NONPARAMETRIC ESTIMATION OF CONDITIONAL CDF AND QUANTILE
FUNCTIONS WITH MIXED CATEGORICAL AND CONTINUOUS DATA

QI LI AND JEFF RACINE

ABSTRACT. We propose a new nonparametric conditional CDF kernel estimator that admits a mix of
discrete and categorical data along with an associated nonparametric conditional quantile estimator.
Bandwidth selection for kernel quantile regression remains an open topic of research. We employ a
conditional PDF based bandwidth selector proposed by Hall, Racine & Li (2004) that can automati-
cally remove irrelevant variables and has impressive performance in this setting. We provide theoretical
underpinnings including rates of convergence and limiting distributions. Simulations demonstrate that
this approach performs quite well relative to its peers, while two illustrative examples serve to under-
score its value in applied settings.

1. INTRODUCTION

Perhaps the most common econometric application of nonparametric techniques has been the es-
timation of a regression function (i.e., a conditional mean). However, often it is of interest to model
conditional quantiles (e.g., a median or quartile), particularly when it is felt that the conditional mean
is not representative of the impact of the covariates on the dependent variable. For example, modeling
conditional quantiles rather than conditional means is often desirable when the dependent variable
is left (or right) censored, which distorts the relationship given by the conditional mean estimator,
whereas quantiles above (or below) the censoring point are robust to the presence of censoring. Fur-
thermore, the quantile regression function in general provides a much more comprehensive picture of
the conditional distribution of a dependent variable than the conditional mean function.

The literature on quantile regression has blossomed in recent years, originating with the seminal work
of Koenker & Bassett (1978), who introduced this approach in a parametric framework. This literature
continues to evolve in a number of exciting directions as exemplified by the work of Powell (1986) and
Buchinsky & Hahn (1998), who considered regression quantiles for censored data, Chaudhuri, Doksum
& Samarov (1997), who considered nonparametric average derivative estimation, Horowitz (1998), who
considered resampling methods for such models, Yu & Jones (1998), who considered local polynomial

estimation of regression quantiles, Koenker & Xiao (2002), who proposed new tests of location and
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location-scale shifts, Koenker & Xiao (2004), who studied inference on unit root quantile regression
models, Cai (2002), and Cai & Xu (2004), who considered quantile regressions with time series data,
to name but a few. These approaches share one defining feature - least absolute deviation estimation
via the use of the so-called ‘check function’ defined in Section 3.1 below.

A natural way to model a conditional quantile function is to invert a conditional cumulative distri-
bution function (CDF) at the desired quantile. Of course, the conditional CDF is unknown and must
be estimated, and methods that are robust to functional misspecification have obvious appeal. The
nonparametric estimation of conditional CDF's has received much attention as of late; see Hall, Wolff
& Yao (1999), Cai (2002), and Hansen (2004). Each of these authors considers the case of continuous
conditioning variables only. In applied settings, however, one frequently encounters a mix of discrete
and continuous data. For example, nonparametric estimates of conditional CDF's are used to recover
the distribution of unobserved private values in auctions, and auction data frequently includes mixed
discrete and continuous conditional covariates (see Guerre, Perrigne & Vuong (2000)', Li, Perrigne &
Vuong (2000), among others); nonparametric estimates of conditional CDF's are also used to obtain
consistent estimates of nonadditive (non-separable) random functions that may involved discrete data
(Matzkin (2003)). Furthermore, quantile estimation methods are widely used in labor settings where
most of the covariates are discrete in nature (see, e.g., Buchinsky (1994)). One could, of course, adopt
a frequency approach in these settings by splitting the data into subsets; however, this approach would
suffer from finite-sample efficiency losses due to the reduction in the sub-sample size (especially when
there exist irrelevant discrete covariates).

It is well known that the selection of smoothing parameters is of crucial importance for sound non-
parametric estimation. Unfortunately, there does exist an automatic data-driven method for optimal
selection of smoothing parameters when estimating a conditional CDF or a conditional quantile func-
tion. Although there exist various plug-in methods in the pure continuous covariate case, no general
plug-in formula is available for the mixed variable case. The plug-in method, even after adaptation to
mixed data, requires choices of ‘pilot’ smoothing parameters, and it is not clear how to best make such
a selection for discrete variables. While the conventional frequency-based method may seem a natural
choice, in applications involving economic data one often encounter a large number of discrete cells,

and the frequency method may simply not be feasible in such cases. Moreover, the plug-in method

!Although Guerre et al. (2000) allow for smoothing the discrete variables (e.g., Bierens (1987)), they do not address the
issue of how to use data-driven methods for selecting the smoothing parameters associated with the discrete variables.



does not seem to be able to handle the irrelevant covariate case. Therefore, in this paper we suggest
adopting a conditional probability density function (PDF) method of bandwidth selection proposed
by Hall et al. (2004) in the context of estimating a conditional CDF or a conditional quantile function.
This approach has the advantage that it is an automatic data-driven procedure, no ‘pilot’ estimators
are required, and it has the ability to remove irrelevant covariates. Thus, the new nonparametric esti-
mator of a conditional CDF (or a conditional quantile estimator) proposed in this paper has a number
of features including (i) it admits both continuous and categorical data, (ii) the bandwidth selection
method is capable of removing irrelevant variables, (iii) we smooth the dependent variable, unlike a
number of ‘non-smoothing’ approaches towards conditional CDF estimation that have been proposed,
and (iv) we adopt a conditional PDF method of bandwidth selection proposed by Hall et al. (2004)
that overcomes one weakness common to many of the existing methods - the lack of an automatic
appropriate data-driven bandwidth selector.

The remaining part of the paper is organized as follows. In Section 2 we propose two smoothing
based conditional CDF estimators and establish their asymptotic distributions, and we also discuss how
to select the smoothing parameters in applied settings. In Section 3 we suggest obtaining conditional
quantile estimators by inverting a conditional CDF, and we study the asymptotic behavior of the
proposed conditional quantile estimators. Section 4 reports simulation results along with two empirical

applications.

2. ESTIMATING A CONDITIONAL CUMULATIVE DISTRIBUTION FUNCTION WITH MIXED DISCRETE

AND CONTINUOUS COVARIATES

2.1. Smoothing the Covariates Only. We first consider an estimator of a conditional CDF that
smooths only the explanatory variables (i.e., it does not smooth the dependent variable). We consider
the case for which x is a vector containing a mix of discrete and continuous variables. Let x = (2¢, 2¢),

d

where z¢ € RY is a g-dimensional continuous random vector, and where x¢ is an r-dimensional discrete

random vector. We shall allow for both ordered and unordered discrete datatypes (i.e., both ‘ordinal’

and ‘nominal’ discrete datatypes). Let X (2%) denote the sth component of X¢ (2), s = 1,...,7;
i=1,...,n, where n is the sample size. For an ordered variable, we use the following kernel:
1 if X4 = X4
d d ) )
WX X ds) = 0 xaxa) (1)
As LA XE A XS



Note that A, is a bandwidth having the following properties; when A\, = 0 (A, € [0,1]), I(X%, X%, 0)
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becomes an indicator function, and when \s = 1, [( X2, des, 1) = 1 becomes a uniform weight function.
For an unordered variable, we use a variation on Aitchison & Aitken’s (1976) kernel function defined
by
1, if X% =Xx4,
XX = 2 ®)
As, otherwise.

