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IV.  Mass - luminosity - lifetime relationships for stars
Consider a star of mass  M, radius  R, temp  T  in hydrostatic equilibrium; not collapsing or exploding.

A. General                                                                        (See Rolfs and Rodney)       
1. Equation of State – Normal star

EOS ~ f ( P, T, ()   ;  can use Ideal gas law for gas (ions and electrons)

Pg (r)  = (k/() ((r) T(r)   ;  where ( ~ ½ mH
Corollary:  T and P decrease from center to surface

Given:  Pg (center) =  Pg (0)  (  8 (S GM/r  ;  

for the sun, Pg(0) ~ 2.2 x 1016 dynes/cm2






Then:  T (center) = T(0)  = ~ 
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   ;  letting (0 = 2(S







 T(0)sun  ~  1.1 x 107 K

2. Pressure in a star

Ptot_=  Pg (r)  +  Prad (r) 

as before: 
Prad (r) = 1/3 (a/T4)  ;  where a = 7.565 x 10-22 J/cm3-K4











= 4 ( / c : from SB equation

For low mass stars, ( M < 10 M0),  Pg  >  Prad
But  Pg   (  Prad  when M ~  62 M0
B. Luminosity:      (L – energy emitted/sec)
The internal pressure  =  gravatational attraction

thermal energy  =  gravitational energy

kT  =  eq \f(G M mp,R)
or  T  =  eq \f(G M mp,k R)  macrobutton EditTextEqn 
  eq \f(M,R)
and luminosity;    L  =  4( R2( Ts4     ;  where  TS4  ~  
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where:

Tc    macrobutton EditTextEqn 
   central temp

(R   macrobutton EditTextEqn 
   total mass of material in column of unit area through the star

  (    macrobutton EditTextEqn 
   average density

The radiation must travel through the column and overcome its opacity which is proportional to its (density  x  distance).

Then
L  macrobutton EditTextEqn 
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  macrobutton EditTextEqn 
  eq \f(T4R4,M)
where  (  =  
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but
    T  macrobutton EditTextEqn 
  M / R

(     L  macrobutton EditTextEqn 
  M3
or luminosity increases as the third power of  M

and
L  =  LOeq \b(\f(M,MO))\s\up12(3)  ;     
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A better calc gives: 
L  macrobutton EditTextEqn 
  LOeq \b(\f(M,MO))\s\up12(4)     [see fig. 1.25 in Rolfs]

The luminosity of a star is a very strong function of its mass.
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FIGURE 1.25. The mass-luminosity relation of main-sequence stars (Lo M>%) and the H-R
diagram show that the quantities luminosity, surface temperature, and mass of a star on the main
sequence are related to one another. These relationships represent one of the basic tools for the
understanding of stellar structure and evolution.




C. Lifetime

Knowing the source of energy, one can calculate the lifetime of the star.

4  H  ((  4He + 2(+ + 2(e
(m  ~  7 X 10-3 MH  ;  Q = 26.7 MeV
   (Fraction of rest mass converted to radiation = 26.7 MeV/4x931 MeV/u=0.007)
The energy supply is in the core of the star which is  ~  10 %  of the mass of the star.








T< 107 K        TS ~ 6 x 103 K
   core          




T>107 K                               surface  
Then Enuc  ~  (7 x 10-3)(0.10) MHc2  = 7x10-4 x 26.732 MeV x 1.6x10-13 J/MeV

= 
2.995 x 10-14 J x 
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 = 1.3 x 1044(M/MO)  J

and the lifetime;
   t  ~  eq \f(Enuc,L)  =  eq \f(1.3 X 1044(M/MO) J,3.9 X 1026 J/s (M/MO)4)


where  LO  =  3.9 X 1026  J/s

or

t  ~  3.2 X 1017  (MO /M)3  s   ~  10 X 109 ( MO /M)3  yr

   ~  1 X 1010 ( LO /L)3/4  yr

The life of a star is also a very strong function of its mass.

1.
Each successive stage of reactions will occur until  Fe  is made but the stages are much shorter.

2.
The final outcome  (cold star remnant or supernova)  will depend on the star's mass.

3.
For our sun, which is  ~ 4.5 Bys old, it will live for another  ~ 5 Bys on its  H  cycle.

C.
Hertzsprung - Russel diagrams
Consider the relationship between  L  and  T  some more.

L  =  4( R2( Ts4 
where  Ts  macrobutton EditTextEqn 
   the surface temp

and 
log L  =  log(4(R2( ) + 4 log Ts

which is an equation of a straight line for given values of R

80% to 90% of the observed stars  fall on one curve, called the main sequence.

Hertzaprung-Russell (H-R) Diagram
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FIGURE 1.24. The Hertzsprung-Russell (H-R) diagram is shown schematically. Most of the star.
(including the sun) are grouped along a band called the main sequence. As one goes from the
upper left-hand corner to the lower right-hand corner along the main sequence, the temperature
mass, size, and luminosity decrease, while the mean density increases. The diagram represents :
snapshot in the history of the stars’ lives. The wide variety of stellar masses and the resulting
variety of evolutionary tracks reflect the diversity of stellar objects. Note that only a small fractior
of low-mass main-sequence stars is shown.




