL,,,—1 is a compact operator for each m; € N since it acts on finitely many
Eg. Thus the first term on the right hand side of equation (2.16) is compact. By taking
m; sufficiently large we can make the second term arbitrarily small in norm. This can
be seen heuristically by noting that if W is time independent and if m; > m, — 1 then,
because W will commute with the projections Pj, while R,(z) commutes with the P, anyways,

l:I,m1 WR,(2)Il,,,—1 = 0. The time dependence of W couples the space and time variables
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and can bridge the gap between II,,, and II,,,_;, but we can estimate this by writing

M, WRo(2)py—1 = 07 0L, WR,(2) [, 1
= atfll:[Tnl (8tW)RO(z)HmO—1 + 3;1ﬁm1WRo(z)3tha_1.

If 0, is bounded relative to K,, as will be the case when, in particular, 9;W is a bounded

function, then (9,/W)R,(z) is a bounded operator. Combining this with the estimates
107 T, | < 1/, and |01 Tmy—1| < mo — 1,

we see that ||II,,, W R,(2)II,,,_1 || can be made arbitrarily small by taking m, sufficiently large.
Therefore, referring to (2.16), R(2)W Ro(2)TTm,-1 E1(K), and hence (E;(K)—Er(K,))ln,-1 Er(K)

is compact.

Going back to (2.13), we use the fact that ¢ is an eigenfunction of K corresponding to
the eigenvalue A\ to show that 1, is essentially localized in I with respect to the spectral

decomposition of K, i.e., that ||E7(K )| is small. More precisely, we will estimate

BBl el < d™ 0n(1)[ 0072y, vy + 1¥rlFcss o vy

+d7 1000 + DYallZa(se @y (2.17)
where d = dist (01, \). This follows from the formula, derived using the functional calculus,

1B (K)yall < d7HI(K — Nl

and the estimate

10 = Nall < 0n(V)l1$ 12y ey + 65+ 1)l[all sy, m iy

which follows from (2.4), (2.8) and the triangle inequality.
We want to emphasize that here we are localizing simultaneously in two non-commuting

operators; in K and in ¢09;. That is, we are using the spectral projections associated with
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Figure 2: Phase space decomposition of (—02),,.

K and i0;, Er(K) and Py respectively, to decompose phase space (= L?(S}, H!(RY))) into
regions where —9? has certain properties. In particular, on RanIl,,,_1, —0? > m2w? ie.,
is strictly positive, while on RanIl,,, 1, —0? < (m, — 1)?w?, i.e., is bounded. We further
decompose RanIl,,, ; according to the subspaces Ran Er(K) and Ran E;(K) where IT,,, 1
acts either as a compact operator (Er(K)Il,,,_1E;(K)), or else is proportional to E;(K)
(Ej(K),,,_1E;(K), etc.); see Figure 2. Either of these latter cases lead to expectation
values, evaluated at 1, that can be made arbitrarily small by varying the parameters R
and § associated to ¥y. This illustrates another important aspect of our analysis: using

compactness in this way allows us to do away with any smallness assumption on the solution

Q.

Combining (2.11), (2.13) and (2.17), we have that

(=07)yn = mi?||* - d_lon(l)[||¢||2L2(55,H1(RN)) + ||¢R||%2(S},,H1(RN))}

— or(DllYal® — d7'6(6 + 1)[[YallZ(sy,m @y (2.18)
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and so

(K, Ay > bllvallZoe meny) — (@71 + 1)0R(1)[||¢||i2(sg,H1(RN)) + ||1/)R||i2(sg,H1(RN))]
—d'6(6 + 1)”¢RH%2(S‘},,H1(RN)) (2.19)

where b = min (A + m2w?, 1) > 0. Thus we have achieved (2.7) for R sufficiently large and
0 sufficiently small.
Since ¢ must be taken sufficiently small we cannot prove arbitrarily large exponential

bounds at once. Therefore we will iterate this procedure to obtain greater bounds.

Regularization and iterative scheme

To make these heuristics rigorous we cut-off the function h(r) = hg(r) at infinity so
that e"("y € L2(SL, H'(RY)). The cut-off depends on a parameter e: h(r) = hyp.(r), and
is such that lim. ,ohre(r) = r + const. for r > 3R. Our regularized function is then

Shre(r)y) where xg is a cut-off function with support in a neighborhood of infinity. We

Xr€
then show, following the ideas outlined in the heuristics above, that for R sufficiently large
and ¢ sufficiently small but nonzero, |[|xze®"®<y|| 12(sy,H (RN)) < ¢ < 0o uniformly in €. By

taking the limit € — 0 we conclude that "¢ € L*(SL, H'(RY)).

We discuss the regularization procedure. For R > 1 let xz(r) be a smooth function such
that xr =0 for r < R, xz = 1 for r > 2R and |X52m) |< ¢nR™™. For € > 0 and the same R
let h(r) = hge(r) be a smooth function such that

h(r) = 0, r <2R
= r—3R+1, 3BR< r <3R+1
= 241 r >203R+1),

with h defined on the intervals [2R, 3R] and [3R + 1, 2(3R + 1)] in such a way that

| RM(r) | < ¢, R™™, 2QR< r <3R
< ¢ ,(3R+LH'™ (BR+1)< r <2BR+1)
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Figure 3: The functions xx(r) and hg(r)

(see Figure 3). We remark that the constants c,,,c,, and c,, are independent of R and e.
The function h; we define as

hg(r) = ll_I)I(l) hre(r)

and is equal to 7 + const. in a neighborhood of infinity.

The method outlined above secures some exponential bound § for . To achieve a better
bound we iterate this method, incrementally approaching the optimal bound. We begin
the iteration by assuming that 1, = e*"yp € L%*(S:, H'(RY)) for some a > 0. To prove
that there exists a § > 0 such that e+, € L2(Sl, H}(RY)), we regularize the function
e 1h, as xre® ), = &, which was described above. We then show, in the same way as
for x-e’™, that for R sufficiently large and ¢ sufficiently small but nonzero, call this
d(a), that ||XR€6(a)h(r)7/)a||%2(SL1WH1(RN)) < oo uniformly in € (the € appearing in h = hg).
Therefore, after taking the limit ¢ — 0, we conclude that e%(®r+ery € [2(SE HY(RY)) and
hence our new exponential bound for ¢ has exponent a + §(c). Now we set t,, = €*1"9,
where a; = a + §(a), regularize this function as xze®*1),,, and repeat the above analysis
to determine ay = oy + §(). Finally, we show that as n — co, A+ a2 — —(m, — 1)%w?
if A < 0, or else becomes arbitrarily large if A > 0 (recall that m, > 1 is the largest integer
m such that A < —(m — 1)%w?).
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Figure 4: Spectrum of K, when w? > f(0).

The next main result after Theorem 2.2 is a sort of unique continuation theorem at
infinity (Theorem 5.1). It states that if eigenfunctions of K are exponentially bounded with
arbitrarily large exponent, then the function is zero. This is used in the proof of Theorem
1.1. However, with Theorem 1.1 we work with the time dependent part of ¢: ¢ — Pojp =@
(recall that (P(,(p) (z) = (2m/w) ™! [s1 @(x,t) dt). We first show that ¢ is an eigenfunction of
an operator K which is constructed in a similar way as was K after first projecting NLW onto
E: K@= —kp, where k = f'(0). From this we prove, along analogous lines as outlined in
the heuristics above, that e*"¢ € L2(SL, H*(RY)) for all . We are able to show this because
by using K instead of K we have removed the only threshold above —x; the threshold 0
(that this is the only threshold above —x follows from the assumption that w? > f/(0) ),
see Figure 4. The unique continuation theorem holds also for K from which it follows that

@ = 0. Therefore ¢ = Pyp. That is, ¢ is independent of time.