Again A\s = 0 leads to an indicator function, while A; = 1 yields a uniform weight function.

Without loss of generality we assume that the first 7; components of 2¢ are ordered variables and
the remaining components are unordered. Let I(A) denote an indicator function that assumes the
value 1 if A occurs and 0 otherwise. Combining (1) and (2), we obtain the product kernel function

given by

Ly(x4, Xd [H)‘|Xd X}-ﬁl] [ H A Xd7£Xd)] )

s=ri1+1
We shall use w(-) to denote a univariate kernel function for a continuous variable. The product
. . . . _ Xe,—X¢,
kernel function used for the continuous variables is given by Wh(Xf,X;) = [T, hy'tw (TJ>’

where X¢ (2¢) is the sth component of X¢ (z¢), and hy is the bandwidth associated with z¢.

s

We use F(y|z) to denote the conditional CDF of Y given X = z, and let p(x) denote the marginal
density of X. We shall estimate F'(y|x) by

n-1s " . .
Flyla) = " 2=t 0;5 y) K, (X, )

: (4)

~—

where fi(z) =n~t 3" | K, (X;,2) is the kernel estimator of p(z), K+ (X;, x) = Wi (X, 2¢) Ly (X, z?)
is the product kernel. Note that (4) is similar to the conditional mean function estimator considered
in Racine & Li (2004) where one replaces I(Y; < y) in (4) by Y;.

In order to describe the leading bias term associated with the discrete variables, we need to introduce

d

some notation. When x¢ is an unordered categorical variable, define an indicator function I(-,-) by

Lz 2 =1 <m§l # zf) ﬁ[ (mf = zf) . (5)
t4s

I,(z%, 2%) equals one if and only if 2¢ and z¢ differ only in the sth component and is zero otherwise.

d

For notational simplicity, when x¢ is an ordered categorical variable, we shall assume that acgl assumes



(finitely many) consecutive integer values, and I;(-,-) is defined by

IL(a?, 2%) = I(]m —zd\—1>HI(xt—z§l> (6)

ts

Note that Is(z?, 2%) equals one if and only if 2% and 2% differ by one unit only in the sth component,
and is zero otherwise. We make the following assumptions.
Condition (C1): The data {Y;, X;}", is independent and identically distributed as (Y, X). Both
wu(x) and F(y|z) have continuous second order partial derivatives with respect to z¢. For fixed values
of y and z, u(z) > 0,0 < F(ylz) < 1.
Condition (C2): w(-) is a symmetric, bounded, and compactly supported density function.
Condition (C3): Asn — o0, hy = 0fors=1,...,¢, \¢ = 0for s=1,...,7, and (nhy...hy) — .

To avoid having to deal with a random denominator in F(y|x), define M(y|lz) = [F(y|z) —
F(yl))afe). Then Flylz) — Flylz) = M(yle)/p(z). For s = 1,...,q, let Fy(ylz) = 250

ps(z) = 8g£f), and Fgs(ylr) = ygT(?x). Also define || = >~ hy and [A| = >°._; As. The next

theorem provides the asymptotic distribution of F(y|z).

THEOREM 2.1. Under conditions (C1) to (C3), we have
(i) MSE[M (y|z)] = p(@)? {320, h2Bia(yle) + Xiey AeBaa(yle)} + BV 4 o(yp,,),
where Ny, = |h|* + |)\|2 + (nh1 cohg)TL

(i) If (nhy ... hg)'2(JR|? + |A]) = O(1), then

(nhy ... hg)? | F(ylz) — F(y|z) — Zh Bis(ylz) — Z/\SB%(?J’”U) —N(0,V(y|z)) in distribution,
s=1

where V(ylx) = s1F(ylz)[1 — F(y|z)]/u(@), Bis(ylz) = (1/2)r2[2F(ylz)ps(2) + p(e) Fos (y|)]/ p(x),

Bag(ylr) = p(x) ™' Y acp Is(z%, 2 [F(y|a€, 2 (€, 2%) — F(ylz)u(@)]/w@), & = [w(v)*dv, ko =
[w(v)v?dv, and D is the support of X

The proof of Theorem 2.1 is given in Appendix A. Note that Theorem 2.1 holds true regardless of

whether Y is a continuous or a discrete variable.

2.2. Smoothing the Dependent Variable and Covariates. When the dependent variable Y is

a continuous random variable, one can use an alternative estimator that also smooths the dependent



variable y. That is, one can also estimate F'(y|z) by

n YL, G (M) Ky (Xaa)

ilz) ’ ™)

F(yla) =

where G(v) = [*__ w(u)du is the distribution function derived from the density function w(-), and hq
is the bandwidth associated with Y;.
We will show below that the optimal hg should have an order smaller than that of hs for s =1,...,¢
Therefore, we will make the following assumption.
Condition (C4): F(y|z) is twice continuously differentiable in (y,2¢), and hg = o((nh; ... hg)~/4).
Defining M (y|a) = [F(y|z) — F(y|z)](x), we then have F(y|z) — F(ylx) = M(y|x)/f(x). Letting

Fo(ylx) = 8F(y‘x) , Foo(ylx) = agi(gm we obtain the following results.

THEOREM 2.2. Under conditions (C1) to (C4) we have

(i) EIM (y|2)] = pu(x) 3200 h2Bus(yla) + () oo As Bas(ylz) + o(h3) + o(|h[* + |A]),
where Byo(y|x) = Foo(y|z), £ and other Bis’s and Bas’s are the same as defined in Theorem 2.1; the
o(|h|?> + |\|) term does not depend on hy.

(id) Var[M(ylz)] = (nhy ... he) ™' u(@)*[V (ylz) — hoCuwf(yl2)] + 0(1120) + 0(i13n),
where Cyy, = 2 [ G(v)w(v)vdv, V(y|z) is the same as defined in Theorem 2.1; mon = (nhy...hy) 7!,

which does not depend on hy, and n3, = (nh ... hq)_lho.

(iii) If (nhy ... hg)2(|h2 + |A]) = O(1), then

(nhy ... hq)1/2 Fylz) — F(ylz) — Z h2Bys(y|x) — Z AsBas(ylz) | — N(0,V(y|z)) in distribution.
s=1

The proof of Theorem 2.2 is given in Appendix A.

2.3. Selection of Smoothing Parameters. In this subsection we will mainly focus on how to choose

the smoothing parameters for F(y|x). Theorem 2.2 implies that the MSE of F(y|z) is

z) — hoQy|z
MSE[F(y|z)] E h2Bis(y|z) + E AsBas(y|z) (y’n;” Oh l )+0(774n)+0(775n)a (8)
. hy

where 04, = |h|* +| A2+ (nhy ... hy) "L, which does not depend on hg, and 75, = hg+ (nhy ... hg) " Lhe.



