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study. The model we use is a single equation Working-Leser model. Bayesian posterior 
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1. Introduction 

 
How much does a household of two adults and two children need to have in order to be 

equally as well off as a household comprising a single adult? How should tax policy 

change with changes in the household’s demographic composition? How should one 

family be compensated for losing one family member, or being old? How should child or 

spousal support be determined in the case of divorce? All of these issues deal with the 

question of equivalence scales. An equivalence scale is the amount by which a 

household’s consumption expenditure would need to be multiplied to make that 

household as well off as some reference household (Lewbel, 1997).  Usually equivalence 

scales can be estimated using Engel curves. An Engel curve measure the relationship 

between the expenditure on a particular good and the total expenditure of the household.  

 

In this paper we estimate equivalence scales for South Africa in 1993 using a Bayesian   

regression approach. Yatchew, et al. (2001) and Yatchew (2003) have studied the same 

topic using Engel curves and semiparametric specifications. The primary intention of this 

study is to test the performance of the Bayesian fuzzy regression technique. As a result, 

in this paper, we will use the same survey data as Yatchew, and employ a similar model 

for the equivalence scales, but use the Bayesian fuzzy regression technique. By 

comparing the results with those of Yatchew and his coauthors, we hope to prove the 

high performance of this Bayesian fuzzy regression methodology. 

 

This paper is organized in the following way. The second section provides an 

introduction to various methods used for the equivalence scales study; and the third 

section provides the reader with some basic information about the survey and the data. 

The fourth section is an introduction for the Bayesian fuzzy multiple regression; the fifth 

section provides the results of this study, and compares them with those of Yatchew 

(2003). The last section provides our conclusions, along with some future extensions of 

this research. 
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2. Formulation of the Equivalence Scales 

Basically, there are two ways to estimate equivalence scales using Engel curves: single 

equation estimation and complete demand systems estimation. The first type of approach 

concentrates on one single Engel curve for good i, which is isolated from the rest of the 

demand system. Prais and Houthakker (1955) found that the semi-log Engel curve (Eq. 

2.01) is best suited for necessity goods, while the double-log Engel curve (Eq. 2.02) is 

preferable for luxury goods. 

 

iiii Ee εβα ++= )log(                                             (2.01) 

 

iiii Ee εβα ++= )log()log(                                             (2.02) 

 

where ei is the individual expenditure on good i and E is the total expenditure for the 

household. Engel curves are Marshallian demand curves, holding the price vector 

constant. One drawback of these two models is the utility function they represent. There 

are no sensible utility functions behind these two models. The second type of approach is 

built on a reasonable form of the utility function and concentrates on systems of Engel 

curves. Examples include the studies of Leser (1963), Bewley (1982), Aasness and 

Rodseth (1983), and Giles and Hampton (1985). There are different types of models for 

this system approach and what we consider here are Working-Leser (1963) and addilog 

models. 

 

The addilog model was proposed by Bewley (1982) and is derived from the work by 

Leser (1941) and Houthakker (1960):  

 

ijjiijij Eww εβα ++= )log()~/ln(    ,                            (2.03) 

 

where i denotes the “i-th” good, and j denotes the “j-th” household. wij measures good i’s 

share of total expenditure for household j, and jw~  is the geometric mean of the shares for 
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household j. Ej is the total expenditure for household j. ( i=1, 2, 3, …, N and j=1, 2, 3, 

…, M.) 

 

To satisfy Engel aggregation, which states that the sum of the expenditures for the 

individual goods has to equal the total expenditure, so that the sum of the expenditure 

shares equals unity, the following adding-up restrictions are needed: 
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Deaton and Muellbauer (1980) introduced the almost ideal demand system and showed 

that this system collapses to the Working-Leser model once we fix the price level. In this 

research we are going to use a single equation Working-Leser model to model the Engel 

curves, and hence to estimate the equivalence scales for South Africa in 1993.  

 

The Working-Leser model (Working,1943) is: 

 

ijjiiij Ew εβα ++= )log(      ,                                              (2.05) 

 

where the notation is as for equation (2.03). 

 

The adding-up restrictions for the Working-Leser model are: 
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The Engel curve we use is the food Engel curve. The assumption we have to make in 

order to estimate the equivalence scales using the food Engel curve is that two 

households are said to be equally well off if their food shares are the same. Under this 

assumption, using the Engel curve to estimate the equivalence scales is equivalent to 

measuring the horizontal shift needed to place the food Engel curve for a particular 
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household on top of that for the reference household. Allowing the model to capture the 

different demographic features of a household, the Working-Leser model has been 

extended into the following form: 

 

εββββ ++−+= ))log()(log( 4321 KAxy      ,                       (2.07) 

 

where y and x are the food share and the total expenditure for the household, and A, K are 

the number of adults and children in the household. 3β  measures the effect of scale 

economies in the household and 4β  measures the effect on the equivalence scale of 

children relative to adults. Both 3β  and 4β  are restricted to be lie between zero and one. 