The proof of Theorem 1.1 is less involved than the proof of Theorem 2.2 because we do
not require a microlocalization of (—87), (equation (2.11) and the subsequent analysis). In
Theorem 1.1, we will be dealing with the function @ = ¢ — Pyy so that (—87)s > w?||@[*.
Therefore, equation (2.10) is satisfied with m, = 1, which is sufficient for the purposes
considered in the situation of Theorem 1.1. For the proof of Theorem 1.1, then, the reader

may proceed directly to Section 5.2 for a (mostly) self-contained proof.
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3 Preliminary Results

In this section we present a series of preliminary results that will be used in the proof of
Theorem 2.2. We remind the reader that we will be denoting the operators K, and W,
simply as K and W. The symbol o0x(1) will denote a positive function that depends only
on z and vanishes as R — oco. Positive constants will be denoted generically by ¢ and will
always be independent of the parameters R, d, e and «. In this way the explicit dependence
on these parameters of the estimates will be apparent.

The aim of this section is to prove the estimates (2.7) and (2.10) - this is carried out
in Propositions 3.8 and 3.7 respectively. Recall that we are considering an eigenfunction
1 of K corresponding to the eigenvalue \: K¢ = A\iy. We assume that for some o > 0,
VYo = e™p € L2(SL, H'(RY)) and for § > 0 we define &, = xze® ", where the functions

X=r(r) and h(r) have been described in the previous section.

3.1 Spectral Localization

Here we determine the localization of the function £, with respect to the spectral decom-
position of K. Since K¢ = A\, if we set Er = Eyy), then E{)\}z/) = 0. There is no reason
to expect that &, should also be so well localized. However, it will be enough if we can
obtain an upper bound for its localization. This will follow from Lemma 3.2 below via the
calculation described presently.

From spectral theory and noting that for 3 € I, (K — () is invertible on E;, we compute
E 1 with the formula

By =EBi(K =) K~0)= [ (u=5)"(u5)dB,, (3.)

where dE,, is the spectral measure on R associated to K. This leads to the estimate

1Bl < (dist (1, B)) " (K = B)¢l. (3.2)

The exponential factor e® effectively boosts the energy (eigenvalue) of 1 from X to A + o?

(this can be seen from equation (3.10) below; see also Section 5.1) so that we expect £, to
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be localized near A + o?. Lemma 3.2 provides an estimate for ||(K — X — a?)&,||, but before

that we require the following estimate.

Lemma 3.1 Let K% = e Ke H where, for § > 0 and o >0, H(r) = dh(r) + ar with h(r)
as defined in Section 2, and let 1, and &, be as defined above. Then

1K™ = Mall < (1+ @)or(D) [l 2(sg 1y (33)

Proof:

(KH N = eH(T)XR(K_ MY+ eH(T)[Ka Xr]Y

= e"[-A, XalY
= e ((-Axr)Y — 2Vxr - V¥)
= (—Axr)Ua — 2V Xr - Vo + 2aV xR - 29,. (3.4)

Here we have used that (K — \)y = 0, that h = 0 on supp (x,), and that
eV = Vi, — ait),. (3.5)
Let ¢; and ¢y be constants (independent of R) that satisfy the inequalities

| Xp [SaR™, | Xp|<R2 (3.6)

N-1

' h
—— Xg» W€ have,

Combining this with (3.4) and noting that Vx, = X%, and Axz = X5, +

IE™ = Néall < (e2+ (N = Der/2) R [Yall + 201 RVl | + 2c1R 7 [9a] | (3.7)

from which (3.3) follows O

Lemma 3.2

(K =X —a®)&|l < .u((;aa)OR(l)[||¢a||L2(S$,H1(RN)) + ||£a||L2(S‘},,H1(RN))}
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+ 26(5 + 20| (3.8)

where 1 s an increasing function of both variables.

Proof:
Recall from the previous lemma that K = e Ke # where H(r) = 6h(r) + ar. Pulling
e through K we find
K% = K—|VH? +ivy (3.9)

where v, = }(VH -V + V- VH). From the relations

)

K-\ = K—X—|VH? +ivy

= K—-A—a? -8 |Vh|? -26aVh- & +ivyy (3.10)
and
1K = Né&all* = (KT = Néa, (K = N&a), (3.11)
we obtain
(KT =N&all? = (K = A= a®)eall® + 1(8°(R)? + 20ah — ivu)Eall?

—2Re (K — X\ — a®)&,, (82(R')? + 26ah’)E,)

+(i[K, Yal)e, - (3.12)

Here we have written |Vh|> = (h/)? and Vh - % = h'. Since we are interested in an upper
bound to ||[(K — A\ — a?)&,|| we need only estimate the nonpositive terms on the right.

Because h' < 1, independently of ¢ and R, from the Schwarz inequality we have that
[2Re (K — X — 0)&a, (8%(K)? + 20ak/)&)| < 25(5 +2a)[[(K — A — 0®)&a]| [|£all-(3.13)
Expanding the commutator in the last line of (3.12) we obtain

ilK, vu] = 0[K, 1] +ia K, 9] (3.14)
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where v, = 3(Vh-V+V-Vh)and y = }(Vr-V+V-Vr) = Y2.V+V-2). For the

7

first commutator we calculate,

Z[Ka ’Yh] = Z[_A+W7 ’Yh]
= [-A, 20 r'z-V] + [-A, B+ (N —1)R'r
+ [W, 2h'r 1z - V). (3.15)

Because

[~A, 2072 V] = 2Wr U -A, z-V]+2[-A, Krlz-V
= —4h T A+ 4K P = ') (2 - V)?
(N 4B+ (3= NI 4 W) 2V (316)

with |R(™)(r)| < ¢ R*™™, we have that

([=A, 2 'z - V])e, = QR 7'[-A, 2-V))e, + 4V -z (W1 —=h'r )z V),
+cR 7Y €17 (3.17)

The first term on the right hand side is positive while the second term is bounded above
in absolute value by cR!||V&,||2. The absolute value of the real parts of the expectation

values of the other terms in (3.15) can be bounded above by 0x(1)||¢4]|*>. Thus,

(K, e 2 —0n(L)ll€allZz(sy @) (3.18)

The second commutator, i[K, 7], satisfies the same estimate since i[K, 7] is as (3.15) with
h' =1 and A" = 0.

Combining the above estimates and dropping the positive terms, we have that

I = Neall? 2 10K =X = 0l = 266+ 200l|(K ~ X~ a)al el

—(6 + a)or(1)[|€allZ2 (st 1 vy (3.19)
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Rearranging, we write this as

LK =X = a®)éal| = 6(6 + 20) |l }2 < IET = NEall® + (6 + @)or(D)[|€allZasy, m )
2
+(8(6 + 20)I&ll) - (3.20)

Taking the square root of both sides of (3.20), using Lemma 3.1 to estimate ||(K* — \)&, ||,
and writing p(d, ) = max ((a +6)Y2 (1 + a) ), we arrive at (3.8) O

3.2 Commutator Estimates

Our goal in this section is to establish an analogous estimate to (2.7) for the commutator
i[K, A] (Proposition 3.8). For this we will require the estimates on the spectral localization
of £, obtained in the previous subsection as well as an estimate analogous to (2.10) for the
expectation value (—8})¢, (Proposition 3.7). In order to establish the latter we first show
that certain operators constructed from the projections E;(K) and Py are compact. Several

of the following lemmata are for this purpose.

The compact operators that will arise in our analysis are not necessarily small in norm,
but we take advantage of the structure of the functions &, to control these terms as the

following lemma demonstrates.