One may choose the bandwidths to minimize the leading term of a weighted integrated M SE[F (y|z)]

given by:

[V (ylz) — hoQ2(y|x)]
nh1 e hq

q r 2
IMSE; = / [Z h2Bus(yle) + > AeBas(yla)| + s(y, z)dydz,  (9)
s=0 s=1

where [ dzdy = Y zdeD [ dzdy and where s(-,-) is a non-negative weight function. We now analyze
the order of optimal smoothing. First, consider the simplest case for which ¢ = 1 and r = 0. From (9)
we know that in this case IMSE}, is given by

IMSE; = /MSE[F(yh:)]s(y,x)dydx
(10)

:thé =+ Alh%h% + Aghzll + Ag(nhl)_l — A4h0(nh1)_1,

where the A;’s are all constants given by Ay = [ Bo(y|z)?s(y, x)dydz, A1 = 2 [ Bo(y|z)Bi(y|z)s(y, z)dydz,
Ay = [ Bi(ylz)?s(y, x)dydz, A = V(y|z)s(y, z)dydz, and Ay = Qy|x)s(y, x)dydz. All the A;’s, ex-
cept A1, are positive, while A1 can be positive, negative, or zero.

The first order conditions required for minimization of (10) are:

IMSE; se
FFE 4 Ah3 + 2A1hoh? — Aa(nhy) ' (11)
dho
OIMSE ; se
TF = 2412k + 4453 — Ag(nh?)~L 0. (12)
1

From (11) and (12), one can easily see that hg and hy will not have the same order. Further it can
be shown that hg must have an order smaller than that of hy. Let us assume that hg = cgn™® and
hi = ein~P. Then we must have a > (3.2 From (12) we get 8 = 1/5, and substituting this into (11)
yields a = 2/5. Thus, optimal smoothing requires that hg ~ n=2/5 and hy ~n=1/%,

Similarly, for the general case for which ¢ > 1, by symmetry, all hg should have the same order,
and all A, should have the same order (with As ~ h2), say hs ~n=% for s = 1,...,q, \s ~ n=27 for
s=1,...,r,and hyg ~ n~% Then it is easy to show that § =1/(4 + q) and aw = 2/(4 + q). Thus, the
optimal hy ~ n~ /44D for s =1,...,q, As ~n 24D for s =1,...,r, and hg ~ n~2/(4+9).

The above analysis provides only the optimal rate at which the bandwidths converge to zero. Al-

though in principle one can compute plug-in bandwidths based on (9), the caveats noted earlier suggest

20ne can also try to use o = 3, which will lead to 8 = 1/5 from (12) and 8 = 1/4 from (11), a contradiction. Similarly,
assuming that a < ( also leads to a contradiction. Therefore, we must have o > S3.



that this will not be feasible in applied settings. A plug-in method would first require estimation of
the Bis(y|x)’s, Bas(y|z)’s, V(y|x), and Q(y|z), which requires one to choose some initial ‘pilot’ band-
widths, while the accurate numerical computation of (¢ + 1)-dimensional integration is challenging to
say the least. Moreover, when some of the covariates are irrelevant variables, in the sense that they
are in fact independent of the dependent variable, then some of the By4(,-) or Bas(+,-) are functions
and (9) is no longer a valid expression for the leading MSE term of F(y|z). Therefore, it is highly
desirable to be able to construct automatic data-driven bandwidth selection procedures that hopefully
can also admit the existence of irrelevant covariates. Here, by automatic we mean that the method
does not rely on pilot nonparametric estimators, i.e., it does not require one to choose some ad hoc
pilot bandwidth values to estimate unknown (density) functions.

Unfortunately, to the best of our knowledge, there does not exist an automatic data-driven method
for optimally selecting bandwidths when estimating a conditional CDF in the sense that a weighted
integrated MSE is minimized. However, there do exist well developed automatic data-driven meth-
ods for selecting bandwidths when estimating the closely related conditional PDF. In particular, Hall
et al. (2004) have considered the estimation of conditional probability density functions when the
conditioning variables are a mix of discrete and continuous datatypes. Let f(y|z) denote the con-
ditional probability density function of Y given X = z, and let g(y,x) denote the joint density of
(Y, X). We estimate f(ylz) by f(yla) = iy, @)/ii(x), where gy, @) = n=b S0y wny (Vi ) K (X @)
y). Hall et al. (2004) have shown

is a kernel estimator of g(y,z), and where wy,(Y;,y) = hg'w (Ylh;

that a weighted square difference between f(y|z) and f(y|z), i.e

waﬂ”/Mm@—f@@ﬁmwwmmm%

can be well approximated by a feasible cross-validation objective function CVy(h, \), where

CVi(h, \)

1 n
E:

G_i(Xy)s( E,X 24 ZYZ,X (Vi, X;)
— 13
2T D e ey (13)

=1

where fi;(X;) = (n—1)" Zj;ﬁz‘ Ky (Xi, X;) and fi—i(X;) = (n—1)" Zj;éi why (Yi, Yj) Ky (Xi, X;) are

leave-one-out estimators of u(X;) and g(Y;, X;) respectively, and

A~

Gi(X) = n—12§§K (X6 XK (X5, X0) [ g 05 (9. i),
e ES)



Note that C'V¢(h,A) defined in (13) does not involve numerical integration, nor does it require any
pilot estimators of nonparametric (density) functions. Therefore, one can use automatic data-driven
methods for selecting the bandwidths (h, A) by minimizing the cross-validation function CVy(h, A).
Hall et al. (2004) further show that the CV procedure can automatically remove irrelevant covariates
via over-smoothing of the irrelevant variables. More specifically, Hall et al. (2004) show that, if :L‘f is an
irrelevant variable, then the CV selected A; — 1 in probability so that [ (xfs, xd Ng) — 1 (:c?s, zd 1) =1,
and the resulting conditional PDF (or CDF) estimator will be unrelated to 29, i.e., the irrelvant
variable z¢ is removed from the conditional PDF (CDF) estimator. Similarly, if ¢ is an irrelevant
variable, the CV selected hs — oo in probability so that w(xf“T_SIS) — w(0) (a constant), the the
resulting conditional PDF (or CDF) estimator will be unrelated to ¢, and the irrelvant variable z¢ is
removed from the conditional PDF(CDF) estimator. We view this as a powerful result, as it extends
the reach of nonparametric estimation techniques to high dimensional data when there exist irrelevant
covariates, which appears to occur surprisingly often, particularly when modeling data in the social
sciences.

After removing the irrelevant covariates, and assuming that the remaining relevant continuous and

discrete covariates are of dimension ¢ and r, respectively, Hall et al. (2004) show that the leading term

of CVy(h, A) has the following form:

q T 2 _
= - V(y|x)
CVip(h,\) = / h2Bis(y,z) + Y AsBos(y,z)| + —22— | s(y,z)dzdy, 14
7.(hy\) xdzE:D [Z_; 1s(y, ) Z_; w(v.2)| 4 e | sy, o)dedy, (14)
_ 2 T _
where Bu(y,x) = (1/2)k2g00(y:2), goo(y.2) = S22 Bi(yx) = (1/2)kalges(y.z) —

pss(2)g(y, @) /()] for s = 1,...,q, Bas(y, ) = X .acp Vs galg(y, 2%, 24 () — p(ae, 24)g(y, x))/p(x)
for s = 1,...,r, and V(y|lz) = k" 'g(y,z)/u(z). Note that CVyy is unrelated to the bandwidths
associated with the irrelevant covariates, as these variables have already been automatically removed
by the cross-validation procedure.