Citro and Micheal (1995, p.176) suggested that both parameters have values around 0.7. 

We define the equivalence scale ∆ as 
r

c

x
x

=∆ , under the assumption that the two 

household are equally well off if their food share are the same, and so 

 

)log()log()log()log( rc
r

c xx
x
x

−==∆=δ       .                       (2.08) 

Let subscript “r” denote the reference group, so we then have: 

 

))log()(log(ˆ 4321 rrrr KAxy ββββ +−+=         ,                   (2.09) 

 

and for a particular household, we have 

))log()(log(ˆ 4321 KAxy ββββ +−+=      .                       (2.10) 

 

If the two household are equally well off, we have yyr ˆˆ = . 

Then,  

))log()(ln())log()(ln( 43214321 rrr KAxKAx ββββββββ +−+=+−+           (2.11) 

 

or ,                    log( ))log()(log()log() 443 rrr KAKAxx βββ +−+=−                   (2.12) 
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If the reference household is the single adult only household, the equivalence scale ∆ can 

be written as: 

 
3)( 4

ββ KA +=∆     .                                        (2.15) 

 

Given the restrictions for the two scale parameters, we can rewrite the model as: 
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Actually, later the results of this study show that 3β  will fall between zero and one every 

time even without the restriction, but this is not the case of β4. Our final model will be 

simplified to: 
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We are fully aware the fact Engel curves do not provide a perfect approach for the study 

of equivalence scales, and the main criticism is that households with children are more 

likely to have a larger food share than households without children, given the same utility 

level. Detailed critics can be found in Deaton (1997). Yatchew (2003) noticed this and by 

putting a set of dummy variables for all the 36 households, he avoided this criticism of 

the Engel curve approach to equivalence scales, and noted “rather than searching for a 

horizontal shift that superimposes on Engle cure on another, a combined horizontal and 

vertical shift that achieves the superimposition is sought instead”. (Yatchew, 2003, 

p.148.) 
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Given the feature of the fuzzy clustering that we employ in this study, we believe our 

model without the dummy variables for different households is free from this criticism. 

An important advantage of using the fuzzy clustering is that we realize the differences in 

the data and cluster them into different groups accordingly. For this multiple regression 

model, later in the third section, we will discuss how we cluster the data into different 

groups according to the log monthly total expenditure, the number of adults in the 

household, and also the number of children in the household. Clustering the data with 

respect to the number of adults and children in the household is equivalent to clustering 

the data according to its household type. As a result, the fuzzy clustering technique gives 

us an advantage when analyzing the equivalence scales household type by type. When we 

try to measure the equivalence scales, we not only shift the Engel curves horizontally, but 

also vertically, (implicitly) as well. 

 

3.  Data Analysis 

The data set we use for this study is from the South Africa Integrated Household Survey 

in 1993 (nine months before that country’s first democratic election), which was funded 

by the governments of Denmark, the Netherlands and Norway working through the 

International Bank for Reconstruction and Development (World Bank).  

 

A comprehensive household questionnaire was used in this survey, and the topics include 

demography, household services, household expenditures, educational status and 

expenditure, remittances and martial maintenance, land access and use, employment and 

income, health status and expenditure and anthropometrics, (Children under the age of six 

were weighed and their heights measured).  

 

The “household” definition was individuals who: 

1. Live under this “roof” or within the same compound/household/stand at least 15 days 

out of the past year, and 

2. When they are together they share food from a common source (i.e., they cook and eat 

together); and 

3. Contribute to or share in, a common resource pool. 
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A two-stage self-weighting design was used for the sampling, in which the first stage 

units were Census Enumerator Sub-districts (ESDs, or their equivalent) and the second 

stage was households. The advantage of using such a design is that it provides a 

representative sample that need not be based on an accurate census population—it can 

over-sample the poor households. A complete introduction of the survey design can be 

found at http://www.worldbank.org/lsms/country/za94/docs/za94ovr.txt.  

 

The data we use in this study is the same data set as that used in Yatchew (2003), and 

Yatchew, Sun, and Deri (2003). A data summary is reported in Table 1. There are over 

8794 valid households in this survey. Taking away 5% from both tails and restricting the 

sample only to those households with no more than 6 adults and no more than 5 children, 

the sample size reduces to 7358.  Four series are going to be used for our Bayesian fuzzy 

regression analysis. They are log total monthly expenditure for the household (x), 

monthly food share for the household (Y), number of adults in the household (A) no 

younger than 18, and number of children less than 18 in the household (K). 