Lemma 3.3 If C is a compact operator, then

[ {C)ea | < 0n(1)]&all*. (3.21)

Here, as elsewhere in the paper, or(1) vanishes as R — oo uniformly in ¢ and §.

Proof:

Recall that &, = yze*"1),. Let F be a finite rank operator;

M
Fo=3 (0, 9 (322)
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for some ¢;, ; € L2(RN x S1). By the Schwarz inequality,

| <£a7 <pz> | = | <£a7 XR/2§0i> |

< el 1xa2ill (3.23)

where the R appearing in Xz, is the R associated to . For n > 0 choose R;, i =
1,..., M, sufficiently large such that for R > R;, X il < nll(M]|GII)~!. Then for
R > maz (Ry,...,Ruy),

M
[F&I < X[ i) | 1G]
=1

< el (3.24)

independently of ¢ and § (the ¢ and ¢ appearing in &,). Now, for an arbitrary compact
operator C' and any 7 > 0 there is a finite rank operator F; and operator B, with ||B,| <7,

such that C' = F,, + B,. By the preceding analysis,

1C&ll < l[Féall + 1By &ull

< 2n||&ll (3.25)

for R sufficiently large. Applying the Schwarz inequality to (C)e,, we obtain the desired

result O

Lemma 3.4 For any integers my > 0, my > 0 and any interval I C R,

my +1

|, E; I, || < const. (

_ 1
) and ||, Er1L,,, || < const. (ml i ) .

mo

(3.26)

Proof:

Let g € C®(R,R) be a smoothed-out characteristic function of the interval I such that
E; = g(K) as described at the end of section 1. We are denoting E;(K) simply by Ej.
Noting that 8,0;* = Id on range II,,,, we begin by writing

Hm1 Elﬁmz = Hml Elatat_lﬂ"w
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- 8t]-_-[m1 E]at_lﬂm2 —+— Hml [EI, 8t]8t_11:[m2. (327)
We use the operator calculus described in the appendix to express the commutator;

Br,0] = [ di() (K )7 [K,0) (K — )"

- /RZ dij(z) (K —2)™t W (K —2)7". (3.28)

Here z = u+iv and §(z) is an almost analytic extension of g. As described in the appendix,
dg(z) = a(z) dudv+b(z) dudv, with a(z) and b(z) compactly supported, a(z) supported away
from v = 0, and |b(z) |< const v®. This, combined with the estimate ||(K — 2)7!|| < v!
and the boundedness of 0;W imply that ||[Er, ;]| < oco. Going back to (3.27), |0, 1L, || <
miw and ||0; 'T,,|| < 1/mow imply that ||, Erl,,|| < mi/me + ||[[Er 0]||/mew <
const (m;b—j:l) The same result holds for II,,,, E;1L,,, since (IL,, Ef1l,,) = (I, Efll,,)*. O

Lemma 3.5 For any m;,ms € N and z € C\ R, I, W (K, — 2)"'1,,, is a compact

operator on L*(RN x S1).

Proof:

First note that (K, — z) ! decomposes along the eigenspaces of i0; as
(Ko — 2)7'P, = (—K°w® — A —2)7" (3.29)

and that for 1) € L2(RY x S1),

(Wephi(z) =Y Wi(z)dw(z) (3.30)
k
where
Wie(z) = (27 Jw) ! /S Wz, t)e P g,
Thus,
My W (K, — 2) Ty = 3 ™' Wig(a) (—F%® —A—2) " P (3.31)
|k]<mg
[1|<ma
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The sum in (3.31) is finite so it is enough to show that e’ Wy, (—k*w? — A —2)™" Py is
compact for each I, k. Since Wy, € L°(RY) and vanishes as |z| — oo (this is a consequence
of Lemma 2.1), Wi (—k*w? — A — 2) " is a compact operator on L%(RY) (see for example

[RS-IV]). Due to the relation

-1

e W (—k2w2 —A— z) R @ Wiy (—k*w® — A — 2)7 (3.32)

on Ej, each term on the right hand side of (3.31) is compact. Thus, I, W (K, — 2) 11, is

compact O

Lemma 3.6 Let E; = E;(K) and E$ = Ei(K,). For any interval I C R and any integer

m €N, (E; — E9)1L,, and 11,,,(E; — E$) are compact operators on L>(RY x S1).

Proof:
We prove that (Er — E¢)I1,, is compact. Since IL,(E; — E$) = ((E;r — E9)IL,,)", this will
imply that IL,,(E; — E9) is also compact.

Let my > m. Then

(E; — E)U,, = I, (Er — EDIL, + 0, (E; — E)IL,

., (Er — B9, + M, Er ILy,. (3.33)

We have used the commutativity between II,, and E? in the last line. To compute the
first term on the right hand side we use the operator calculus described in the appendix to

represent F; as

E; = /R2 dj(z) (K — )~ (3.34)

and similarly for EY (recall that F; = g(K) and E¢ = g(K,)). Next, for my > m; and using

the second resolvent equation, we have that

Ly (Br = B = T { [ d3(2) (K =)' = (1, = )" } L,
_ {/Rz dii(2) (K — 2)"' W (K, — z)_l} 1,

— [ d5(2) T, (K = 2) ' W (K, = ) T
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= / dg(Z) (K ) Hmz w ( ) ! Hm

+ / dj(z ) M, W (K, — 2) T (3.35)

By Lemma 3.5, the first integrand on the right hand side in the last line is compact for
each z € C \ R. Since this integral is the norm limit of Riemann sums, each of which is a
compact operator, the integral itself is a compact operator (which depends on m; and ms).

To estimate the second integral we write

M, (K — 2) 1, W (K, — 2)"'1,,
= Iy, (K —2)7'0, 0,0, W (K, — 2) 1,
= My, (K = 2)7'0; T, (W) (K, — 2) 'l
+ I, (K — 2) 10, ', W (K, — 2) 10,11, (3.36)

1 in the last line. Recall from Lemma 3.4

where we have commuted 9, through (K, — z)~
that dg(z) = a(z) dudv + b(z) dudv with a(z) and b(z) as described there. This, combined

with the estimates

K =27 <07, ((Ko= 2l <07 07 gl < 1/magw, and 94| < mo,
(3.37)
plus the boundedness of W and 0;W, implies that

I [}, 460) T (B = 2)7 Ty W (K, = 2) 7 M| < /s (3.38)

(here ¢ depends on m but m is fixed).
Now consider the second term on the right hand side in (3.33). Applying Lemma 3.4 we
find
M, Er || < const (1/my). (3.39)

Therefore,

(EI - E?)Hm = Cm1,m2 + Bm1 + Bmz (340)
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where Cy,, m, is compact for each my, my and || By, || < const (1/my), || Bm,|| < const (1/ms).
Since my and mqy are arbitrary, we see that (E; — E¢)II,, is the norm limit of compact op-

erators, and as such is itself compact O

Proposition 3.7 Let I C R and
m =min {m € N| —m?w? <sup (I)}. (3.41)
Then for any v € L2(RN x S?),
(—0h)y = m'W([Y[* — 3m W | Ery|| [[4]] + (C)y (3.42)

where C' s a compact operator.

Remark:

Of the terms on the right hand side in (3.42) it is the positive term m2w?||¢||> that plays
a key role in the proof of Theorem 2.2. Notice that (3.42) does not necessarily mean that
the expectation value (—9?),, is positive. The usefulness of (3.42) for us is that we will be

able to control the last two terms on the right.