Given the close relationship between a conditional PDF and a conditional CDF, intuitively it makes
sense to adopt the automatic data-driven selected bandwidths from conditional PDF estimation and
use them for conditional CDF estimation. Therefore, in this paper we recommend using the least
squares cross-validation (LSCV) method based on conditional PDF estimation when selecting band-
widths and using them when estimating the conditional CDF function with either F'(y|z) or F(yl|z).?

30f course, for F‘(y\a:) that does not smooth y, we would use only those bandwidths associated with x.



Letting hs and )\, denote the values of hy and A, that minimize the cross-validation function
CVy(h,A) (from conditional PDF estimation), from (14) one can show that the optimal bandwidths
are of order hy ~ n Y0+ for s = 0,1,...,q, and Ay ~ n=2/5+t9 for s = 1,....r. Note that the
exponential factor is 1/(5 + ¢) rather than 1/(4 + ¢) because the dimension of (y,z¢) in conditional
PDF estimation is ¢ + 1 rather than gq.

To obtain bandwidths that have the correct optimal rates for F(y\:c), we recommend using ho =

1 2 . 2

— — 1 1 ~ — 2
hons+a 4+ hg = hgnb+a 4+ (s =1,...,q), and As = Agn5+¢ 4+¢ (s =1,...,7). By Theorem 4.1 of

Hall et al. (2004), we know that

iLo agn—2/(4+q) + Op(n—2/(4+fI))’
hy = aOn~V/0FD) 4 Op(”_l/(4+q)) fors=1,...,q,
o= b D) 4o (n 2 D) for s =1, (15)

where the al’s are uniquely defined finite positive constants, and the 2’s are uniquely defined finite
non-negative constants. Equation (15) gives the correct optimal rates for the hg’s and Ag’s when
estimating F(y|z) via F(y|z).

The conclusions of Theorem 2.1 and Theorem 2.2 remain valid with the above data-driven (i.e.,
stochastic) bandwidths. This can be proved by using arguments similar to those found in the proof of

Theorem 4.2 of Hall et al. (2004).

3. ESTIMATING CONDITIONAL QUANTILE FUNCTIONS WITH MIXED DATA COVARIATES

A conditional ath quantile of a conditional distribution function F'(-|z) is defined by (« € (0,1))
Go(2) = infly : Flylz) > a} = F~(ala). (16)

Or equivalently, F'(¢o(z)|z) = a. Therefore, we can estimate the conditional quantile function g, (z)

by inverting the estimated conditional CDF function defined above. By inverting F (+|-) we obtain
Ga(@) = inf{y : F(yla) = a} = ' (alo). (17)
Or by inverting the indicator function based CDF estimate F(y|z), we get
Gu(@) = inf{y : F(ylz) > a} = ' (ala). (18)

10



Because F(y|z) (F(y|z)) lies between zero and one and is monotone in y, Go(z) (§u(z)) always
exists. Therefore, once one obtains F(y|z) (F(y|z)), it is trivial to compute {o(z) (Ga(x)). For

example, choosing ¢ to minimize the following objective function
{a(x) = argmin,|a — F(qlz) | (19)

That is, the value of ¢ that minimizes (19) gives us ¢o(x). We make the following assumption.
Condition (C5): The conditional PDF f(y|z) is continuous in z¢, f(g.(z)|x) > 0.

Note that f(y|z) = Fo(y|z) = C%F(ypc). Below we present the asymptotic distribution of ().

THEOREM 8.1 Define Ba(t) = Bulaa(0))/f(ga(e)}0), where Balyle) = [0 12 Bislole) +

ST A Bas(yl2)] is the leading bias term of F(y|z), y = qa(x), then under (C1) to (C5), we have
(nhy ... hg)"?[Ga(2) — qa(x) — Bna(z)] — N(0,Va(2)) in distribution,

where Vo (x) = a(l — )& /[f*(qa(2)|2)1(qa(2))] = V(ga(@)|2)/ f2(qa(@)|2) (since a = F(ga(z)|2))-

The proof of Theorem 3.1 is given in Appendix A.

Remark 3.2. We recommend that in practice one use the data-driven method discussed in Section
2 to select the smoothing parameters for estimating F(y|x) Theorem 8.1 holds true with stochastic

data-driven bandwidths ho, hs, s that satisfy (15).
Similarly, one can obtain the asymptotic distribution of ¢, (x).

THEOREM 3.3. Define By o(z) = [0 h2B1(qa(%)|2) + 301 AsBas(qa(2)|7)]/ f(ga(2)|x). Then
under (C1), (C2), (C3) and (C5), we have

(nhy ... hg)"?[Ga(x) — qu(x) — Bno(z)] — N(0,Va(2)) in distribution,
where Vo (x) is defined in Theorem 3.1.

The proof of Theorem 3.3 is similar to the proof of Theorem 3.1 and is thus omitted here.

3.1. The Check Function Approach. One can also estimate a nonparametric quantile regression
model using the so-called ‘check function’ approach. We discuss a local constant method (one can also

use a local linear method), and we choose a to minimize the following objective function

min Y~ pa(Y; — a) Kx(Xi, ), (20)
j=1

11



where p,(v) = vjaw — I(v < 0)] is called the check function. Using a check function approach to
estimate conditional quantiles when X; does not include discrete components has been considered by
Chaudhuri (1991), Yu & Jones (1998), and Honda (2000). Also, He, Ng & Portony (1998) and He &
Ng (1999) have considered nonparametric conditional quantile estimation using smoothing splines.
Let ao(x) denote the value of a that minimizes (20), then the asymptotic distribution of a(z) is
similar to that of ¢, (x) and is omitted here.
do(7) is a local constant quantile estimator because in (20) one approximates g, (z) locally via the

constant a. One can also use a local linear approximation where instead one minimizes
n
S palls —a = V(X — ) Kx(X;,2) (21)
j=1

with respect to a and b (b is of dimension ¢ x 1, the resulting estimator of a, say aq(z), is the local
linear estimator of ¢.(z)). Note that in (21), one can only have a local linear expansion for the
continuous covariate z¢. If instead one were to also add a linear term in 29, say ¢ (X}-i —z%), the above
minimization problem would not produce a consistent estimator.?

In this paper we only consider the independent data case. However, it is straightforward, though
more tedious, to generalize the results of this paper to the weakly dependent data case such as (3-
mixing and a-mixing processes. For conditional quantile estimation with only continuous conditional

covariates that allows for a-mixing data, see Cai (2002), Cai & Xu (2004), and the references therein.

4. MONTE CARLO SIMULATION AND EMPIRICAL APPLICATIONS

4.1. Monte Carlo Simulation: Mixed Data and Irrelevant Covariates. We consider a variety
of methods for estimating a conditional quantile. First we consider the proposed CDF-based quantile
method and compare it with several existing approaches, such as a local linear (LL) check function
quantile estimator (Hall et al. (1999)), and a local constant (LC) variant (Yu & Jones (1998)). We
entertain a variety of bandwidth selection methods including conditional PDF-based cross-validation
and ad hoc methods. Also, we consider a correctly specified parametric quantile model (SINQR) and
a linear approximation (LINQR). The quantile regression approaches are based upon Koenker’s (2004)
R library which utilizes the interior point (Frisch-Newton) algorithm for quantile regression, while the

CDF-based approaches are based on the N (©) C library.