1.
Stars fall into groups in this diagram generally related to their age.

a.
Young stars are on the main sequence.

b.
Development of the red giants occurs when the  H  is gone and the star converts to  He  burning.  The core collapses and heats up until  He  reacts and then outer parts expand with the radiation pressure and cool.

c.
When  He  burning is finished, the smaller stars collapse to a very dense object  (white dwarfs)  which cool and 'die' if their mass is less than  ~  1.4 MO.

d.
Supergiants are probably in advanced stages of stellar evolution.

2.
Stars fall rapidily to the main sequence during their gravitational collapse.

a.
Where and when they start on the curve depends on their mass and chemical composition.

tcontraction  ~  8 X 107(M/MO)(LO/L)  yrs
   (p.468/D.D.Clayton)
where  L  is the final main sequence luminosity

b. Once the  H  nuclear burning starts, the stars are quite static over long periods of time.

3. One application of the H-R diagram is an estimate of stellar distance. If 

the class or color of a main sequence star is known, then absolute value of L can be deduced.  In comparison to the measured L, a distance can be estimated.
D.
Mass limits for forming a final cold star  -  White Dwarfs
The end comes when fusion will no longer yield energy  and the star cools through loss of radiation.

The star collapses until its internal pressure equals the gravitational pressure.

1.
Degeneracy pressure   (electrons)
Pressure due to Pauli exclusion principal which prevents two electrons from being in the same energy state.

(p(x  macrobutton EditTextEqn 
  macrobutton EditTextEqn 

the electron density, n,  is then  1 / ((x)3
and  (p  macrobutton EditTextEqn 
  macrobutton EditTextEqn 
n1/3
but pressure;  P  =  n me((v)2  g/cm s2    from  n(2K.E.) (or mom x v x n)

 =  n((p)2/me
since  (p  =  me(v

or

((p   =  macrobutton EditTextEqn 
n1/3)
P  =  ne5/3(macrobutton EditTextEqn 
2/me)

for the pressure of a degenerate gas;  it is independent of T

a better calculation gives:

P  =  
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=  1013 ((/(e)5/3   where ne =  
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(e  =  mean molecular wt. per electron;


         if completely ionized pure H (e ~ 1, if pure He (e ~ 2

The boundary line between a non-relativistic, non-degenerate and a degenerate gas is when:

the gas equation  =  the electron degeneracy equation
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where  
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  =  ne5/3
or
( / (e  =  2.4 X 10-8 T3/2  g/cm3
For the case of the sun’s core:

(/ (e  ~  102
and  T  ~  107
then  (/ (e  <  2.4 X 10-8(107)3/2  ; 













100   <  759

and the solar center is stabilized by non-degenerate pressures.

For white dwarfs:

( /(e  ~  106
and  T  ~  106
then  ( / (e  >  2.4 X 10-8(106)3/2











       106  >  24

and they are stabilized by degenerate pressures.

2.
The limit in mass for a star to be stabilized can be determined

For a star to be in hydrostatic equilibrium:   (Gravity~Pressure)
P  =  eq \f(n mpG M,R)
or
P / n  macrobutton EditTextEqn 
  M / R  macrobutton EditTextEqn 
  n2/3
since  P  macrobutton EditTextEqn 
  n5/3
but
    n  macrobutton EditTextEqn 
  M / R3
(   R  macrobutton EditTextEqn 
  1 / M1/3   ;  the more massive a star is, the smaller it must become.

But there is another condition which comes in before the star reaches the limit at  R  =  0  which is due to the relativistic effects when electron velocities approach the speed of light.

as   v   (   c  ;
E  =  1/2mv2   (   pc    since  p2c2  =  E2 ( m2c4
and then
Pe  =  n me((v)2   (   n 2 (p c


where
(p  =  macrobutton EditTextEqn 
n1/3
and   n K.E.  =  n p c

or
P  =  2 macrobutton EditTextEqn 
 c n4/3
so that
P  macrobutton EditTextEqn 
  n4/3   and not   n5/3
Then at equilibrium:

P  =  eq \f(n mpG M,R)  =  2 macrobutton EditTextEqn 
 c n4/3
or
eq \f(M,R)  =  
eq  \f(2  c n1/3,G mp)
  =  
eq  \b(\f(2  c,G mp))\b(\f(M,4/3 R3mp))\s\up14(1/3)

or
M  macrobutton EditTextEqn 
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mp  ;  a critical mass independent of R


~  (1 x 1039)1.5  mp   =  2.8  x 1030 kg   =  1.4 MO
 macrobutton EditTextEqn 
  Chandrasekhar mass
a.
Below this value the internal pressure will support the gravitational attraction.

b.
Above this value the star collapses further to a neutron star
(p + e  (  n)  or black holes.

The Chandrasekhar mass limit is very fundamental and all stars have masses within a factor of  ~ 10.

a.
Much smaller stars never heat up sufficiently to start the fusion reactions.

b. Much more massive  (> 50 MO)  develop so much radiation pressure that they blow themselves apart  -  

c. It is in the nova and supernova explosions that the heavy elements  (> Fe)  are mainly produced.

d. Novae can also occur with binary stars; one star is a white                     dwarf.
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