Asymptotical Stability of Solitary Waves

An incomplete set of notes by R. Pyke!, November, 2002

Introduction

We consider the nonlinear Schrédinger equation (NLS);
i0u + Au+ f(|ul*)u =0 (1)

where v : R" X R" — C, f: R — R (for example, f(z) = azP1).

A soliton is a solution of the form

Q/Jw(l', t) = ethSOW(x)v (2)

where ¢, solves

Ap + f(lel)p = we. (3)
A solution of (3) exists for all w > 0, decays exponentially as | z |— oo, and
we can choose ¢, to be real-valued. The ground state is the unique positive,
radially symmetric solution. (See [S] pp59, [SS] pp77, [SW1] pp 123, [W1]]
pp472, [W2] pp54 and the references therein).

There are numerous equations that posses soliton solutions. In addition
to the NLS, there is the Korteweg-deVries equation which describes (among
other phenomena) water waves in a shallow channel; dyu + ud,u + 93u = 0,
and the sine-Gordon equation; 9?u — §?u + sin(u) = 0 which arises in solid-
state physics, for example. There are special nonlinear equations which are
called integrable and for which are completely solvable by the Inverse Scat-
tering Method (IST). For a general discussion about solitons for nonlinear
wave equations and the IST), see for example the books [DEGM, DJ, N, Rem,
Wh]. For specific discussion about the IST see for example, [FT, NMPZ].

Symmetries of NLS

Let ®(v) = 0 + A + f(]10]?), and for v = (v,v, D,) € R x R" x R"
and any function ¢(z,t) : R" x R — C, let

(T,) (2, t) = ' @Va= 3Dy (z — vt — D, t). (4)
Then T, is a 2n + 1 parameter group of symmetries of NLS:
boT, = T,09. (5)

In particular, if ¥(z,t) is a solution of NLS, then so is (T,¢)(z,t).
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Thus, the parameters 0 = (w,7,v,D,) € {R x R x R" x R"} describe a
a family of soliton states (travelling waves) v, of NLS;

wg — wa — %(%t) = ei(wt—k%v.m—iy%—&-v)gpw(x — vt — Do)~ (6)

Bound states and Scattering States:

The most natural, and simplest, space-time classification for solutions of
dispersive wave equations are bound states (particles) and scattering states
(radiation);

e Bound states in space-time: essentially localized in space, uniformly
in time; [|ye(t)|| < eV t. (Here,  is the characteristic function of the
complement of some ball in R™ and || - || denotes some spatial norm.)

e Scattering states in space-time: locally decaying in time (i.e., dis-
persive); |[xe(t)|| — 0 as t — oo. (x is the characteristic function of
some ball in R" .)

For linear wave equations there is a complete classification of behaviour
of general solutions in terms of bound states and scattering states. Consider
the linear Schrodinger equation;

The following well-known theorem in scattering theory states that all solu-
tions can be described in terms of bound states and scattering states.

RAGE Theorem (Ruelle, Amrein, Georgescu, Enss)
[AG, CFKS, P, R, RSIII].

Suppose H = —A +V acting on H = L*(R™) is a locally compact oper-
ator. Let Hy and H,. be the discrete and continuous spectral subspaces of H
respectively, and ¢(t) = e~*Htp. Then,

(a) ¢ € Hy if and only if for each € > 0 there is an R. > 0 such that

sup [[Xre o ()2 < €

(b) ¢ € H. if and only if for each R > 0,

S
Jim o [ ()l dt = 0

Here, xr is the characteristic function of the ball of radius R in R™.

Remark: With a slight strengthening of the assumptions on H, part (b) can
be replaced with

Ixee®)|lrrry — 0 as t — oo Vp>2  (local decay)
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or even,

le@) e < ct™ 27|l La, };—i-g =1, 2<p<oo (see for example [JSS])

If ¢ € H,., the absolutely continuous spectral subspace of H, then it is easy
to see that ((t) converges weakly to zero in L*(R™) (via spectral theory and
the Riemann-Lebesgue Lemma; see [RSIII p.24 for instance). H,. C H, so
part (b) of the RAGE Theorem is a more general statement. (H = Hq @ H,,
but it is not always true that H = Hyq & Hae.)