Proof of Proposition 3.7:

Since ;5 1 + I 1 = 1 we have
—02 = —0Mlz 1 — 0Ty (3.43)
Using that the first term on the right hand side is positive and that

9
— thfl

AV
3
€m
=
S‘I

= mw? — mwil; 4, (3.44)

we obtain

—02 > mAw? — mAWl,, . (3.45)
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For the second term on the right we write

Hm—l = EIHm—l EI
+Er Uy 1 Er+ Efll; 1 Er

+E 5, Ef. (3.46)

The expectation values of the last three terms on the right are estimated as follows. Let

¥ € L*(RYN x S). Then

| (EMls 1 Er)y | = | (s 1 Er¢, Er¢) |
< |Ery| |Ery|
< |1E 1%l (3.47)

using the Schwarz inequality. The last two terms on the right in (3.46) satisfy this same
estimate.

The first term on the right in (3.46) we write as

Elly 1E; = Eln 1ES
+(E; — E) 1 E;

BT, (B - E3). (3.48)
The first term on the right in this equation is zero because
P.E; =0 (3.49)

for |k| < m. This was explained in Section 2, but for convenience we repeat the argument

here. On Ran P, = E,, K, = —k?w? — A so that
P.E;(K,) = Ei(—k**—A).

Since sup (I) < —k?w?, spec(—k*w? — A) = [—k?w?, o0) is disjoint from I. Hence,
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Er(—k?w? — A) =0.
Going back to (3.48), (Er — E7)Il5_; and Il;_1(Er — E7) are compact by Lemma 3.6.
Thus, EfIl; 1 Ey is compact. Equations (3.46), (3.47), and (3.48) together show that

(MW _1)y < 3P| Bl [[9]] + (C)y (3.50)
where C = E;Il; 1 E} is compact. Combining this with (3.45) yields (3.42) O

Proposition 3.8 Let I C R be any interval containing \+a® and let A= 5.(z-V +V - z).
Then

GIK, Ae. > (A + o + m2?)||&a|? + ||V
3m2w? 9 9
~(F + D], )on (V) [l o mr gy + [1all sy m )

+2 8(8 + 20) || &1} (3.51)

where d,, = dist (OI,\ + a?), p is as in Lemma 3.2, and m is as in Proposition 8.7.

Remark:

The choice of the interval I is somewhat flexible at this point. The only requirement now
is that it contain X + o?. However, by making o smaller if necessary we can assume that I
is any interval containing the eigenvalue A\. During the proof of exponential bounds, below,
we will require that I satisfy additional conditions. There it will be important that sup (I)
be less than the next threshold above A : sup (I) < —(m, — 1)?w? where m, is the integer

characterized by the relation

—m2w? < A < —(me—1)%W%

At the conclusion of the proof of Theorem 2.2 it will also become apparent that sup (I) limits
how large of an exponential bound we can prove for ¢. That is, we will be able to show that

e“™p € L?(S}, H'(RY)) for all a such that A + a®> < sup(I). But because sup (I) can be
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arbitrarily close to —(m, — 1)%w?, the condition on « is really that A +a? < —(m, —1)%w?

as stated in Theorem 2.2

Proof of Proposition 3.8:

We begin by writing

~-A=K-0}-W. (3.52)
Then,
(i[K, Ae, = (=28 —z- VW),
= (=A), + (K = A=), + (At %), + (=),
—(W+z-VW),,. (3.53)
Here we have separated out a (—A)¢, = || V&, ||* term because we will need this to compensate

for the negative term —o5(1)||VE,||* that will appear below in the estimate for (K —X—a?),,
via the use of Lemma 3.2.

The potential term in (3.53) we estimate as
[ (W +2-VW)e, | = or(Dl&] (3.54)

since | W+ x-VW |— 0 as | z |— oo uniformly in ¢ (cf. Lemma 2.1) and supp (&) is
contained outside of a ball of radius R.
Letting I C R be as in the statement of the Proposition, from Proposition 3.7 and Lemma

3.1 we have
(=0)en > m*WP||&l1? = 3MPWP || Erlall [|€all — 0r(1)lI€a P, (3.55)

where, recall, m = min {m € N | — m?w? < sup (I)}.
Applying the usual functional calculus we derive the estimate (cf. equations (3.1) and

(3.2))
1Bl = [IE(K —X—a®)" (K — A= o) &l|
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1
< (K - A - o)l (3.56)
where d, = dist (01, A + o). From the Schwarz inequality we have that

(K —Xx—a?)e| < [I(K—X—a®)lllléall- (3.57)

Thus,

K, e, > (Ao + m2A)[&l? + (Ve
m2w?
(L)1 = A - ad)all I

—on(1)[1€all*. (3.58)

From Lemma 3.2 we obtain

I(K = A= a?)ealllléall < (5, @)or(1)|lltballzz(ss,m @y + léallZ2(ss,m @y
+25(8 + 20) ||€a - (3.59)

This, combined with (3.58) gives (3.51) O

4 Proof of Theorem 2.2

Our first task here is to use the results of the previous section to show that if ¥, =
e°™p € L2(SL, HY(RY)), for some o > 0 where K1) = A1, then there exists a § > 0 such that
e, € L2(SL, HY(RY)).

4.1 Exponential Bounds

Using the relation

K% = K —|VH +ivg (4.1)
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we compute

I (K" = N6, A€)) = SGIK, Ae, — 5Gll VH I, A, + Re{yd)e,. (42)

(o7

The middle commutator on the right hand side is equal to

i([VH?, A] = i[[V(Sh(r) + ar)]?, A]
= i0*[|[Vh|?, A] + 2i6a[Vh- £, A
= —20°W'h"r — 25ahr. (4.3)

Let ¢, and ¢, be constants (independent of R and ¢) such that

| A" (r) | < G,R, 9R< r <3R
B'(r) | < 4BR+1)7Y, 3R+1< r <2BR+1)

(4.4)

(recall the definition of h) and set ¢, = max(c},c}). Noting that A'(r) < 1 for all R,e and
that A”(r) =0 for 3R <r < 3R+ ! and for r > 2(3R+ 1), we have

| W'A'r| < 3cp,
| R'r | < 3ch. (4.5)
Therefore,
(GIVHP, Ale.| < 66(5 + a)|éall” (4.6)

Recall that (7, A)e, = 6(7hA)e, +a(yA)e, withy, = 2(VA-V+ V- -Vh)andy=1(2-V+ V- 2).
Since vy = r~/2Ar=1/2,

Re(yA)e, = Re(r 2Ar 12A),

[e3

= (VAP V2, 4 Re (V2 AR 2, A

[e

— — 1 - -
= GTPAT g S0 A T A,
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= positive term + o,(1)||&. %, (4.7)

so that
Re(yA), > —cRY&I? > —cR7Y|& 250 vy

Writing 4, = VR'r~1AVR'7=1 one sees that the same estimate holds for Re {y,A)e, .

Combining these results with Proposition 3.8 we obtain

Im{(KT = Ny A&a) > S0+ 0% + )l + 5 IVE?

3miw?
~(

+ 1){#(5, a)OR(l)(||§a||i2(sg,H1(RN)) + ||1/’a||i2(55,H1(RN))) +26(0 + 2a)||§a||2}
—(6 + a)or(1)||€allT2(s1, 1 mvy)
—6ch0(0 + o) [|éall? (4.8)

where d, = dist (I, A+ o?). Now write this as

1 B 1
s A+ + Il + S [IVEal”

3miw? 9 2
—( Tt 1>{M1(5, a)or(1)[[€allz2(s, 1 wry) + 10ck6 (0 + ) [|€a |l }

3m2w?

< Im (K7 = N)éa, ALa) + ( + 1) 111(6, @)or(D)[[%allZ2(s1, i mvy)

3m2w?