4Because we allow for A\, = 0 for s = 1,...,r, in this case L(X{, 2% \) # 0 only when X = 2. However, this will cause
Xj‘-i — 2% = 0, and consequently, c'(XJ‘-i — acd) = 0, and the coefficient ¢ is not well defined.
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The DGP is given by
Yi:ﬂ1+62Xfl2—|—53X%+ﬁ4sin(Xf4)+ei, izl,...,n,

where z¢ € {0, 1,2} with probability 0.49, 0.42, and 0.09, z¢ € {0, 1,2} with probability 0.09, 0.42, and
0.49, and z§ ~ uniform[—27, 27| on an equally spaced grid. We set 3 = (01, 2, 03, 54)’ = (1,1,0,1)
so that wg is an irrelevant discrete variable. For the simulations that follow, we set n = 100. By way

of example, we consider a variety of error distributions, including

(1) Symmetric i.i.d.: ¢ ~ N(0,1).
(2) Asymmetric i.i.d.: ¢ ~ x? with 4 degrees of freedom.

(3) Heteroskedastic: ¢; ~ N(0,02) with o; = | X§,|/7 so that E[o;] ~ 1.

We report the relative efficiency generated from 1,000 Monte Carlo replications drawn from the
above DGP, i.e., a method’s median MSE divided by the median MSE of the proposed method. We
consider a variety of estimators and range of bandwidth selectors for h, (where appropriate), )\xg, )\xg,
and hge. Rather than present page after page of tables, we instead summarize representative results
for the 40th quantile (6 = 0.4) and median (6 = 0.5) in Table 1 below.® Extensive simulation results
for this and larger sample sizes are available upon request from the authors.

Results summarized in Table 1 suggest that the proposed estimator dominates its peers by a wide
margin when modeling quantiles defined over a mix of discrete and continuous covariates. The non-
parametric competitors appear in lines 8% and 117, each having a relative efficiency of roughly 2 or
higher, i.e., the mean square error of these methods is more than 100% larger than that for the pro-
posed method. The Xéf: 4 error model is extremely noisy, and the misspecified linear parametric model
appears to be marginally more efficient for this DGP, however, this vanishes rapidly and exceeds 1 for
n > 200 (note that the variance of this process is eight times that for the N(0,1) DGP). Interestingly,
the proposed approach using non-stochastic ad hoc bandwidths for y and z§ combined with LSCV

bandwidths for :cg and mg appears to be marginally more efficient for the extremely noisy Xflf:4 error

5Leg;end for Table 1: LSCV = PDF-based Least Squares Cross-Validation. LLCV = Local linear based Least Squares
Cross-Validation. LCCV = Local constant based Least Squares Cross-Validation. FREQ = Sample Splitting. AH =
Ad Hoc Normal Reference Rule-of-thumb, h = 1.060n~"/#+P+9)  EFF = Median MSE Relative to CDF with LSCV
Bandwidths. NA = Not Applicable. LINQR = linear approximation parametric quantile model. SINQR = correctly
specified parametric quantile model.

6The local linear check function estimator using an indicator function for ¥ (LLQR/LLCV/NA/FREQ/FREQ).

"The local constant check function estimator using an indicator function for ¥ (LCQR/LCCV/NA/FREQ/FREQ).
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TABLE 1. Monte Carlo MSE summary results. The estimation method appears in
column 1. Columns 2-5 indicate the bandwidth selector (h, = bandwidth for y, Axg

= bandwidth for discrete x4, Az¢ = bandwidth for discrete x4, hys = bandwidth for
continuous x§). The remaining columns present the relative efficiency of each approach

with respect to the proposed approach. Entries greater than 1 indicate a loss in effi-
ciency relative to the proposed approach

e; ~ N(0,1) € ~ XZf:zL € ~ N(0,02)
Method | hge hy Ad Az 6=04 6=05 6=04 06=05 6=04 6=05
CDF LSCV LSCV LSCV LSCV 1.00 1.00 1.00 1.00 1.00 1.00

CDF LSCV IND LSCV LSCV 1.28 1.30 1.11 1.10 1.22 1.26
CDF AH AH LSCV LSCV 1.32 1.31 0.92 0.92 1.02 0.98
CDF AH IND FREQ FREQ 1.88 1.88 2.40 2.48 1.60 1.59
CDF LCCV IND LCCV LCCV 1.11 1.12 1.20 1.17 1.10 1.07

LLQR | AH NA FREQ FREQ 1.94 1.88 3.46 3.33 1.99 1.98
LLQR | LLCV NA FREQ FREQ 2.21 2.15 3.40 3.29 2.30 2.34
LLQR | LLCV NA LLCV LLCV 1.20 1.17 1.34 1.32 1.42 1.43

LCQR | AH NA FREQ FREQ 1.80 1.79 2.59 2.73 1.52 1.57
LCQR | LCCV NA FREQ FREQ 2.02 1.99 2.41 2.35 1.92 1.93
LCQR | LCCV NA LCCV LCCV 1.13 1.13 1.17 1.16 1.10 1.09

LINQR | NA NA NA NA 1.83 1.85 0.93 0.88 1.42 1.39
SINQR | NA NA NA NA 0.20 0.20 0.34 0.41 0.16 0.05

process.® However, this likely reflects the additional variability inherent to data-driven methods for
this DGP. Not surprisingly, the correctly specified parametric model (in line 14, SINQR) performs the
best for all cases. In contrast, the misspecified parametric linear quantile model performs poorly. The
competitors to our nonparametric method remain the frequency-based nonparametric counterparts.

The superior performance of the CDF-based quantile estimator stems from the fact that it can
automatically remove irrelevant variables and does not rely upon sample splitting. Note that rows
9 and 12 are for new estimators, ones extended to handle the presence of categorical data without
resorting to sample splitting using the approach found in Li & Racine (2003), Racine & Li (2004),
and so forth. Note also that the extended local constant and local linear quantile regression estimators
have the ability to automatically remove discrete variables, though the extended local linear estimator
cannot remove continuous ones. Even so, these estimators do not appear to dominate the proposed
method in this setting, having relative efficiencies exceeding 1. This arises due to the fact that we
smooth the dependent variable.

8Results in line 4 (CDF/AH/AH/LSCV/LSCV).
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Summarizing, there are a number of novel features associated with the proposed approach embodied
in the simulations. First, we consider direct estimation of a conditional quantile based upon robust
estimates of a conditional CDF, F(y|x). Second, our approach is able to handle a mix of discrete
and continuous data without resorting to sample splitting. Third, we consider a fully data-driven
method of bandwidth selection, based upon bandwidths that are optimal for estimating a conditional
PDF, f(y|z) (Hall et al. (2004)). Fourth, our approach is able to automatically remove irrelevant
covariates. Note that bandwidth selection for nonparametric quantile estimators remains an open
topic of research. In particular, existing approaches employ methods for bandwidth selection for

regression mean estimation (see, e.g., Yu & Jones (1998)).