H being locally compact means that yz(H +4)~! is a compact operator
where xj is the characteristic function of any bounded set B in R", i.e.,
the resolvent Rpy(z) = (H — 2z)~' is a compact operator when restricted
to bounded regions of R" (“H has only discrete spectrum on a bounded

domain”). For example, —A is locally compact, and if V' is continuous (or
it Ve L7 (R"),V > 0 and vanishing at oo, then H = —A + V is locally

loc
compact. For more information on locally compact operators and their uses,

see [P], [CFKS], and [HisS].

Part (b) of the RAGE Theorem is a direct consequence of Weiner’s (clas-
sical) Theorem on the time-mean of the Fourier transform F(t) of a finite,
continuous, Borel measure on R:

This is proved by explicit calculations (see [P] p.13 or [RSIII] p. 340). In
the present context F(t) = (¢, e"#'p), which is the Fourier transform of
the spectral measure i, of ¢; p,(B) = (¢, Eg(H)yp) for all Borel sets B
of R, and where Eg(H) is the spectral projection of H onto B (i.e., Eg(H)
is the operator associated to ypg, the characteristic function of B, via the
functional calculus: ®(H) is defined by (p, ®(H)p) = [P(H) du,(\) for
all Borel functions ®.) Conversely, if the Fourier transform of a finite Borel
measure has time mean zero as above, then it is continuous.

Note that if ¢ € Hy, then ¢ = Y c;j10; where Hy; = \j);, so ¢(t) =
S cje”ithp; . Thus, the ‘only if” part of (a) is obvious. The (nontrivial) ‘if’
part of (a) states that a space-time boundstate is almost periodic in phase
space (periodic if ¢ = 1 for some k, quasiperiodic if ¢ is a finite sum of
eigenvectors of H.)

A related result concerning bound states in space-time is,

Exponential Bounds (‘Froese-Herbst Theory’ via postive commutator es-
timates; see [CFKS] or [HunS]) Under similar hypothesis on H as above, if
Hvy = X\, then

VN Iy e [2(RM),

and so eV elyp (0, 1) = eV l(e=Hty) () € L*(R™). (These L* bounds
can be strengthened to point wise bounds, i.e., (x) < ce= VI lal )



Combining this with the RAGE Theorem we conclude that bound states
(in phase-space) are in fact exponentially localized (with exponent that can
be computed explicitly). Or, quasiperiodic solutions of the linear Schrédinger
equation are exponentially localized in space (uniformly in time). The same

result holds for periodic solutions of nonlinear wave and Schrodinger equa-
tions [PS].

The RAGE Theorem states that we can identify the spectral subspaces Hy
and H. of H by observing the space-time behavior of solutions of i0;p = Hp.
Solutions that are dispersive come from the continuous spectral subspace
while solutions that are boundstates (= almost periodic in time) come from
the discrete spectral subspace. Since H is a direct sum of these two spectral
subspaces, all solutions of the Schrodinger equation can be described by these
two types of solutions (in fact, as a sum of these two types of solutions).
Furthermore, for scattering theory (the long-time behavior of solutions), we
have that for any solution ¢(t), there exists a bound state solution ¢y (t) such
that

o(t) " py(t) s t— oo

That is, the bound states capture the long-time behavior of solutions. For
integrable nonlinear equations (such as KdV, cubic NLS, and sine-Gordon),
the same is true (at least formally); all solutions converge (locally) to a
bound state, the rest of the solution is dispersive ([FT], [NMPZ], and the
recent work [CVZ] and [DZ] which is a step in the direction of making this
rigorous).

This scenario is becoming a paradigm in the scattering theory of general
nonlinear dispersive wave equations. That is, one expects that a general
solution will converge locally to bound states as ¢ — oo while radiating
energy, the convergence being driven by dispersion. In linear theory the
bound states come from the eigenfunctions of the linear operator (as stated
above in the RAGE Theorem). For nonlinear equations there is no spectral
theory. Here the bound states are the solitary waves (including solitons).
Rigorous results corroborating this view for nonlinear equations include [Cu,
SW, BP] where it is proven that solutions of NLS initially near a soliton
converge (locally) to a soliton, while in [MM] it is proven that solutions
starting nearby solitons of modified KAV converge to a soliton.

Interesting numerical experiments with interacting (colliding) solitons
and the resulting metastable states can be found in [CP].