 

Table 1 Data Summary 

Name N Mean St.Dev. Variance Minimum Maximum 
K 7358 1.4691 1.4786 2.1863 0 5 
A 7358 2.6775 1.3833 1.9135 1 6 
Y 7358 0.4700 0.1933 0.0374 0.03 0.96 

Ln (x) 7358 6.9537 0.7495 0.5618 5.59 8.62 
 

As we can see, in 1993 the poorest household in South Africa spent 96% of their income 

buying food, while the richest household only spent 3% of their income for food monthly. 

An average of 47% income was spent for food monthly. Table 2 gives more detailed 

information about the household types. About 59% of the households have no more than 

three adults and no more than two children. 
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Table 2. Distributions of the Household Types 

A/K 0 1 2 3 4 5 
1 1109 138 126 85 61 14 
2 890 526 524 309 144 65 
3 373 314 322 233 138 67 
4 222 227 230 160 104 66 
5 105 117 144 116 66 43 
6 50 44 71 78 45 32 

 

4. Bayesian Fuzzy Regression 

 
4.1 Fuzzy Clustering 

A classical set is known as a “crisp” set, which has a clear crisp boundary. For example, 

the set E could be defined as any integer that is greater than 10. The membership of a 

“crisp” set requires the individual element either be a member or not be a member—the 

membership equals either zero or one.  

 

0
1

{)( =xMu       if         
Ex
Ex

∉
∈

          .                                 (4.01)  

A zero indicates that the element “x” is not a member of the set E, and unity indicates the 

element is a member of the set E. 

 

On the other hand, the idea of the fuzzy set is just as the name implies: “without a crisp 

boundary”.  The difference between a fuzzy set and a classical set lies in the nature of the 

membership for each element. Zadeh (1965) redefined the meaning of the membership 

for fuzzy sets to be a continuous number between zero and one. This means an element 

could be associated with one or more clusters. Further, all these memberships added 

together should equal unity. Generally, this association involves different degrees of 

membership with each of the fuzzy sets. Just as this makes the boundaries of the sets 

fuzzy, it makes the location of the centroid of the set fuzzy as well. 

 

The “fuzzy c-means” (FCM) algorithm, which was developed and improved by Dunn 

(1974, 1977), and Bezdek (1973, 1981), is frequently used in pattern recognition. The 

objective is to partition the data into fuzzy clusters, to locate these clusters, and to 
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quantify the degree of membership of every data-point with every cluster. It is based on 

minimization of the following objective function: 

∑∑=
c n

ik
m

ik duvUJ 2)()(),(
= =i k1 1

   ,                            (4.02) 

where uik is the “degree of membership” of data-point “k” in cluster “i”, and dik is the 

distance between data xk and the i-th cluster center vi. “c”  is the number of clusters 

presumed, and m is any real number greater than 1 which measures the degree of the 

fuzziness. If m equals 1, we say the membership is crisp. Usually, 2 is a common choice 

for m. Fuzzy partitioning is carried out through an iterative optimization of the objective 

function shown above, with the update of membership uik and the cluster centers vi by: 
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Then, separate regressions will be fitted over each of the clusters. The fuzzy regression is 

obtained by combining the results from each cluster using the membership functions as 

the weights. See Giles and Draeseke (2003) for full details. We have written codes for 

commands in the SHAZAM (2004) econometric package for this analysis. 

 

Over the years, there have been numerous developments in fuzzy sets studies following 

the research by Zadeh (1965, 1987). Quite a lot applications focus on the areas of 

computer science, systems analysis, electrical and electronic engineering, and 

psychology. In recent years, various applications of fuzzy set in the area of econometrics 

have been provided by Giles (2005), Draeseke and Giles (2002), Giles and Draeseke 

(2003), Giles and Mosk (2003), Chen and Giles (2004), Giles (2005), Giles and Feng 

(2005), and Giles and Stroomer (2004, 2005).  
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As we have three explanatory variables in this study, we assume that the sample data for 

each variable has the same number of clusters, and we limit the value for c to be less than 

51. Hence, we set up the model space for this research includes four models: “c=1”—

there is one cluster for each of the variable; “c=2”—there are two clusters for each of the 

variables; “c=3”— there are three clusters for each of the variable; and there are four 

clusters for each of the variable—“c=4”. As a result, for the first case, the overall sample 

would be the only cluster; for the second case, we would expect to see 8 clusters given 

each variable has two clusters; for the third case, we would expect to see 27 clusters; and 

we would expect to see 64 clusters in the fourth case. Of course, some of the clusters will 

be empty set or not have enough observations to provide positive degrees of freedom. 