4.2. Empirical Application: Conditional Value at Risk. Financial instruments are subject to
many types of risk, including interest risk, default risk, liquidity risk, and market risk. Value at risk
(VaR) seeks to measure the latter, and is a single estimate of the amount by which one’s position in
an instrument could decline due to general market movements over a specific holding period. One
can think of VaR as the maximal loss of a financial position during a given time period for a given
probability; hence VaR is simply a measure of loss arising from an unlikely event under normal market
conditions (Tsay (2002, pg 257)).

Letting AV (l) denote the change in value of a financial instrument from time ¢ to ¢ + [, we define

VaR over a time horizon [ with probability p as
p = P[AV(l) < VaR| = Fj(VaR),

where Fj(VaR) is the unknown CDF of AV/(l). VaR assumes negative values when p is small since
the holder of the instrument suffers a loss.” Therefore, the probability that the holder will suffer a
loss greater than or equal to VaR is p, and the probability that the maximal loss is VaR is 1 —p. The
quantity

VaR, = inf{VaR|F;(VaR) > p}

is the pth quantile of Fj(VaR); hence VaR,, is simply the pth quantile of the CDF Fj(VaR). The
convention is to drop the subscript p and refer to, e.g, ‘the 5% VaR’ (VaRg.5). Obviously the CDF
F;(VaR) is unknown in practice and must be estimated.

9For a long position we are concerned with the lower tail of returns, i.e., a loss due to a fall in value. For a short position

we are concerned with the upper tail, i.e., a loss due to a rise in value. In the latter case we simply model 1 — F;(VaR)
rather than F;(VaR). Of course, in either case we are modeling the tails of a distribution.
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Conditional value at risk (CVaR) seeks to measure VaR when covariates are involved, which simply
conditions one’s estimate on a vector of covariates, X. Of course, the conditional distribution function
F;(VaR|X) is again unknown and must be estimated. A variety of parametric methods can be found
in the literature. In what follows, we compare results from five popular parametric approaches with
the nonparametric quantile estimator developed in this paper.

We consider data used in Tsay (2002) for IBM stock (7, daily log returns (%) from July 3, 1962,
through December 31, 1998). Log returns correspond approximately to percentage changes in the
value of a financial position, and are used throughout. The CVaR computed from the quantile of the
distribution of .11 conditional upon information available at time ¢ is therefore in percentage terms,
and so the dollar amount of CVaR is the cash value of one’s position multiplied by the CVaR of the
log return series. For what follows, we compute CVaR for a one day horizon (I = 1).

Following Tsay (2002), we model CVaR for daily log returns of IBM stock using the following

explanatory variables:

(1) X1;: an indicator variable for October, November, and December, equaling 1 if ¢ is in the fourth
quarter. This variable takes care of potential fourth-quarter effects (or year-end effects), if any,
on the daily IBM stock returns.

(2) Xo;: an indicator variable for the behavior of the previous trading day, equaling 1 if and only if
the log return on the previous trading day was < 2.5%. This variable captures the possibility
of panic selling when the price of IBM stock dropped 2.5% or more on the previous trading
day.

(3) X3;: a qualitative measurement of volatility, measured as the number of days between ¢t —1 and
t — 5 having a log return with magnitude exceeding a threshold (|r,—;| > 2.5%, i = 1,2,...,5).

(4) X4 an annual trend defined as (year of time ¢-1961)/38, used to detect any trend behavior
of extreme returns of IBM stock.

(5) X5 a volatility series based on a Gaussian GARCH(1,1) model for the mean corrected series,

equaling oy where o7 is the conditional variance of the GARCH(1,1) model.

Table 2 presents results reported in Tsay (2002, pg 282,295) along with our proposed approach for
a variety of existing approaches towards measuring CVaR for December 31, 1998. The explanatory

variables assumed values of X179190 = 1, X2’9190 = O, X3,9190 = 0, X479190 = 0.9737, and X5’9190 =
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1.7966. Values are based on an assumed long position of $10 million, hence if value at risk is minus

2%, then we obtain VaR = $10, 000,000 x 0.02 = $200, 000.

TABLE 2. Conditional Value at Risk for a long position in IBM stock

Model 5% CVaR 1% CVaR
Inhomogeneous Poisson, GARCH(1,1) $303,756  $497,425
Conditional Normal, IGARCH(1,1) $302,500  $426,500

AR(2)-GARCH(1,1) $287.700  $409,738
Student-ts AR(2)-GARCH(1,1) $283,520  $475,943
Extreme Value $166,641  $304,969
LSCV CDF $258,727  $417,192

Observe that, depending on one’s choice of parametric model, one can obtain estimates that differ
by as much 82% for 5% CVaR and 63% for 1% for this example. Of course, this variation arises due
to model uncertainty. One might take a Bayesian approach to deal with this uncertainty, averaging
over models, or alternatively consider nonparametric methods that are robust to functional specifica-
tion. The proposed method provides guidance yielding sensible estimates that might be of value to
practitioners.

Interestingly, Tsay (2002) finds that X, and Xy are irrelevant explanatory variables. The LSCV
bandwidths are consistent with this. However, X3; is also found to be irrelevant; hence only one

volatility measure is relevant in the sense of Hall et al. (2004).

4.3. Empirical Application: Boston Housing Data. We consider the 1970s era Boston housing
data that has been extensively analyzed by a number of authors. This dataset contains n = 506
observations, and the response variable Y is the median price of a house in a given area. Following
Chaudhuri et al. (1997, pg 724), we focus on three important covariates: RM = average number of
rooms per house in the area, LSTAT = % of the population having lower economic status in the area,
and DIS = weighted distance to five Boston employment centers. The variable RM was rounded to
the nearest integer and assumes six unique values, {4,5,...,9}. We treat RM as a discrete orderred
variable and the cross-validated smoothing parameter for the entire sample was A =0.14 indicating
that some smoothing of this variable is appropriate. An interesting feature is that the data is right
censored at $50,000 (1970’s housing prices) which makes this particularly well suited to quantile

methods.
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We first shuffle the data and create two independent samples of size n; = 400 and ny = 106. We
then fit a linear parametric quantile model and nonparametric quantile model using the estimation
sample of size ny, and generate the predicted median of Y based upon the covariates in the independent
hold-out data of size ny. Finally, we compute the mean square prediction error defined as MSPE =
nyt 12, (Vi — Gos(X:))? where g 5(X;) is the predicted median generated from either the parametric
or nonparametric model, and Y; is the actual value of the response in the hold-out dataset. To
deflect potential criticism that our result reflects an unrepresentative split of the data, we repeat
this process 100 times, each time computing the relative MSPE (i.e. the parametric MSPE divided
by the nonparametric MSPE). For each split, we use the method of Hall et al. (2004) to compute
data-dependent bandwidths. The median relative MSPE over the 100 splits of the data is 1.13 (lower
quartile=1.03, upper quartile=1.20), indicating that the nonparametric approach is producing superior
out-of-sample quantile estimates. Figure 1 presents a density estimate summarizing these results for

the 100 random splits of the data.