Ideas of Proof of RAGE (following the excellent exposition [P])

Local compactness as stated above is equivalent to the property that the
operators Pr g = xxF'(|H| < E) are compact, where F/(|H| < E) denotes the
spectral projection onto the subspace of H where |H| < E (eg., if H = —A,
F(|H| < E) ={¢ € H | support () € [-E, E]}).

Notation: Hy and H, are the discrete and continuous spectral subspaces
of H respectively. Recall that H = Hy & H..

An intermediate result is that for any self-adjoint H, M;,; = Hy and



My, = H,., where My, is the set of ¢ such that ¢(t) = e 'y remains
inside a compact subset of H for all ¢ (i.e., the orbit O(y) of ¢ has compact
closure), and M, is the set of ¢ such that e~y leaves any compact set
of H (at least in the time-mean). My, and M,, are closed subspaces of H,
and Mg L Mj,. One shows that M;, = H. by arguments using Weiner’s
Theorem (as mentioned above), and that M, = H, by first noting that any
© € Mg must be orthogonal to H;, so Mgy C Hy; the reverse inclusion
Hy C My is easy. (Details can be found in [P] Section 1.1.)

Then (a) is proven as follows (see [P] Section 1.2). We want to transfer the
results in the previous paragraph on the behavior of solutions in phase space
to behavior in space-time. For this we need the extra assumption on H of
local compactness. The (easy) ‘only if” part was addressed above. So suppose
that for any €’ there is an R such that sup, ||xz¢(f)||z2 < €. Let € > 0 be
given. Choose R and E such that sup, ||xz¢(t)]|z2 < €/6 and sup, || F(|H| >
E)e(t)||r2 < /6 (note that F(|H| < E) = 1 as E — oo, and that e " and
F(|H| < E) commute so that ||F(|H| > E)p(t)|| = |[e ' F(|H| > E)¢|).
Writing 1 — Prp = 1 — (1 — X»)(1 — F(|H| > E)) = X» + F(|H| > E) —
XzF(|H| > E), we have that sup, [[(1 — Prg)p(t)||z2 < /2. Since Pgp is
compact, S = {Prrp(t),t € R} is a compact subset of H, and so there is a
finite rank orthogonal projection Q. such that sup, [[(1 — Q:)Pree(t)|12 <
e/2 v(‘S is almost finite dimensional’), and so by writing (1 — Q.) = (1 —
Q:)Prr+ (1 —Q.)(1 — Pgp), we conclude that sup, |[(1 — Q.)p(t)||z2 < €
(for any &!), which implies that the orbit O(p) of ¢ is contained inside a
compact set . By the intermediate result, this implies that ¢ € Hy; O

A result analogous to the RAGE Theorem holds for those (very) spe-
cial integrable nonlinear wave equations (such as the cubic NLS, KdV, sine-
Gordon). One can apply - at least on a formal level - the Inverse Scattering
(IST) method to deduce that general solutions of these equations will con-
verge (locally) to bound states. The IST is a kind of ‘nonlinear Fourier
transform’. Think about the linear Schrodinger equation. Here spectral the-
ory tells us from the initial data what the evolution of the solution will be.
That is, the ‘generalized Fourier transform’ (i.e., decomposition of a general
L*(R™) function into components along the discrete and continuous spec-
tral subspaces of the linear operator H; the component along the continuous
spectral subspace being computed via the generalized eigenfunctions of H -
see [RS §XI.6] for example) measures the ‘content’ of bound states and scat-
tering states of a general L?(R") function. Furthermore, these two ‘modes’
evolve independently so for example (in the case of the IST), the future soli-
ton ‘content’ of the solution is the same as the soliton ‘content’ of the initial
data.

Schematically, the analogy can be seen as follows.