Table 3 is a simply an example to illustrate this idea. 

 

Table 3. Hypothetical Clustering: n = 20, k = 3 & c = 2 
 

 Log (x) A K 
1st Cluster 1,3,4,6,9,11,14,15,19,20 2,4,6,8,13,17,18,20 2,8,10,14,16,17,18,19 
2nd Cluster 2,5,7,8,10,12,13,16,17,18 1,3,5,7,9,10,11,12,14,15,16,19 1,3,4,5,6,7,9,11,12,13,15,20 

    
Group 111 Empty Group 211 2,8,17,18 
Group 112 4,6,20 Group 212 13 
Group 121 14,19 Group 221 10,16 
Group 122 1,3,9,11,15 Group 222 5,7,12 

 
 

The numbers in the table are the orders of the observations. The first two rows of the 

table show how the data has been partitioned into two clusters using log (x), A and K 

respectively. The last four rows of the table show us the result for each of the eight 

clusters we expect to get. Group ijk means the observations that fall into the ith cluster 

according to the variable log(x), jth cluster according to the variable A, and kth cluster 

according to the variable K. As we can see one cluster is an empty set, and five clusters 

have zero or negative degrees of freedom. Two clusters are left with positive degrees of 

freedom. Thus, we only need fit the model for those two clusters and the fuzzy regression 

would be the weighted average of these two clusters’ regressions. More generally, if the 

sample size is large, we will only have a few empty sets. In this study, with 7358 
                                                 
1 For all the existing fuzzy clustering studies, the choice of c seldom goes above 4. 
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observations, for the c = 2 case, we have eight clusters with positive degrees of freedom, 

and for the c = 3 case, we have fifteen effective clusters and for the c = 4 case, we have 

sixty-three effective clusters, once empty and infeasible clusters are discarded.  

 

Assuming that the clustering for the three variables is undertaken independently, the final 

membership function can be calculated as the product of the three membership functions 

obtained from the fuzzy clustering of the three variables. Because in fuzzy set theory, the 

union operator is max and the intersection operator is min. a second form of the 

membership function for each observation can be calculated by using the minimum 

membership function among the three membership functions. Later in Section 5, we 

report the Engel curves for each of the households using the product form of these 

weights, we also will provide equivalence scales calculated from both forms for the 

weights. 

 

4.2 Bayesian Posterior Odds Analysis 

We have four candidate models here, and which one to use is a problem that needs to be 

solved first. This is equivalent to asking how many clusters we should include in this 

analysis. There are essentially two ways to due with this model selection problem—the 

classical approach and the Bayesian approach. For this study, we will use the Bayesian 

Posterior Odds analysis to select the value for “c”. This study involves the prior 

information for the model, the prior information for each parameter and also the choice of 

a loss function. 

 

4.2.1 Prior Information  

Let M be the model space, and Mi denote each individual model. There are m available 

models altogether. Usually, we assume that m is a finite number. 

 

                                                    M={Mi} i=1,2,3…m.                                             (4.05) 

 

Use p(Mi) to denote the prior probability for the i-th model where each prior probability 

lies between 0 and 1. In addition, 
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In this study, we have four candidate models and the prior probability of each model 

being a true model p(Mi) is assigned to be 0.25, which is to say that we do not have any 

bias against or in favor of a particular model being a true model, before we see the data. 

 

As for the prior information for the parameters, we use the usual natural-conjugate  

(conditional Normal, marginal inverted-gamma) prior: 
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where i denotes the ith regressor, and the normalizing constant 

)2/(/)2/(2 2/2
i

q
iii qsqK i Γ= . We assume the proper prior pdf for βi given σt with prior 

mean vectorβi  and covariance matrix σi
2Ci

-1; Ci a k×k matrix to be assigned by the 

investigator, is assumed to be a positive definite symmetric matrix. The prior information 

for σi is in the inverted gamma form with parameters qi and si
2 to be assigned values by 

the investigator. For this to be a proper prior, we need 0<qi, si
2<∞,  i=1, 2. To allow our 

prior information to be relatively vague we assign qi to be slightly greater than 2. 

 

4.2.2 Loss Function  

In the context of the model selection problem, we want to come to the conclusion of 

“rejecting” or “accepting” one model compared with the other model. This is a two-

action problem (Zellner, 1971, p.291).  
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There are two possible states of the world—H0 true or H1 true. 

 

If we accept the true model or we reject the false model, we will incur zero loss. 

However, our loss would be L(H1, ) if we accept the false null hypothesis, and our 

loss would be  once we reject the true null hypothesis.  