< HET = Na, Ala) |+ ( + 1) (0, 0)or()|¥allTz(sy,mmry — (4.9)

«

where p1 (0, ) = u(8,a) + (6 + ). The term 10c,d(5 + a)||€x||? on the left hand side of the
inequality comes from combining the 6¢,6(6 + )||&4]|? and 26(8 + 2a)||&,||* terms on the
right hand side of (4.8) and estimating their sum from above, which preserves the inequality.

To proceed further we require the following estimate.

Lemma 4.1

(T = Ny AL} | < o1+ R )1+ 0) [l Ba(sp.m vy (4.10)

Proof:
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Recall from Lemma 3.1 that

(K" = Néa = (—AXa)¥a — 2VXr - Vi + 20V - $1a (4.11)

and that from the definition of h that h = 0 on supp (XE{")), m > 1. Hence, when restricted

to supp (x4™), €a = Xate and

, N
Ay = ~i(@ Y+ )xath
: . N
= —i(z VXr)Va — IXrT - Vo — 3§X3¢a- (4.12)
Using (4.11) and (4.12) and noting that | Axx |< cR™2, | Vxz |< cR™', |z|< 2R on

supp (Xx), and so | z- Vxr |< ¢, an application of the triangle and Schwarz inequalities then

leads to (4.10) O

Rewriting (4.9) and using (4.10) on the right hand side and using the inequality (1+a) <
u1(6, @), we obtain

1 B 1
53+ +m ) &ll® + SIIVEal
2

3m2w 2 2
—( + 1>{M1(5, a)or(1)[[€allz2(s1, 1 Rry) + 10ck6(0 + @) [|€a |l }

o

< p1 (6, a)[l + (

3m2w?

do

. 1) [N — (4.13)

For sake of clarity we write this here as

3mlw?

do

1
§<A+a2+m2w2>||5a||2—( +1) 100G +a)lleal? + ¢ < g (414)

to distinguish the negative terms containing ||£,||*> that are controlled by & alone (rather

than by R). We will come back to equation (4.14) in a moment (at equation (4.17)).

We would like to point out that equation (4.13) is rather general in that it is valid for
any function &, of the form &, = e®*),, Vo = €*™1p, § > 0,a > 0, where oy € L2(S}, H'(RY))
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is an eigenfunction of K corresponding to the eigenvalue A\. The numbers m and d, are
determined by the interval I which, as was pointed out above in the remark following the
statement of Proposition 3.8, can be any interval containing A + a? (or even just containing
A; cf. the same remark). This inequality ( equation (4.13) ) is fundamental in proving
exponential bounds. It is with this purpose in mind that we now proceed to determine more
precisely what the interval I should be. This is where the generality of (4.13) is used: we
first determine the integer m and then design I accordingly. Once this is done d, will be
determined and then it remains only to determine § and R (which up until now have been

free parameters).

Our objective now is to show that for a suitable choice of the parameters m,d and R
(which we will be denoting by m,,d(a) and R,) and interval I, there exists an a > 0

independent of € such that
left hand side of (4.13) > all€all2(s1, i1 (mYy)- (4.15)

This will then imply that

2 -1 3m’w? 2
L2(sy,HI(RYY) S @ N1(5(04),04)[1+ 7 Tl OR(l)}||wa||L2(Sj,,H1(RN))

< 0 (4.16)

||€aaR056(a)7€|

for all ¢ > 0. Note that the right hand side of this inequality is independent of €. Subse-
quently (and as will be explained in detail below), from (4.16) and the monotone convergence
theorem it follows that the function yp,e?@"ro(Mep, = lim. 0 &4 n, 5(a)c I8 in L2(SL, HY(RY))

and therefore that e+ € L2(S}, HY(RV)).

We proceed to demonstrate (4.15). First we determine what the integer m should be.
This in turn will determine the interval I via Proposition 3.7 (that is, choose I in Proposition
3.7 so that m is the desired integer). Then §(«) and finally R, will be chosen. Recall from
Proposition 3.8 that the only requirement on I up to this point has been that A +a? € I

which implies that sup (I) > A. Now we show that in order to obtain the positivity estimate
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Figure 5: Location of the interval I.

(4.15), sup (I) cannot be too large. More precisely, it must be below the next threshold
above A. This follows from Proposition 3.7, as we will presently describe.

To obtain (4.15) we require that the quantity A + m?w? appearing on the left hand side
of (4.13) be positive. Let m, to be the smallest integer m > 0 such that A +m2w? > 0. This
characterizes the location of A with respect to the thresholds £(K): In the case A < 0 we
have

—m2w? < A < —(m, — 1)%?

for some m, > 1; in the case A > 0 we have m, = 0. If m, > 1 then, referring to Proposition
3.7 with m, in place of m there (see equations (3.41) and (3.42)), we see that the interval
I must satisfy —m2w? < sup(I) < —(m, — 1)’>w?. This is why m, must be the smallest
integer such that A + m2w? > 0: otherwise sup (I) < A and I will not contain A. Unlike
sup (I), inf(I) can be freely specified. We take advantage of this fact to simplify the
quantity d, = dist (01, X + o*). We will assume that inf(I) < A — (sup(I) — \) so that
d, =sup (I) — X — a®. An interval I satisfying these conditions is illustrated in Figure 5.

In the case A > 0 we do not need to estimate the spectral localization of &, with respect
to K (and hence there is no interval I to discuss) because then A + m2w? is positive with
m = 0 and the a priori estimate (—97)¢, > 0 is enough for our purposes.

For A < 0 we have denoted the distance from \ + o to sup (I) by d, . We will denote
the distance from X to sup () by do: d, = sup (I) — X\. Then, d, = d, — a®. Now we solve

the equation

2, .2
1
(3”;"‘“ + 1) 10e,3(3 +0) = (A +mi? +a?) (4.17)
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for § : see equation (4.14). Recall that ¢, was given in (4.5). In the case A > 0 we have
m, = 0. In solving (4.17) we have determined how small § must be in order that the positive
coefficient dominates the negative coefficient of ||£,||? in (4.14). Denote by () the solution

to (4.17). That is,

—a+,/0? + o (A + m2w? + 0?)
5(a) = Vo + o ;) (4.18)

where a(a) = (% + 1). Note that 6(«) > 0. From this it follows that for § < é(a),

(A+m§w2 +a2)||£a||2. (4.19)

<3m(2,cu2

S+ 1) 10cx6(3 + o) [€all” <

co| —

Having found §(a) we next determine how large R should be. Let
b = min (A + m2w? + a?, 1). (4.20)

Referring to the left hand side of (4.13) and recalling that the functions oz(1) vanish as
R — o0, let R, be such that

(3m2w2 1

d‘; +1)p(8(a), a)or(1) < L (4.21)

for R > R,. R, is uniform in € > 0 and in § for § < §() because the functions ox(1)
are independent of ¢ and 0 and the function p; is an increasing function of § which is also
independent of ¢.

We have then from (4.19) and (4.21) that if R > R,, § < §(a) and m = m,, the left
side of (4.13) is bounded below by ibnfa”%?(s;,HI(RN)) where b > 0 is given by (4.20), and
therefore that

3m2w?

i +1) on(V)]Ialliasp ey < 00
(4.22)

||£a||%2(5‘},,H1(RN)) < 4b7' (5, o) [1 + (
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uniformly in e (cf. (4.16)). In particular,

1€ ros@yel T2(s1, 1 (rvy) < € < 00 (4.23)

for all € > 0 where c is the right hand side of (4.22) with §(«) and R, in place of § and R.
We point out again that the right hand side of (4.22) is independent of .

!