Generalized Fourier Transform for SE:

(@) —  (c(N), 1) F: L*(R") — L*(R") x C™
. pi(t) = e~ p;
SE ! ! Lin { A1) = e=iNto(\)
o(x,t) T (c(Mt), pi(t) SE=F"1o Lin oF
¢<I> = 900(1:> + Qpb(x) € He®Hag = L2<Rn)

pelt) = [Nl Ndr, () ~ @)
ou() = D oniGi(r); HG = NG, 1y = (e, G5)

o(x,t) = /e_i’\%c()\)e(:c,)\) X + Ze_i’\jtuj(’j(x)

Inverse Scattering Transform for cubic NLS:

o(r) (b(A), v5) Fnr: S(R) — S(R) x C™
v;(t) = ey,
NLS ! l Lin { b(A 1) = e*i’\th()\)
ole,t) T2 (b(A 1), 7,(1)) NLS = F5! oLino Fuy

{7;} ~ solitons (bound states)
b(A) ~ radiation

The ‘independent modes’ (¢(\), p1;) and (b(N), ;) of the linear Schrodinger
equation (SE) and of the cubic nonlinear Schrédinger equation (NLS) respec-
tively satisfy linear (Lin) equations (the IST is a change of coordinates which
linearizes the flow of NLS). As with the generalized Fourier transform for SE,
one can show that the component of the solution of NLS corresponding to the
‘radiation’ modes b(\, t) are dispersive, and as a result (also in a similar way
as for SE) a general solution to NLS will converge locally to bound states.
See [FT] and [NMPZ] for more discussion about this.




We now return to the investigation of the asymptotic behavior of solutions
of NLS. Our modest goal is not to prove that a general solution converges
to bound states, but a very particular instance where this occurs. We will
study the case when the initial data is close to a bound state, i.e., close to a
soliton. We wish to show that this solution will converge to a nearby soliton
as it evolves in time.

We begin with the weaker result of orbital stability. Let ¢, be a particular
ground state of (3). We call O(¢,,) the orbit of ¢,;

O(pn) = {e"pu(x—c)| (b,c) eRxR"} (7)

Let d(u, O(p,)) be the distance from u to O(py,);
d ,O W = inf — 1 8
(0 = int =l ®)

Then orbital stability (Lyapunov stability) of soliton states means that for
any € > 0, 36 such that

d(u(0),0(p.)) < § = d(u(t),0(p.)) < € Vt>0 9)

We recall the argument (see for example [W2] or [SS]). Write u(0) = u, =
Yo(0) + W, and define w(t) = u(t) — 1y where for each ¢ > 0, 1, is the
minimizer of infyco(p,) [|[u(t) — | g (i-e., Yo is the closest point in O(¢.,)
to the solution u(t)). Note that ¢, = ey, (x — c(t)) for some functions
b(t) and c(t).

We define the energy functional £(v));

1 1 w p
ew) = [ (GIVeF+SF(eR) + S10k),  where F' = f.
R \2 2 2
One can show that for any & > 0, if § is sufficiently small (§ given in (9)),
0 < E(u,) —E,) < €.

Now,

€ > g(uo) - 5(%)
= Eu(t)) — &), conservation of energy
= (e Pu(e +c,t)) — E(a,), scale invariance
= E(Wo+w(t)) — E(ts), u=1v+w, ©=c Pwle+c)
= &'(,)[w(t)] + ;5”(%)[@@),@@)] + 7 Taylor exp about 1,
= S, a0)] + v /1) = 0
= <L~(t),U~J<t)> + L= 8//(1/10)

v
S
&
=
=

y w(t) € Ny (L) via b(t), c(t)
= cd(u(t),0(e,)) O

To obtain the inequality in the second last line we used the hypothesis that
l|wol| 1, and hence |Jw(t)| g is sufficiently small. N,-(L) denotes the orthog-
onal complement (in H') of the generalized null space of L (see below).
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Orbital stability does not imply that the solution converges to a particular
(travelling) soliton. This stronger notion of stability is asymptotic stability.
To prove this we need the extra degree of freedom offered by varying the
parameter w. So let

M = {®p, (r—c)| (w,b,c) € R xR x R"} (10)
Then asymptotic stability of soliton states means that

d(u(0),M) <§ = d(u(t), M) - 0ast— oo (11)

and in fact that the solution u(t) converges to a travelling soliton. Note that
we don’t expect the solution to converge to a translate of the soliton it was
near initially (i.e., the parameter w will typically change).