0Ĥ

)ˆ,( 10 HHL

 

Which model will be accepted dependd on which model will minimize expected loss:  
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Under a symmetric loss function2, 
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So, in the context f our study this means that: 

M1  M2  if 1
)|(
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2

1 >
yMp
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2 We could assume that the loss is not symmetric in our research; however, the idea will be the same, 
except more complicated.  

 14
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… … etc.                                                 (4.14) 

 

As a result, we do not need to calculate the posterior probability for each model to 

determine out the selected model. However, according to the value of the BPO, we will 

know which model will be preferred between any two models, and by using all of the 

BPOs, we can rank all of the candidate models. Working with the BPO’s, rather than the 

individual posterior probabilities, arrives the need to fully specify the model space. 

 

4.2.3 Bayesian Posterior Odds 

Using Bayes’ Rule, the posterior probability of model Mi is 

                                           
)|(*)(

)(
)|(*)(

)|(

ii

ii
i

MypMp
yp

MypMp
yMp

∝

=
                                       (4.15) 

where 

                                                    .                                (4.16) )|(*)()(
1

j

m

j
j MypMpyp ∑

=

=

 

We could choose the model according to the value of the posterior probabilities for each 

candidate model, but the posterior probability of Mi will be incorrect if the model space 

M is not been specified completely. However, even if M is incompletely specified, we 

can still work out the Bayesian Posterior Odds (BPO) correctly: Let [P(Mi)/P(Mj)] be the 

prior odds. Then 
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The BPO provide a basis for us to compare any two models. Under a symmetric loss 

function: if BPO is 1, this means the two models are equal; if BPO is less than 1, this 

means the j-th model is preferred to the i-th model; and if BPO is greater than 1, this 

means the i-th model is preferred to the j-th model. In order to get the BPO, we need to 

know the likelihood function for each of the models. Employing the prior information 

and loss function specified above, we can get the BPO between every pair of the fuzzy 

models and to rank all the possible models will not be a big problem. 
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Above is the likelihood function for model 1 where we have only one cluster, and similar 

operations would be used to calculate the other three models’ likelihood function. 

Treating the clusters independently when c=2 we get: 
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The posterior odds between model 1 and model 2 is: 
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Similarly, the Bayesian Posterior Odds between model 1 and model 3 is 
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The BPO between model 2 and model3 is 
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Further details, included those for the case when c=4 (i.e., M4) are given in Appendix A. 

 

4.2.4 Linearize the Non-linear Model for the BPO Analysis 

In the above sections, we set up the Bayesian fuzzy regression technique based on a 

general linear regression model. However, for this South Africa equivalence scales study, 

the model we are employing is non-linear. As a result, we will use a Taylor’s series 

approximation to linearize the model first. Our model has been specified in section 2 as: 

ε
β

β
βββ +×

+
+−×+= )))

1
(log(( 2

4

2
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321 KAxy )

)

   .                                (2.14) 
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Applying a Taylor’s series approximation, we can write the model into the following 
form (see Appendix B). 
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Here, β~  is the estimator for β from a nonlinear regression for the whole sample set. It 

should be emphasized that this linearized model is used only for the analysis of the 

Bayesian Posterior Odds under the symmetric loss function. After we find the preferred 

value for “c” through the Bayesian Posterior Odds analysis, we will use the Bayesian 

nonlinear model to fit each of the clusters for the Bayesian fuzzy regression. The 

Bayesian Fuzzy Regression is the weighted average of the Bayesian regressions from 

each cluster, the weights being determined by the membership functions. Similarly, the 

estimators for the βs will be calculated as the weighted average of all the estimators for 

the βs from the results of all the clusters. The equivalence scales are then obtained using 

equation (2.13): 

 
3)( 4

ββ KA +=∆                                             (2.13) 

 

4.2.5 Standard Errors 

As the model is highly non-linear, it is difficult to obtain the standard errors for the 

equivalence scales. We used the bootstrap to approximate these standard errors and found 

that for a few households they are unexpectedly large compared with Yatchew (2003)3. 

                                                 
3 We also tried the Delta method (Greene 2003, Papke and Wooldridge, 2004), to calculate the standard 
errors, but these were huge compared with the one we got using the bootstrap. The local validity of the 
Delta method appears to be its greatest weakness. 
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We also constructed a 90% confidence interval for the reference household’s Engel curve 

to check the significance of each equivalence scales. The equivalence scale for a 

household measures the horizontal shift needed for this household’s Engel curve so that it 

may lie on top of the Engel curve of the reference household which means the welfare of 

the two households are the same after the adjustment. Hence, we argue that if the Engel 

curve of a household after the horizontal shift adjusted for its equivalence scale lies with 

the 90% confidence interval of the Engel curve for the reference household, the 

equivalence scale for this household is significant at a 10% significant level. Figure 7 to 

12 show the relative position of the Engel curves for some household types after that 

adjustment of the equivalence scales. 