25

F(MSPE)
I

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
Relative MSPE

FI1GURE 1. Density of the relative MSPE over the 100 random splits of the data. Values
> 1 indicate superior out-of-sample performance of the proposed method for a given
random split of the data [lower quartile=1.03, median=1.13, upper quartile=1.20].

Figure 1 reveals that 76% of all sample splits (i.e., the area to the right of the vertical bar) had a
relative efficiency greater than 1, or equivalently, in 76 out of 100 splits, the nonparametric quantile
model yields better predictions of the median housing price than the parametric quantile model.
Given the small sample size and the fact that there exist three covariates, we feel this is a telling

application for the proposed fully nonparametric method. Of course, we are not suggesting that we
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will outperform an approximately correct parametric model. Rather, we only wish to suggest that we

can often outperform common parametric specifications that can be found in the literature.

5. CONCLUSIONS

We propose a conditional CDF estimator defined over a mix of discrete and continuous covariates
and an associated quantile function estimator. We also propose a conditional PDF-based method of
data-driven bandwidth selection. In applied settings one frequently encounters a mix of datatypes; thus
this estimator would be of value to applied researchers. Simulations demonstrate that the proposed
approach performs quite well, and two applications highlight its value in applied settings. Future work

includes a native method for data-driven bandwidth selection for the conditional CDF estimator.
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Appendix A: Proofs of Theorem 2.1 and Theorem 2.2

Theorem 2.1 is proved in lemmas A.1 and A.2 below, while Theorem 2.2 is proved in lemmas A.3
and A.4.

Lemma A.1. Let Bis(y|z) and Bas(y|x) be defined as in Theorem 2.1, under conditions (C1) to (C3),
E[M(yla)] = Y251 B3 Bus(ylz) + 320y AsBas(yla) + o(|A]* + [A]*).
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Proof: Letting p;s = gi é(?a:)t and F}s = 335 (gf) we have ([dx =Y, p [ da©)
E[F(yla)i(x)] = EI(Y; < y)K(Xi,2)] = B[K, (X, 2) E(I(Y; < y)| X))

— BIR (G )FIX] = () X [ (555 D6 et VPGl

zdeD

= Z L(z%, 24, /\)/,u(arc—|—hv,zd)F(y\xc—|—hv,zd)W(v)dv

zdeD
q
= Z L%z, \) {/[,u(:cc,zd) —i—Zus(a:C,zd)hsvs
zdeD s=1
q
H(1/2)Y 0 par(a®, 2% hshyvsv ] W (v)do + o(|hy2)}
s=1 t=1
= > |La IHZA > L% 2% + O(IA%)
zdeD = zdeD
d ! d 1~ d
X ¢, 2%) + (26, 2 hsvs + = st(x€, 2% hshyvsv
{/lm D S R DO IR ]
q 1.
F(yla®, 2+ haFu(yla®,27) +2;;hsht alylat, 2 )vsvt] W(v)dv+o<\h!2>}

= @) F(yle) + (1/2)r2 Y h32ps(2) Fy(ylz) + p(x) Fas(yla) + pss(@) F(yl2)]

s=1
+ > I stu 2, 20 F(y|z¢, 2%) + o(|h|? + |N]). (A1)
zdeD
Similarly,

ZC

Eli(s)] = By (X0,2)] = (h1 . hg) ' S /u(z)W(

;ﬁ )L(zd 2, \)dz¢
zdeD

= (@) + (1202 3 sl +ZA S LG atuat, 1) + o[ + A]). (A.2)
s=1

s=1  zdeD
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Therefore, (A.1) and (A.2) lead to

E[M(ylz)] = EB[F(yle)p(x)] - F(yle)Eli(z)]

= (1/2) H2Zh [2Fs (ylo) s () + pu() Fss (yl )]

+ > A F(yla®, 2 p(at, 27) = F(y|lz)p()] + o(|h|* + [A])
2z4eD
) S R Buyle) () S ABas(ule) + o[HE + ). (A.3)
s=1 s=1

Var(¥Gle) — Fllon(e) ) = n ' Varl(i(v < ) - Fole) K, (X, 0)
= n " {E[I(Y; <y) - Fylz))*K,(Xi,2)*] + O(1) }
= n Y{EI(yX:) — Flylz))*| Xi] K, (X;,2)°] + O(1) }
— W B {[F(IX0) - 2P(4la) F(y|X) + Plyla)? K (X, @)} + On ™)
= n_l/M(Z){[F(yIZ)—2F(y!9«")F( |2) + F(ylz)*| K+ (2, 2)*]}dz + O(n™")
— (nhi.. Z/ 2° + ho, 2 [ (y2° + hv, 2%) — 2F (y|z) F (y|a® + hv, 29)
z4eD
FF(yl2)?] x W () PdoL (=2 0} + 0 )
= &I (h1.. he) ' [F(ylx) — Fylz)®] + O(|h]> + |A)} + O(n™)
= KI(nhy...hy) ' [F(ylz) — Fylz)*] + O((nhy...hy) H(A2+ A) +n71).  (A4)

Lemma A.2. Under conditions (C1) to (C3),

(nhi ... hg) ' P[E (ylz) — F(yle) — 324, h2Bus(ylz) — Y-y AsBas(yla)] — N(0, V),
where V= k4F (ylx)[1 — F(ylz)l/n(z).
Proof: Define B,, = u(x) >-7_, h2Bi,(y|x) + pu(x) d-h_; AsB2s(y|x). Then

[F(ylz) = Fylz) = Ba(yl2)] = [F(y|z) — F(yle) — Ba(yl2)]i(x)/iz)

— [Fylz) — Pyl2) — Balylo)i@)/u(z) + 0p(1) = A(yle) u(z) + op(1),
where A(ylz) = [F(y|z) — F(y|lz) — Bn(y|z)]i(z). By Theorem 2.1 (i) and (ii) we know that
E[A(y|z)] = o(|h|?+]|A|) and that Var[A(y|z)] = (nhy ... he) " u(z)?*V (y|z)+o((nhi ... hy)~"). Hence,
(nhy ... hg)" 2 A(y|z) — N(0, u(z)?V (y|x)) in distribution by Liapunov’s central limit theorem. There-

fore, we have
(nh1 ... k) P[F(ylz) = F(ylz) = Bal(ylz)] = (nha ... he)' 2 A(yla)/p(x) + op(1)
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— u(z)"IN(0, u(2)?V (y|z)) = N(0,V (y|z)) in distribution.

Lemma A.3. Under conditions (C1) to (C4),
(i) E[M (ylﬂc)] = 0 MiBrs(yle) + 3oty AsBas(yla) + o(|A[ + [A[?),
(ii) Var(M(y|z)) = &9(nhi ... hg) " [F(ylz) — Fy|z)* — hoCuwFo(y|2)]u(z).