Outline of Proof of Asymptotic Stability

Notation:

= (w, 7,0, D), o(t) = (w(t), (1), v(t), D(t))
L(x) is a solutlon of time-dependent NLS; Ay, + f(|ou|?) ¢ = wp.,
( ) z wt+ V- x—fv2t+'y)g0w (ZL’ — ot — D)
= Po(t) = ¢w(t)(y(x7t))v 850 Yo = Sow(y) and Puw = pr($)
900 = (aw‘;pw)(y)
y(z,t) =z — fyv(s)ds — D(t)

Theorem 1.5 [Cul] (Asymptotic Stability)
There exists a 6 > 0 such that if

d(u(0),M) < o

then
u(z, t) = 0 o (y(@,t) + Rly(w,1),1)]
where
O(z,t) = ZL’—*/ lv(s)|*ds + / s)ds +~(t) (12)
y(z,t) = z— / s)ds — D(t) (13)
IR lwmee < et (14)
6(t)] < et (15)

That is, the solution u(z,t) converges (in W™) to a particular soliton
state ¢, (z,t) € M. d(u(0),M) < § means Fo, = (Wo, Yo, Vo, Do) such
that,

ilvo-cc °
[u(a, 0) =GP =51, (2= Do) gam+| -+ - || gzmss +[ -+ wemia < 6, (16)



where H? is the (1 + |2|?)%/? weighted Sobolev space of order s and W™? is
the LP Sobolev space of order m. So, u(x,t) starts near the soliton 1, and
asymptotically approaches the soliton ,__.

Theorem 1.9 [Cul] (Scattering)

For any sufficiently smooth R (z) and any o = (w,v,v, D) € O = R*"*2,
there is a unique solution u(t) of NLS which has the decomposition as in
Theorem 1.5 and

lim o(t) = o and tligrn |R(t) — (e’ AT 1R ) (z — vt — D) =0

”H[%] 1
t——+o0 +

Remark: R (t) = /"2t R is the solution of i0,R = —AR + wR with
R(0) = R.. As we'll see below, the asymptotic (in time) behavior of
solutions of 10,1 = L1t is governed by the ’free’ equation 0y1) = —Ay) 4+ wih.
L. are the linearized operators about the soliton, so Theorem 1.9 states that,
for solutions that are initially close to a soliton, the asymptotic behavior
of the 'radiation’ part of the solution is governed by the ’free’ part of the
linearized equation about the (asymptotic) soliton.

Modulation Equations

Modulation means that the parameters describing a soliton state are al-
lowed to vary in time; o(t) = (w(t),v(t),v(t), D(t)). The task is to determine
the function o(t), 0(0) = 0,, so that u(x,t) — 1, converges to zero (in the
appropriate sense.

Plugging the ansatz u(z,t) = €®[p,, + R] into NLS we obtain,
io,R—iD-VR = (17)
- Uz
—AR+w(t)R — f(%ﬁi(t))R - f/(SO?T(t))SOz(t)R - f/(%%(t))%zy(t)R + TR

vexr . / - : —i i
* (2 + ’Y(f)) oty = 1(1) o) + 1D Vipouy + 4(t) R+ e O N(¢R)

where o, = (9,0.)(y) and R = R(y,t) are evaluated at y = y(z,t), and
N(s) satisfies |N(s)| < c(¢q|s|* + |s|P), p > 3, for |s| small.

Define
] el ] e
where
Ly = —A4w— f(g2) — 2021 (£2), (19)
L. = —A+w— f(g2). (20)

Hypothesis (for Theorem 1.5): If 0 € O = R*"2,
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(ND) the only eigenvalue of JH, and H,.J is 0
(NR) neither of +iw is a resonance for JH, or H,J.

So the spectrum of JH, and H,J is i(—oo, —w] U {0} U i[w, oo).

Theorem 1.3 [Cul]

Ker Ly = span {0;¢s}j=1,.n
Ker L. = span {¢,}

(Note that L, 0,6, = 0 can be seen by differentiating (3) w.r.t. z;, L ¢, =
¢, (differentiate (3) w.r.t. w), L_¢, = 0 (differentiate (3) w.r.t. 7), and so
L L., =0)

Theorem 1.4 [Cul]

span {@s, Jé,, JVGs, ybo} = Ny(HyJ)
H, > ¢ >0 on Nj(H,J)

(Here, Ny(H) denotes the generalized eigenspace of H; Ny(H) = U2 N (H7).)