 

5. Result 

5.1.1 Engel Curves for Each Household Type 
 
Using the single Working-Leser model in equation (3.07), we know this non-linear model 

can be simplified to a linear model with only one explanatory variable—the logarithm of 

total monthly expenditure and an intercept, since for the same household type, the 

number of children and adults will be the same. The model we use here is equation 2.05: 

 

εβα ++= )ln(xy             .                                       (2.05) 

 

According to the family type, we group the sample into thirty-six groups based on the 

different demographic features of the household—the result is shown in Table 2. We use 

the logarithm of monthly total expenditure to cluster the sample of very household type 

into “c” clusters, where we use a Bayesian Posterior Odds analysis to pick the correct 

value for “c”. Since a simple plot of the data reveals that the assumption of one cluster 

for each of the explanatory variables is not a reasonable assumption, we restrict the value 

for c to be greater than one but no great than four. Table 4 gives the results of the 

Bayesian Posterior Odds analysis for each of the household types. 
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Table 4. Bayesian Posterior Odds Results for Each Household 

A/K 0 1 2 3 4 5 
1 3 2 2 2 3 2 
2 3 2 2 2 2 2 
3 2 2 2 3 2 2 
4 2 2 2 2 2 2 
5 2 2 2 2 2 2 
6 2 2 2 2 2 2 

Note: “A” is the number of adults in the household and “K” is the number of Children 

in the household; the selected value for “c” is reported in the table. 

 

As the prior information for each of the parameters becomes diffuse, the Bayesian 

estimator collapses to the Maximum Likelihood estimator. The Bayesian Fuzzy 

Regression will be a combined regression of the results for each of the cluster using the 

membership function as the weights of each data for each household. Given we have only 

one explanatory variable in this household Engel Curve analysis, the membership 

function for each data set will be the membership function of each data point according to 

the logarithm of monthly total expenditure. 

 

We expect to see a negative relation between the food share and the logarithm of total 

monthly expenditure, according to the Engel’s Law. Figures 1 to 6 are the plots of the 

Engel Curves for each of the household type. As we can see, the Engel Curves are 

downward-sloped, except in a few cases where there are not a large number of 

observations. Then, the Engel Curves have a tendency to go up at the right tail. In Figure 

1, given the same income level and the same number of adults in the family, we can see 

the Engel curve is lower when there are fewer children in the household at the range 

where the total expenditure is above the mean. This means that the relatively rich 

household (for which the household total expenditure is above the average level) has a 

smaller food share as the number of children declines. This does not happen to the poor 

household (for which the household total expenditure is well below the average level): a 

household with more children is likely to have less food share. The reason might be that 
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besides the basic food consumption, rents4 and clothes could be the other two important 

aspects of a household consumption. When the household is poor, the shares of the rent 

and clothes, especially rent, are relatively large compared with the rich household. Since 

the rent has occupied a big share of their monthly expenditure, the poor household is left 

with small margin to spend on food. Hence, when the household is poor, the bigger the 

household (or the more the children in a household given the number of adult in the 

household is the same cross the group), the larger the rent share will be and the smaller 

the food share will be. The same result can be found in the other five Figures as well. As 

the monthly total expenditure increases (or as the household becomes rich), the share that 

rent occupies in the total monthly expenditure will become relatively small. Thus, a 

bigger family will spend more money on food, and the food share will become larger as 

well. 

 

5.1.2 Equivalence Scales for South Africa 

Using the BPO analysis to choose the number of clusters to estimate the equivalence 

scales, under the assumption that each of the variables will have the same number of 

clusters every time, model two (“c = 2”) has been selected.  

 

If there are two clusters for each regressor, log(x), A and K; we will potentially have 8 

clusters, as is shown in Table 5.  

Table 5: Eight Clusters for k = 3 & c = 2 
Cluster 1  LOW income Household with A<= 3  and K<= 2 
Cluster 2  HIGH income Household with A<= 3 and K<= 2 

   
Cluster 3  LOW income Household with A<= 3  and K> 2 
Cluster 4  HIGH income Household with A<= 3 and K> 2 

   
Cluster 5  LOW income Household with A> 3  and K<= 2 
Cluster 6  HIGH income Household with A> 3 and K<= 2 

   
Cluster 7  LOW income Household with A> 3  and K> 2 
Cluster 8  HIGH income Household with A> 3 and K> 2 

                                                 
4 We realize that for some households living in a rural area, rent may not exist. However, other 
consumption as education, agriculture/farming expenditures, and etc., will occupy a large part of the 
household expenditure. 
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Using the linearized model in section 4.2.4 equation (4.20), our estimate of β3 which is 

the estimator for the effect of the scale economies, is 0.58, and the estimator for β4 the 

children’s effect on the household equivalence scales is 0.75, compared with 0.59 and 

0.74 respectively from Yatchew (2003). 