Proof: First by lemma A.5 we know that

LX) = ) + (1/2)bkaFoo 0l X0) + o). (4.5)

E[G(
Using an approach similar to that used to prove (A.1) and also using (A.5), we have
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= /M(Z)Kv(zvfc) [F(ylz) + (1/2)hiraFoo(ylz) + o(h§)] dz

= Z L(z%, 2%, ) / (2 + ho, 2%) {F(y|atc + hw, 2%) 4 (1/2)h3 ko Foo (y|2 + hv, 2%) + o(h%)} W (v)dv
z4eD

= {Z +Z)\ 7 L% 2 + 0N

zdeD s=1 zdeD

x/ [,u( —i—ZhS,us (z€ 2% Jus + (1/2) Zzhshtﬂst (€ 2 )vsvt—ko(lh\ )]

s=1 s=1 t=1
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q q
F(y|xcazd) + Zhst(y|Ic,Zd)vs 1/2 K2 Zhsht st y|$ < )h hy
s=1 s=1 t=1

+(1/2)13k2 Foo yla®, =) + (1) + o(|h[2)| W (v)do

= () F(yle) + %Kzu(w)h%Foo(ylx) 5 DB () Fualyle) + 2 () Fu(yle) + F(yl) s ()]
s=1

+ZA > LG et 2 Fylas, 2%) + o(hg) + o(|h[* + [A]).
z%eD
(A.6)
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Therefore, from (A.2) and (A.6) we obtain
E[M(y|z)] = E[E(yle)p(x)] — F(y|lz) E[p(2)]
= (1/2)rahig Foo(ylz) + (1/2) mzhz Fis(yl) + 2p(x) Fy(y|x)]

+ZA S L e F(glat, o) — Flyllute, =) + o) + oA + ) (AT)
s=1  zdeD

and

Var(it(yla) = nVar (6 (-) = Pl K (Xia)|

— ! {E E ((G (y h0Yi> - F(ya:)>2 XZ-> K (X;, )2

By lemma A.5 below we know that

+ 0(1)} . (A.8)

yZOYS—F(yw%Xi} - Bl _OE>|Xi1F<y|x>+F<y|x>2

= F(ylXi) — hoCuFo(ylz) — 2F (y| X F (yla) + F(y|z)* + O(hj). (A.9)

Y

E{(G( ‘fnxi] — 2B

Also, by the same calculation used in (A.4) we have

B[F(y|X:)K3(Xi,2)] = 69(ha ... hg) ™ [u(z) F(y|z) + O(h§) + O(|h[* + |A[)]

B[Fo(y|X:) K3 (X, x)] = &%(h1 ... he) " (@) Fo(ylz) + O(hg) + O(Ihl> + D]  (A.10)
(A.8) to (A.10) lead to

Var(M(ylz)) = &(nhi...he) ™ u(@)[F(yle) = F(y|z)* — hoCuFo(y|z)]

+O((nhy ... hg) H(h3 + A2+ |A]) +n7h). (A.11)

Lemma A.4. Under conditions (C1) to (C4),
(nhy ... hg)Y?[F(ylz) — F(ylz) — 20, B2Bis(ylz) — 33— AsBas(y|z)] — N(0,V) in distribution,
where V- = r1F(y|z)[1 = F(yl)]/n(z).

Proof: This follows from lemma A.3 and the Liapunov central limit theorem (using arguments

similar to those used in the proof of lemma A.2).

Lemma A.5. Under conditions (C1) to (C4),
(i) B |G (52) 1X:] = F(y1X0) + (1/2)r2h3 Foo (41 X:) + o(k3),
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(i) B[ (422) 1X] = F(ylX3) = hoCuFo(y|Xi) + O(13),
where Cy, = 2 [ G(v)w(v)vdo.

Proof of (i f f

E [G (y h0Y> \X] = /G <y }:Oyi) fyil Xi)dy; = —hO/G(U)f(?J — hov|X;)dv

= —/G(v)dF(y—hov]Xi) :0+/w(v)F(y—h0v]Xi)dv

= /w(v)[F(y’Xi) — hoFo(y|Xi)v + (1/2)hg Foo(y| Xi)v*]dv + o(h{)

= F(y|Xi) + (1/2)k2h§ Foo(y| X:) + o(hg). (A.12)

Also,

E [6*2 (‘”,jf) |Xi] - [ (‘”h‘oﬂ Fll Xy = —ho [ GX0)1(y — hooXi)o
_ / G2(0)dF(y — hov| X) = 0+ 2/G(U)w(v)F(y ~ hov| Xi) fu

= /G F(y|X;) — hoFo(y| X:)ldv + o(hg)

= F(y|Xi) — hoCuwFo(y|Xi) + O(hg), (A.13)
where Cy, = 2 [ G(v)w(v)vdv and the fact that 2 [ G(v)w(v)dv = [ dG?(v) =

We now turn to the proof of Theorem 3.1. We adopt an approach similar to that of Cai (2002). We

first present a lemma.

Lemma A.6. Under conditions (C1) to (C4),
Fy + enlz) — F(ylz) = f(ylz)en + Op(hd) + 0p(en + (nhy ... hg)~1/?).

Proof: Let Ay, (e,) = [F(y+en|z)— F(y|z)]jii(z)/u(x). Then F(y+en|z)—F(ylz) = An(en)[140,(1)].
By lemma A.13 we have

ElAn(en)] = E{B |G (252 ) - 6 (4520) 1%G] K (Xa )}/ u(a)

= B{[F(y + en| Xi) — F(y|X;) + O(h3)| K, (Xi,2)}/ (=)

= E{[f y\X Jen +O(e) + O(hg)| Ky (X, @) }

= [ w(xi)[f (ylzi)en + O(hG) + O(ep) Ky (xi, )}/ pu(x)

= f(y|z)en + O(e2 + h3).

Similarly,

Var[An(en)] < n'u(e)2E { [G (?ﬁh;y) e, (y;f)r Kg(xi,x)} = O(2(nhy ... hg)™").

Therefore,
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By + eale) — F(yla) = Au(ea)L + 0p(1)] = Fyla)en + Op(h3) + 0plen + (nhy ... hg)™Y/2).

Proof of Theorem 3.1

In the proof below we will only consider the non-stochastic bandwidth case with hg = a8ni2/ (4+9),
hs = aOn~ V449 (s =1,... ¢) and \; = b9n~2/(419) By using the tightness/stochastic equicontinuity

argument found in Hsiao, Li & Racine (2004), one can show that this result holds true for stochastic

bandwidths satisfying (15).
For any v, let €, = By o(x) + (nhy ... hy) "2V, (x)"/?v. Then

Qa(v) “p {(nhl . hq)1/2Va(a:)*1/2[(ja(x) — ga(z) — Bpo(z)] < v}
= Plaa(®) < 4a(@) + ] = P [Faa(@) + enle) = 0
= P [F(aa(@)l2) = ~f(a(@)lx)en +a] +o(1) (A14)

by lemma A.6 because h3 = o((nhy...hy)"'/?). Therefore, by noting that f(ga(z)|x)Bnal(z) =
B (qa(2)|x), f(qo((ac)]m)Va(ac)l/2 = V(qa(:(:)]m)l/Z, and a = F(qqo(x)|z), we have from (A.14) that

Qu(v) = P [k hg) PVa(@) 4o (@) — dal2) — Buale)] < v
= P [h1 - h) 2V (ga(@)a) A {Faa@)le) — @~ Balaale)[r)} > —0] +o(1)

= P(v),
by Theorem 2.2, where ®(-) is the standard normal distribution. This completes the proof.
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