Let R = Ry + iRy where Ry = RR and Ry = SR and interpret R as the
column vector (R, Ry)". Re-write (18) as

OR = JH,yR+D VR+ J%R + JA(H)R (21)

+7 (450 b0 - 606y + D+ Ty + N0

Here,

i) = 7()+;v() [vlsys + 2P0

O(z,1) = 1E—*/|v |2ds—|—/ s)ds + ~(t)

To determine equations describing the evolution of o(t) and R(t) we im-
pose the orthogonality condition R(t) € Ny (Hy)J) ¥t > 0. As can be seen
from (22), the evolution of R(t) is (primarly) governed by JH,. The orthog-
onality condition assures that R(t) lies in the continuous spectral subspace
of JH, where the evolution e’#+! is dispersive (the solution of dy1) = J A is

w(t) — 6JAt¢o-)

As can be seen from Theorem 1.4, the orthogonality condition is

(Ryp,) = 0 Yt>0
<RJ¢;> = 0 Vt>0
(R,JVy,) = 0 ¥t>0
(R,yp,) = 0 Yt>0



Let £ be any one of ¢,, Jgp;, JV,, yp,. Note that
(R,§) =0Vt=>0 = 0(R,§) =0 (R, &) + (R, 06 =0 Vi=>0.

Plugging (22) in for 9, R in these inner products, we obtain the modulation
equations;

{0,y = (Je!®N(e 7J@R) “%%,) + O(G||R[lwr~)
Weorp,) = —(’°N(e’°R), e7®¢,) + O(G||R|w1)
05 (Y0, O500) = —(e’°N(e7'®R), e 7®0;0,) + O(G|R|w1.~)
D;(y;po, ]%> = —(Je'°N(e"PR), e 7%y;00) + O(G||Rllwr~)22)

The system of modulation equations and equation (22) are solved together
(for R(t) and o(t)) to obtain the desired result, namely, that for sufficiently
small 9,

lo(t) —o, < 6 (23)
IR zmsr < 0 (24)
IR [[wme < 01+ [t)72 (25)
()] < e 1+t (26)
Ky @) ROz < 6(1+1) (27)
Idea of Proof:
Write
R = JH,R + E(t) (28)
where
E(t) = E(6p., 6R, puR, RP) (29)
The form of E(t) suggests the norms
Mi(t) = sup (14 [s])"15(5)
Mat) = sup (1+[s]) | BS)
Ms(t) = sup (L+]s])"||R(s)||
0<s<t

The modulation equations can also be estimated using these norms. Our
goal is to show these norms remain bounded for all time.

By variation of parameters (or Duhamel’s formula),
t
R(t) = ’H'R, + / eJH"(t*S)E(s) ds, (30)
0
so that

t
IROIx < le™ " Rollx + /0 le? = B (s)] x ds

IN

t
le”™ " Rollx + /0 d(t = s)|[E(s)[ly ds (31)
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where

le”Hotullx < d(t)||lully  (dispersive decay estimate for e/" )  (32)

Recall the dispersive estimates for the free Schrédinger operator;

_n,n 1 1
e+ ully < d®)llulan = e FFullie, =1 2<p <00 (33

From this follow the dispersive estimates for the free matrix Schrodinger

“A+w 0
JH, _ .
operator e’'°, H, = 0 Adw |
e Holu|| e < et 20 |Ju)| 1o (34)

However, what we require are dispersive estimates on the matrix Schrodinger
operator e/t The wave operator, W, provides this:

Theorem 2.1 [Cul]

Wiu = lim e/Hotem/Hot (35)

t—+00

The wave operator is a bounded operator from LP(R™) to LP(R") NN, (H,.J)
for all p € [1,00] along with its inverse. It satisfies the intertwining property;

AW, = W, elHet,

Thus we have,

le” o ul| e = |le” " Wivl| s [Wye” ]| 1
clle” || Lo
ct 2w ||| 1o

ct™ 20 |u| Lo (36)

IA A CIA

Using these estimates in (32) we obtain an inequality of the form,
My(t) < C(M)[(Ma(t) + Mg () + Mi(t) + Mi(t)* + My(t) + Ma(t)*] (37)

where C'(M) depends on M;(0), M2(0), M5(0) with C'(0) = 0. There are
similar inequalities for M;(t) and M3(t). Thus it follows that for sufficiently
small initial data, the M;(¢) remain bounded for all time.