  

The equivalence scales for each household type are reported in Table 6. The numbers in 

the parentheses are the standard errors obtained by bootstrapping. 

 

Table 6. The Equivalence Scales for South Africa in 1993 

Adult\Kid 0 1 2 3 4 5 
1.0000 1.3843 1.7030 1.9833 2.2376 2.4724 1 
(0.0000) (0.2837) (0.2690) (0.5406) (0.4164) (0.3065) 

              
1.4956 1.7996 2.0703 2.3175 2.5470 2.7624 2 
(0.0460) (0.2188) (0.2224) (0.2550) (0.5970) (1.1180) 

              
1.8927 2.1548 2.3956 2.6200 2.8313 3.0319 3 
(0.1360) (0.1756) (0.1361) (1.1961) (1.9255) (0.5384) 

              
2.2369 2.4718 2.6916 2.8991 3.0964 3.2850 4 
(0.0374) (0.1184) (2.2143) (0.3812) (1.5610) (0.4833) 

              
2.5463 2.7618 2.9657 3.1600 3.3460 3.5248 5 
(0.2049) (0.5209) (0.5309) (0.6437) (0.5819) (0.7823) 

              
2.8307 3.0313 3.2227 3.4062 3.5828 3.7534 6 
(0.0358) (0.1572) (0.4288) (2.0784) (0.7941) (6.3839) 

Note: Bootstrap standard errors appear in parentheses. 

 

For example, the equivalence scales for the household with two adults is 1.4956, which 

means that in order for support a two adult household at the same welfare level as the one 

adult only household, we need to scale the total monthly expenditure of the one adult 

only household by 1.4956. For a household of four adults and one child to be at the same 

level of the welfare as the one adult only household, the total monthly expenditure of this 

household have to be 2.4718 times of that of the one adult only household. Noticed the 
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standard errors from the bootstrap indicate that the equivalence scales of five types of 

households are not significant which deviate a little bit from the results of Yatchew 

(2003) where all the equivalence scales are significant. 

 

Table 7 reports the comparison of the equivalence scales from the two possible 

approaches for calculating the weight for each of the observations, using the membership 

functions for the fuzzy clusters. 

 

Table 7. Comparison of the Equivalence Scales between the Product and Min form of the 

Weight for Each Observation 

Adult\Kid 0 1 2 3 4 5 
1.00 1.38 1.70 1.98 2.24 2.47 1 
1.00 1.38 1.69 1.97 2.22 2.45 

              
1.50 1.80 2.07 2.32 2.55 2.76 2 
1.49 1.79 2.06 2.30 2.53 2.74 

              
1.89 2.15 2.40 2.62 2.83 3.03 3 
1.88 2.14 2.38 2.60 2.81 3.00 

              
2.24 2.47 2.69 2.90 3.10 3.29 4 
2.22 2.45 2.67 2.87 3.07 3.25 

              
2.55 2.76 2.97 3.16 3.35 3.52 5 
2.53 2.74 2.94 3.13 3.31 3.49 

              
2.83 3.03 3.22 3.41 3.58 3.75 6 
2.81 3.01 3.19 3.37 3.55 3.71 

 

The number reported in every first row of the equivalence scales is from the product form 

of the membership function and the number in italics in every second row is the 

equivalence scales estimated using the minimum form of the membership function. We 

find that the results are very similar even though different forms of the membership 
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function are used. This may well indicate that the fuzzy regression results are relatively 

robust. 

 

Table 8 gives us a comparison between the equivalence scales from this Bayesian fuzzy 

regression analysis and the semiparametric index model of Yatchew (2003). We can see 

that the results are very similar.  

 

Table 8. A Comparison for the Equivalence Scales with Yatchew’s Result 

Adult\Kid 0 1 2 3 4 5 
1.00 1.38 1.70 1.98 2.24 2.47 1 
1.00 1.39 1.71 1.99 2.25 2.49 

       
1.50 1.80 2.07 2.32 2.55 2.76 2 
1.51 1.81 2.09 2.34 2.57 2.79 

       
1.89 2.15 2.40 2.62 2.83 3.03 3 
1.91 2.18 2.42 2.65 2.87 3.07 

       
2.24 2.47 2.69 2.90 3.10 3.29 4 
2.27 2.50 2.73 2.94 3.14 3.33 

       
2.55 2.76 2.97 3.16 3.35 3.52 5 
2.58 2.80 3.01 3.21 3.40 3.58 

       
2.83 3.03 3.22 3.41 3.58 3.75 6 
2.88 3.08 3.28 3.47 3.65 3.82 

Note: The results in italics are from Yatchew (2003) 