. . . ! .
Rroe NCrease pointwise to hg, and h; respectively as ¢ — 0,

Now, because hg, . and h

| amoda)e I* =] Xn, €7@ Roct)y |* increases pointwise to | xr,e™ "oty [* =] £a,nys(ae=0 %,

and | V& g, ba)e |2 = €2@"roc | §(a)hly, EXr,¥a + V(Xr,¥a) |* increases pointwise to

@ | §(a)hy EXr, VotV (Xr,Ya) *=| Va,rysa)e=0 | as € = 0, with both [[£a,z, s(a).c I
and ||V&a,r,6(a)||” uniformly bounded in € by the right hand side of (4.22). The monotone
convergence theorem implies then that ||§Q7R076(Q)75:O||%2(53} HL(RY)) 1S bounded above by the
right hand side of (4.22). From this it follows that e*™ € L%*(S., HY(RY)) where oy =

a+o0(a).

We pause here to comment on the formula (4.22). We can write it as

3miw?

o€ @ O o gy < 467 (8@, @) [1+ (T + L)or(D)] €222y, m rmy
(4.24)

where R, and §(«) are as defined above. This inequality estimates the norm of the function
elatd(@))ry) restricted to the exterior of a ball of radius R, in RN by the norm of e®"9). « is
an exponential bound for ¢ and a + §(«) is the new exponential bound for ¢. Recall that
dy = dist (01, A+ a?) = sup (I) — (X + o?) where sup (I) can be chosen arbitrarily close to,
but below, —(m, — 1)?w?. Since d, — 0 as A+ a® — sup (I), we see that the right hand side
of (4.24) / 0o as A + a? — sup (I). Therefore, it is consistent with our analysis that e*"¢

leaves L?(S}, HY(RYN)) as A + a® — —(m, — 1)*w?, although we do not prove this.

4.2 Iterative Step

For a given a > 0 the analysis of the preceding subsection defined a function §(a) > 0 which

is the incremental exponential bound for 1, = e®"1. That is, we showed that e’(®ry, €
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L*(S, H*(RYN)). We use this abstract set up to iterate this procedure. For example, at
the next iteration we start with the function ¢,,, = €*"¢) where oy = a + 6(a) and find
§(a1) > 0 such that e®@ry, € L2(SL, HY(RYN)) by considering the regularized function
€, = ey, . In the end we will arrive at the inequality (4.13) and subsequently will be
lead to the equation (4.17) with a4 in place of « in these two equations. Keep in mind that
the interval I has been fixed at the start, that is, it is the same for each iteration so that
sup (I) and m, are fixed (see the remark following Proposition 3.8 and the discussion in the

paragraphs preceding equation (4.17)). Denote by ® the function
Pa) = a+d(a) (4.25)

where §(c) is defined by (4.18). Then, ®(0) is the exponential bound we find for ¢ after the
first iteration and ®"(0) is the exponential bound we find after n iterations of the procedure

described in Section 4.1.

Lemma 4.2 Ifm, # 0 then lim,_, (@"(0))2 = d,, where d, =sup (I)— X. If m, = 0 then

limy o0 ®*(0) = 0.

Proof:
Setting a,, = ®"(0), suppose that m, # 0 and that lim, ,,, a? < d,. This implies that
a(ay,)™! is bounded away from 0 for all n (since d,, will be bounded away from zero for all

n). It follows then that

an = an—1+5(an—1)

Q1+ 4/02_1 + e (A + m2w? + o)
— \/ 1 20 h (271.71) 1 Z anfl _+_ c (4-26)

where ¢ > 0 is independent of n. Hence, a,, — oo which contradicts the assumption that
lim, ,o @2 < d,. On the other hand, lim, ,, a2 cannot exceed d, because §(ca,) — 0 as
a2 — d,. Thus, lim, . a2 = d,.

If m, = 0 then

—Qp1+ \/%21—1 + 506, (A + i)
2
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/A2 A
S —Qp_ 1+ o, + m

2

> c >0

for all n and hence ®"*(0) > nc O

If A < 0 the results of Lemma 4.2 imply that by iterating the procedure described in
Section 4.1, e“"p € L2(SL, H'(RY)) for all a such that o? < d, = sup (/) — \. Since
sup (I) can be arbitrarily close to, but below, —(m, — 1)?w? we have then that e*"1 €
L*(S!, H'(RN)) for all a such that A + a? < —(m2 — 1)%w?. If A > 0 then m, = 0 so that
®"(0) — oo. Thus in this latter case we can show that e®") € L?(S! H'(R")) for all a.

This completes the proof of Theorem 2.2 O

5 Constraints on Periods: Proof of Theorem 1.1

5.1 Absence of positive eigenvalues

We first prove a kind of unique continuation theorem at infinity for eigenfunctions of the
operator K which we will use in the proof of Theorem 1.1. We show that if an eigenfunction
has arbitrarily fast exponential decay (in the L? sense) then in fact the function is zero. A

consequence of this, when combined with Theorem 2.2, is that K has no positive eigenvalues.

Theorem 5.1 Under the definitions and hypothesis of Theorem 2.2, if K = X\ where
e*™p € L2(SL, HY(RN)) for all o, then v = 0.

Our proof follows that of [HS]. We will obtain a contradiction by assuming that 1 # 0.
We begin by fixing a such that

/sg /r<a ¥ '< /s /T>2a [ F (5.1)
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Let g(r) < r, ¢'(r) > 0 with g(r) = r for 7 > a and set ¢, = e*9()||e®93)||~!. Then
bo € L2(SE, HY(RY)) for all o and

Lo Voal = leopl2 [ [ ety p
S Jr<a Sy Jr<a
eyl 2 [ [y
St Jr<a
eeflecyl| 2 [ [ JuP
SL Jr>2a
— e—2aa||eagw||—2/l / e4aa | w |2
St Jr>2a

e—2aa||6ag,¢||—2/ / e2cx'r | ¢ |2
SL Jr>2a
e~ 2, (5.2)

IN

IN

IN

IN

We will show that the function ¢, is an approximate eigenfunction of K with eigenvalue
A+ a? . Therefore, (K)4, &~ A+ a?. On the other hand, as an approximate eigenfunction
the virial theorem implies that the expectation value (i[K, A])4, will be small. The fact that

(K)g, eventually dominates (i[K, A])s, as a becomes large will lead to a contradiction.

Lemma 5.2

(i[K, Al)y, < c10?e™ g, (5.3)

for some constant c¢; (not necessarily positive) and all a > 0.

Proof:
Set
K, = e¥Ke™ = K-a*|Vg] +iay, (5.4)
1
Vg = ;(Vg-V—i—V-Vg). (5.5)
Then

(K, Al),, = 2Im (Ko = Noa, Ada) +0” (il Vg [, A]) - 2aRe(y,4), .  (5.6)

Pa
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We have

(ill Vg I, A)), = /51 | —Crdg") | ¢al? < ce e, (5.8)
Re (v44),, = /51 - 2r g |2-V¢o > + bounded term, (5.9)

where the integral on the right in the last line is positive O

Lemma 5.3

(K)y, = A+ 0a?(1—e2) (5.10)
for all a > 0.
Proof:
(K)go = (Ka)go +0*(| Vg |2>¢a — (i) ga- (5.11)
We have
(Ka)po = A (5.12)
2 > 2 > _ —2aa .
199 Pl 2 [ [ 16al? 2 (1), (5.13)
a(iVg)e, = Im(Ka)g, = 0 O (5.14)

Proof of Theorem 5.1:

Subtracting (5.10) from (5.3) we obtain

(K, A)gy — (K)go = (=07 —A—z-VW =W),,

< o (cle_Zaa —(1- 6_2““)) — A+ ac. (5.15)

As a — oo the right hand side of the inequality tends to —oo but the left side is bounded
from below (—d2 — A is a positive operator while z- VW +W is bounded). This contradiction
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completes the proof of Theorem 5.1 O

During the proof of Theorem 1.1 we will require a slightly modified version of Theorem
5.1, the difference being with the potential W. We will require a unique continuation theorem
for operators K of the form K = K,+11,,V1I,, where V is a real-valued function such that V
and z-VV are bounded and vanish as |z| — oo uniformly in ¢, just like the potentials W, and
for eigenfunctions of the form 1 = II,,1. That is, if K1 = M\ and e*"¢p € L%(SL, HY(RY)) for
all o, then 1) = 0. That this is true follows from the fact that the projections II,, commute
with functions of x and with derivatives with respect to . Therefore, the estimates of

Lemmas 5.2 and 5.3 hold for K and ¢,, where ¢, is defined in an analogous way as was ¢,.