Remark: Notice that the operators JH, and H,J are time-dependent through
o = o(t). To get rid of this time dependence, o(t) is fixed at some time T
o(T'), and the analysis is done with these time-independent operators. Thus,
we need to know apriori that |o(t) — o,| remains sufficiently small for all time
(so the operators J Hy4) and H,yJ do not differ significantly from JH, )
and H o(T)J )
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Resonant Case

Here we assume the existence of an eigenvalue £\ of JH, between 0 and
the edges of the continuous spectrum +iw; JH,( = A(. To insure the reso-
nant interaction between the bound state and the continuous spectrum, we
assume that 2\ > w and that the Fermi Golden Rule holds (these conditions
are described below).

Now the ansatz is

u(z,t) = e®@p,(z) + R(x,t)], with (38)
R(z,t) = a@)((x) + nlz,t) (39)
where () is the eigenvector associated to A and n(x,t) is in the continuous
spectrum for all ¢ (orthogonality condition). Actually, we should write {(x, )

since A = A(t), but we will fix the parameters at some time ¢ = 7" and thus
reduce to a time independent problem.

Theorem [Cu2] (Dim = 3). For initial data u(z,0) close enough to a
soliton state, we have that

U,(ZL‘, t) = ei@(l’,t) [Sow(t) + R(Iv t)]

where o(t) has limiting value oo,

R(z,t) = a(t)((z) + n(x,t), with (40)
la()¢(@) |z~ < c(L+8)7"2, (41)
I, O)lle < c(1+8)"22/|In(z, 0)] a. (42)

Thus, the solution u converges to a travelling soliton.
The estimates on the parameters w(t), v(t), v(t) and D(t) are as before, as
is the estimate for n(x,t). The new feature in this problem is proving decay

of the localized part a(t)((x). Thus, we want to show that a(t) decays.

Sketch of proof:

For simplicity we will consider a ‘toy’ problem (full details - and there
are lots of them! - can be found in [SW2] and [SW3]). Let’s assume the
nonlinearity has Taylor expansion f(x) = x + ---, and let’s work with the
NLS equation idyu = —Au — f(|u*|)u. Let H = —A + w — f(|¢?|) with
H{ = A\ and let P, and P, be projections onto the continuous and discrete
spectral subspaces of H respectively (note that Py(g) = (g,¢)(). Set P.np =n
(orthogonality condition) and write a(t) = A(t)e”*. Plugging the ansatz
u = e“'[p, + R] into NLS and using the fact that ¢!y, is a solution, we
obtain equations describing the evolution of n and A;

i0m = Hn— A?e 2P (%*p, + --- (applying P, to the equation) (43)
A = ie®A((np.,, ¢) + -+ (applying (e, ) to the equation)(44)
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(these obtained by looking at the terms linear in ¢,, and quadratic in R on
the right hand side of NLS). Duhamel’s formula gives,

. t .
n o= ety z/ e =) A2(5)e 2P (P, ds + -
0

. . t
e Hip, — z'e_ZHt/ eZ(H_%)SAQ(S)PcCQCPw ds + --- (45)
0

Regularizing the integrand before integrating by parts leads to,
n = e My, +ie ™ M§(H — 20) A*(H)PCPp, + - (46)

where we’ve used the formula (interpreted in the sense of distributions);

I 1 . T — T, " €
m — = lim —-— —¢lim —m———
e—0 $—x0+i€ e—0 ($_I0)2+62 e—0 (CE_ZUO)Q—FEQ
1
= P.V. ( ) — imé(x — . 47
pr— imd(x — xp) (47)

* * Note that if 2\ > w then 6(H —2X) # 0 * * . Plugging expression (47)
for 1 into the A equation (45) and using that P? = P,P* = P, and ¢, € R
gives,
A = —T|APA+ - (48)
where
I = (6(H — 20)P.C2p,, Pul2p,) > 0 (49)

If T' > 0, equation (49) implies that A(t) ~ ¢t~1/2. The condition I' > 0 is
called the resonance condition, or nonvanishing of the Fermi Golden Rule
(FGR). (See [RSIV] and [SW2] for discussion of time-dependent resonance
theory and FGR.)
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