 

The construction of confidence intervals can be found from Figure 7 to 12. These 90% 

confidence intervals are for the base group. An equivalence scale is measured by the 

horizontal shift needed for the Engel curve of a household in order that it will coincide 

with the Engel curve from the base group. Here, if we see the Engel curve for a 

household falls into the confidence interval of that of the base group after the horizontal 

shift according to it’s equivalence scales get, then we say that the equivalence scale for 
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this type of household is significant at the 10% significant level. Figures from 7 to 12 

show that the equivalence scales we get for many of the household types are significant at 

the 10% significant level and also, there is not a single Engel curve that falls outside the 

confidence interval after the adjustment for all the income range. This result is similar to 

Yatchew (2003) where he found that all the equivalence scales are significant. 

 

6. Conclusions and Future Suggestions 

In this study, we have shown the highly satisfactory performance of the Bayesian fuzzy 

regression in this study of the equivalence scale estimation for the South Africa. A single-

equation Working-Leser model allowing for different demographic features of a 

household is used. Assuming each explanatory variable has the same number of clusters, 

between one and four, the BPO analysis picks up two to be the number of clusters for 

each explanatory variable. Given the three variables employed in the model: the 

logarithm monthly total expenditure, the number of adults and children in a household, 

we get eight valid clusters with positive degrees of freedom. The equivalence scale we 

got using the Bayesian fuzzy regression analysis is very close to what Yatchew (2003) 

found using a single index model with a semi-parametric approach. Besides the usual 

advantages of any Bayesian approach—unity of the approach to all types of inferences, 

prior information incorporated explicitly and flexibly, admissibility of the estimator 

etc.—the fast computational time seems to be another gain of this Bayesian fuzzy 

regression. By employing two forms of the membership function—product form and min 

form, we see the equivalence scales are similar, which suggests that the fuzzy regression 

is fairly robust to the different choice of the membership function form. 

 

One possible future extension of this study would be to relax the restriction that the 

number of clusters for each explanatory variable is the same. If we can allow that the 

number of clusters for each variable to be different, for instance, one variable may have 

two clusters and another variable may have one cluster and the third could have three 

clusters, even when we restrict the number of clusters less or equal to four, we might end 

up with lots of combination of clusters for this equivalence scales study. In particular, due 

to the nature of the data in this study—the number of children runs from zero to five, and 
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the number of adults runs from one to six, an assumption that there are up to six clusters 

for the A and K variables would be very reasonable. Thus, we would end up analyzing 

four cases: logarithm monthly total expenditure has one, two, three, four clusters while A, 

K have six clusters each.  

 

This research takes the first initiative in using the Bayesian approach of model selection 

in determining the number of clusters in a fuzzy regression.  This Bayesian approach has 

significantly improved the efficiency of the fuzzy regression analysis. Our research 

findings on equivalence scales based on this Bayesian fuzzy regression approach are very 

encouraging. We expect to see more applications of this methodology in other areas of 

econometric studies in the future. 
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Figure 1. The Engel Curves for 1 Adult Household: Kids from 0 to 5
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Figure 2. Engel Curve 2 Adults Families: Kids runs fron 0 to 5
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Figure 3. Engel Curves 3 Adults Household: Kids runs from 0 to 5
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Figure 4. Engel Curves for 4 Adults Household: Kids runs from 0 to 5
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Figure 5. Engel Curves for 5 Adults Households: Kids runs from 0 to 5
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Figure 6. Engel Curves for 6 Adults Households: Kids runs from 0 to 5
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Figure 7. Engel Curves adjusted for the Equivalence Scales for 1 Adults 
Households
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Figure 8 Engel Curves Adjusted for the Equivalence Scalse for 2 Adults Households
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Figure 9. Engel Curves Adjusted for The Equivalence Scales for 3 Adults 
Households
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Figure 10. Engel Curves for 4 Adults Households Adjusted for the Equivalence Scales
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Figure 11. Engel Curves for 5 Adults Households Adjusted for the Equivalence Scales
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Figure 12. Engel Curves for  for 6 Adults Households Adjusted for the Equivalence 
Scales
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Appendix A: Bayesian Posterior Odds Under the Natural Conjugate prior under the 

Diffuse Case for Bayesian Fuzzy Models as “c” Runs from 1 to 4 
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Appendix B. Linearize the Working-Leser Model using the Taylor’s Series  
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we could write the linearized model into the following form 
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