5.2 Proof of Theorem 1.1

Preparatory discussion

The spectrum of K depends on the frequency w. In particular, the thresholds £(K) =

2. m € 7} depend on w. Therefore the positioning of the eigenvalue —x = — f'(0)

{—m2w
with respect to the thresholds will change as w changes. As w increases, fewer and fewer
thresholds will lie above the point —x. For w? > f’(0) the only threshold above —k is zero
(see Figure 4). It is the presence of the zero threshold (the existence of a zero mode of ()
that prevents us from proving the exponential bound for ¢ is arbitrarily large and hence, by
Theorem 5.1, that ¢ = 0. To prove Theorem 1.1, then, we first remove the this threshold in
the following way.

Each threshold corresponds to a point of the spectrum of 2. By projecting-out spectral
subspaces Ej we can remove points from the spectrum of 8. Consequently, we can remove
thresholds from K. (However, then we will be considering K restricted to the compliment
of these subspaces.) Thus, in the case when w? > f/(0), by projecting-out the subspace Eg
we can remove the one and only threshold above —k. In removing the zero threshold we
also remove the zero modes from the set of periodic functions we are considering so that

now any conclusions drawn from the analysis will only be about the time-dependent part of

a function (the modes other than the zero mode).
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Proof of Theorem 1.1:

Let ¢g = Py and ¢ = ¢ — ¢g. We will show that if w? > f/(0) then ¢ = 0. This implies

then that ¢ = (g, i.e., ¢ is independent of time.

Project 82¢ — Ap + f(¢) = 0 onto Ep:

From the identity

0=Py(37¢ — Ap+ f(¢)) = Koo+ Pof (). (5.16)

flu+v) = f(u)+ f(v) +uv /01 /01 1" (au + bv) dadb, (5.17)

we see that we can write

f(p) = flpo + @) = fleo) + f(?) + wo@ g(0, P) (5.18)

where g(u,v) = J [3 f"(au + bv) dadb. Since Pyf(p) = 0 we have that

Pof(9) = Pof (00 + @) = Po(f(o + &) — £(90))- (5.19)

We remark here that the property Py f(y) = 0 means that the branch [0, 0o) of the spectrum

of K is uncoupled (through f) to the other branches (we will discuss this again below).
Combining (5.18) and (5.19) we obtain

where

Pof(p) = Po(f(

) + 2@ g0, 9))

S

- Po(fgf) + o 9(¢o, @))Po@ (note that Pyg = @)
= (U+k)o, (5.20)
U=hVeh, V= % — K+ pog(po,P), k= [(0) (5.21)
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Thus,
Kp = —kp with K = K,+U. (5.22)

Because U is bounded and symmetric, K is self-adjoint.

Our task now is to show that e®"¢ € L*(SL, H'(RY)) for all a. As in Theorem 2.2, set
€0 = Xr€Ma, Vo = €@, where § > 0 and a > 0. Let h(r) be as described in Section 2,
and H(r) = 0h(r) + ar. Then,

Ko = HORe HI) — HOp o~HI) 4 1y
= K—|VH?+ivg (5.23)

where 74, = L(VH -V + V - VH) as before. Since Py@ = 0 we have the a priori estimate

7

(=H)e. = Wll&all. (5.24)

@

The estimate (5.24) is all we require to prove exponential bounds for @. Contrast this to
the more general situation encountered in Theorem 2.2 where a microlocalization of (—92),

was required.

Proceeding now as in the proof of Theorem 2.2, we have
= = = 1, = L.
Im (K" + k)&, Ala) = (K, Allg, — 5(ill VH [°, Alg, + Re(yad)e,  (5:25)
(cf. equation (4.2)). We compute:

<Z[R', ADEa = (—A)ga + (R + K — Ozz)ga +(—k + a2)£—a + <—3t2>§‘

o

—(Vo+z-VVse,, (5.26)

(cf. Proposition 3.8). To obtain the expectation value (V; + z - VVj)g, from (U +x - VU)g,
we have used the fact that Py, commutes with functions of z and derivatives with respect to
z, this implies that

iU, A] = iRV, AlPy = Py(z-VV3)P, (5.27)
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and that Py, = &,. From this we see that
(@[U, Al)g, = (Py(z - VV@)P(J)gn = (z-VVj)e, (5.28)

and
e, = (Vale.- (5.29)
Using again the commutativity of Py with functions of = we have
(KT +r)ea = "xa(K +r)p + TIK, xalp

= €7[-A, Xa]@
= (—Axa)¥a — 2VXr - Vo + 20V X5 - 3. (5.30)

Because of this the estimates of Lemmas 3.2 and 4.1 remain valid;

(K + 5 —a®eall < p(0, @)0n(1) [[$allzacsy,m @y + 1€allacsy.om @]
+ 25(8 + 2a)||&)° (5.31)

(R + ), A& < el R+ 0) [Falagsy m ) (5.32)

Here p(0, «) is as in Lemma 3.2. From the first inequality we estimate the expectation value

(K + K —a®)g,;

[({(K+r—ae | < [(K+k-a)alllll

IA

(8, @)0r(V)[1€all 25, Ry + 1Pacll a5, vy
+ 26(6 + 20)||& ]2 (5.33)

The potential V;; vanishes as |z |— oo uniformly in ¢. We also require that = - VV; vanish

in the same manner. That this is true for % — K follows from the same arguments presented

in Lemma 2.1 for W,,. For the other terms in V3, ¢,9(¢,, ¢), we note that since
VQ(SDO, @) = VSDO gu(@Ov @) + V@Qv(‘ﬁo, @)a (534)
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where g, and g, denote partial derivatives, and = - Vg and x - V¢ vanish uniformly in ¢ as
| x |— o0, it is enough that g, and g, be bounded in a neighborhood of (0,0). But this is

clear from the formulae

1 1
- 3)

9u(u,v) /O/Oaf (au + bv) dadb, (5.35)

1 01
g(u,v) = //bf(3)(au+bv)dadb. (5.36)

0 Jo

Therefore,

(Vo+2-VVle| < on(D)]&l™ (5.37)

Combining this with (5.24), (5.26), and (5.33) we obtain

(K, Ag, > (—r+a” +0?)|Ell” + [ VEa*

—u(d, )og(1) [||ga||%2(s;,H1(RN)) + ”’QZC!“%Z(S‘},,Hl(RN))]
—25(8 + 2a)||€a I (5.38)

Using this in (5.25) along with the estimates

‘%{z’HVHP,A])EQ = ‘%Z(z'HVhF, Ag, + 0alilVh-, Al,

< 3c0(0 + )|l (5.39)

(cf. (4.3) and following) and
Re(ynA)e, = 6 Re(mA)e, + aRe(yA)g, > —(6+a)or(l)ll€llzz(sy,mmv) (5-40)
(cf. (4.7) and following), we obtain

Im{(K + ) AB) 2 o (~n+ 0 + @Gl + S IVEIP

N | —

—11(8,0)0n(1) [|&all32 (s a1 Ry + I1BallFass mrry)]
—(8 + @)or(L)|€allZ2(sy i Ry
—6cr0(6 + a)||Ea (5.41)
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This is analogous to equation (4.8) obtained in the proof of Theorem 2.2. Proceeding as

there and using (5.32) we have,

1 _ 1, -

5(—"0 +a” +w?)||&l? + §||V§a||2
— 1116, @)or(1) [ €all Z2 (51,11 (YY)
—10¢h6(6 + a) ||l

< (6, @) (1 + 0n(1) [PallF2(sp,m reey (5.42)
(cf. (4.13)). Since w? > f'(0) = K, —K + w? > 0. Thus, we solve
1
10c46(0 + ) = g(—ﬁz +w? +a?) (5.43)

for ¢ (cf. (4.17) and the discussion there), the solution of which we denote by §(a). Arguing
as in Lemma 4.2 with m, = 0, we have that ®”(0) — oo where ® isthe map ® : a — a+d(a).
By applying the same iteration argument described at the end of Section 4.2 we can show
that e*p € L*(S:, H'(RY)) for all a. The unique continuation theorem for K (see the
paragraph at the end of section 5.1) then implies that ¢ = 0. This completes the proof of
Theorem 1.1 [O.

Discussion:

One may attempt a similar analysis on IL,,, 1 for m > 1. That is, perhaps one can prove
that if m?w? > f/(0) then II,, 1 = 0. However, this would require a very special, and hence
nongeneric, relationship between the solution and nonlinearity. For, applying the method
used above in the proof of Theorem 1.1, we first project NLW onto Ran II,,_; to derive an

equation for II,, ;. Let us define

Pem = Hmfl ) P>m = 1:[mfl
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and set Il = II,,_;. Then,

0=T1(¢ — Ap+ f(9) = Koo + TTf(p). (5.44)

We would like to form a potential from the term I1f(). Writing

f(@) = f(pam + O5m) = [(Pam) + F(05m) + PcmPom I(Pcm, Psm), (5.45)
we have
() = T(f(Pam+Pn) = F(Pen)) + T (9cr)
= ﬁVS‘_’ﬁ + ﬁf(<10<m)
= Upsm + 1 f(pcn) (5.46)
where here
Vo= feom) _ K+ Oem §(Pam> Psm)s &= f(0). (5.47)

>m
But now the term IIf(y.,,) may be nonzero because, although ¢_,, has no modes > m,
f(¥<m) may contain nonzero modes > m. That is, f may generate those modes from the
lower modes of . For IIf(¢.,.) to vanish requires a special relationship among the modes
of ¢, a relationship determined by the structure of f. In the case m = 1 no such special
relationship is needed: Pyf(Pyy) is always zero because f cannot generate time dependent
modes from a time independent function. In terms of the spectrum of K, f couples the
2,2

branches [—-m?w? 00), m > 0 to one another while the zero branch remains uncoupled.

Going back to (5.44) and using (5.46), we see that the equation satisfied by ¢.,, is in fact

Kopsm +Ups, = —If(pem) (5.48)

We can think of —TIf(.,.) as a forcing term: the system is not closed. The case considered
in Theorem 1.1 (m = 1) is then special in that projecting NLW onto Ej results in a closed
dynamical system (P f(po) = 0).

It is worth remarking that in the special case when Prp = 0 for all |k| < m then,
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because f(0) =0, IIf(¢...) =0 and we do have a closed system. In this case the branches
[—k%w?, 00), |k| < m, of the spectrum of K are decoupled from the higher branches so that

it is possible to project them out.

5.3 A nonexistence result

The proof of Theorem 5.1 relied only on the fact that e®™yp € L2(S}, H'(RY)) for all o > 0.
By considering the eigenvalue A = —f’(0) and corresponding eigenfunction ¢ where ¢ is a

27 /w -periodic solution of NLW, that theorem implies the following.

Theorem 5.5 Let ¢ be a 27 /w-periodic solution of NLW on D,,. If e*"p € L?(S., H'(RY))

for all a, then ¢ = 0.

For example, periodic solutions from D, cannot decay like e for any o > 0, nor can

they have compact spatial support.
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6 Appendix : Operator calculus

We outline here a convenient operator calculus first introduced in [Hel,Sjd] (see also [D]) for

functions g(H) of self-adjoint operators based on the representation

g(H) = = [ (27" 0:4(z) dudv (A1)

o Jr

where z = u + iv and 0; = 0, + i0,. Here g is a complex-valued function in C3°(R) and §
an almost analytic extension of g into the complex plane. By almost analytic we mean that

g satisfies the Cauchy-Riemann equations on R:
0:9(z) =0 for z €R.
We abbreviate (A1) by writing

g(H) = [ dg() (H—2) " dj(=) = 5-0:4(2) dudv. (42)

For example, we can construct an almost analytic extension of g by the formula

i(2) = (9(w) +ivg (u)) x(2) (43)

where x € C°(C) with xy = 1 on some complex neighborhood of supp (g).

Lemma Al If g € CP(R) and § is an almost analytic extension of g as given above,

then g(H) is given by (A1).

Proof:
0:g has compact support and vanishes on the real axis, so that | 0;G(z) |< const |v |.
Also, || (H —2)™"|| < |v|™" so that the integral (A1) exists as the norm limit of Riemann

sums. It is enough now to show that

g:(t) = /Mx dj(z) (t —2)"!, teRr (A4)



converges pointwise to g(t) as ¢ — 0. First note that, since 9;(t — z) 1 = 0 for z ¢ R,

9:9(2)(z —t) ' =0, (g(z)(z - t)fl). Integrating by parts in u and v,

(t) — ;ﬂ [ aturiv)uriv—t 57 du (45)

Expanding §(u + 1) = g(u) % ieg'(u) + O(e?) we find,

Glu+tiv)(utiv—t) ' [Pz = ig(u)( € _ lg'(u) e(u—1)

w—tite o Wi T 06 (40

The last two terms are bounded and vanish pointwise for u # t as € — 0. Therefore,

9

(u—1)? + €2 du = g(t) O (47)

. 1
lim g.(t) = lim — /Rg(u)

e—0 1T

Commutator Estimates

Suppose H and A are unbounded self-adjoint operators on a Hilbert space H. If [H, A]
is H-bounded, then for ¢ € H,

IH, AJ(H —2) "9l < allHH—2)" gl +8ll (B —2)""%ll, ab>0,
allp + 2 (H —2)" 9 + bl (H — 2)7" 4|

allpll + (|2 [ +0) || (H = 2)7 9|

allgll + (12 | +b) [v 7" [l

c(l+]z ) [v ¥l

INIAN

IN

That is,
I(H, AJ(H —2) " < const(1+ ]z ) [v] 7. (48)

In particular, this holds when [H, A]is bounded. Thus, if g € C°(R) then the representation
lg(H), A= [ dg(=) (H = 2)7" [H, A|(H - )" (49)

requires an almost analytic extension § that satisfies | 9:g(z) | < constv?. To this end let
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X € C®(R) with x = 1 on some open interval containing 0.

extension of g by the formula

where (u) = (1 + u?)'/2. Then,

) e

<u> k=0

5:3(2) =<w4xwmw>0—
= a(z) + b(2).

We see that both a(z) and b(z) are compactly supported, a(z) away from v =

(/) Y- g

We define an almost analytic

(A10)

(iv)?
2

+ x(v/(u))g® (u)

0 (since

X (t) = 0 in a neighborhood of 0). Furthermore, a(z) is bounded and | b(z) |< constv?.

Thus, |8;9(2) |< const v
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