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Abstract

This paper analyzes the higher-order properties of k-step estimators and their practical
implementations for the parametric discrete Markov decision models. We propose a new
k-step estimator that can achieve the quadratic convergence without fully solving the fixed
point problem in every step, thereby substantially reducing the computational cost. We then
apply our k-step estimator to develop a k-step bootstrap procedure for the discrete Markov
decision models and provide some Monte Carlo evidence based on a machine replacement
model [c.f., Rust (1987); Cooper, Haltiwanger, and Power (1999)]. The proposed k-step
bootstrap-t Wald tests perform well even with relatively small number of steps & > 3.
Consistent with the theoretical results, the performance of our k-step bootstrap-t Wald tests
are very similar to that of the k-step bootstrap-t Wald tests based on the NFXP algorithm
developed by Rust (1987).

Preliminary and Incomplete

1 Introduction

This paper analyzes the higher-order properties of k-step estimators and their practical imple-
mentations for the parametric discrete Markov decision models in which the probability distri-

bution is implicitly defined as a fixed point of the functional equation. We propose a new k-step



estimator that can achieve the quadratic convergence without fully solving the fixed point prob-
lem in every step. We then apply our k-step estimator to develop a k-step bootstrap procedure
for the discrete Markov decision models and provide some Monte Carlo evidence based on Rust’s
bus engine replacement model.

Studying the higher-order properties of k-step estimators and their implementations for the
discrete Markov decision models is important for, at least, the following two reasons. First, we
often encounter the situation in which the initial consistent but inefficient, perhaps in higher
order, estimate is available. For example, Hotz and Millar (1993)’s conditional choice probability
estimator is relatively easy to implement computationally, but the imprecise initial estimates of
the conditional choice probabilities may lead to inaccurate estimates of the structural parameter.
In such a situation, a k-step estimator may be used to achieve the higher-order asymptotic
efficiency comparable to that of the maximum likelihood estimator [c.f, Andrews (1999b)]. Little
is known, however, about the convergence properties of different k-step estimators in the discrete
Markov decision models even though the higher-order efficiency of a k-step estimator crucially
depends on its convergence rate.

Second, the simulation evidence in this paper reveals that the conventional asymptotic tests
can be unreliable in finite samples in context of a discrete Markov decision model, indicating a
serious need of a more reliable inference method such as bootstrapping. Applying the bootstrap
to the discrete Markov decision models is often difficult, however; the standard bootstrap requires
a model to be estimated repeatedly under different bootstrap samples while it is not unusual for
each of the estimations of a discrete Markov decision model to take more than a day. Recently,
Davidson and MacKinnon (1999) and Andrews (2002a) consider a computationally attractive
k-step bootstrap estimator. Starting from the estimate based on the original sample, the k-step
bootstrap estimator is obtained by taking the Newton-Raphson (NR) steps in the bootstrap
sample. The k-step bootstrap may be feasible for many of the discrete Markov decision models
when the number of NR steps, k, is small.

While the celebrated Nested Fixed Point (NFXP) algorithm developed by Rust (1987) can
be applicable to develop a k-step estimator, it requires fully solving the fixed point problem for
every step and its computational burden may limit its practical applicability. Building on the
work by Hotz and Miller (1993) and Aguirregabiria and Mira (2002), we propose an alternative

k-step estimator that does mot require repeated solutions of fixed point problem and yet can



achieve the same convergence rate as the NFXP estimator; in particular, with the NR steps, our
k-step estimator achieves the quadratic convergence. Since the fixed point calculation occupies
a large fraction of computational time, our k -step estimator is likely to be faster than the k-step
estimator based on the NFXP algorithm.

Our k-step estimator is closely related to, but different from, the nested pseudo-likelihood
(PL) estimator developed by Aguirregabiria and Mira (2002). The PL estimator avoids repeated
solution of the dynamic programming problem but requires fully solving the pseudo-likelihood
maximization problem for each iteration, which could be costly in models with many parameters.
Furthermore, we show that the convergence rate of the PL estimator is less than quadratic. These
properties contrast with those of our k-step estimator which requires neither repeated solution of
the dynamic programming problem nor repeated solution of the pseudo-likelihood maximization
problem and, yet, can achieve the quadratic convergence.

The superior performance of our estimator over the PL estimator is not without cost. The
pseudo-likelihood of our estimator is defined in terms of 2 policy iterations while the pseudo-
likelihood of the AM’s PL estimator is defined in terms of 1 policy iteration. The computational
cost for each NR step is larger in our estimator than in the PL estimator because our estimator
involves one additional policy iteration. By defining the pseudo-likelihood in terms of 2 policy
iterations, however, the NR search direction of our k-step estimator becomes the same as that
of the NFXP estimator—of which pseudo-likelihood is defined in terms of infinitely many policy
iterations—except for negligible higher-order terms.

Achieving better convergence properties is particularly important for developing k-step boot-
strap estimators since, given the initial root-/NV consistent estimator together with some smooth-
ness and moment conditions, the convergence rate determines the number of NR steps required
to yield higher-order improvements over the first order asymptotics. A difference in required
numbers of NR steps may lead to a substantial difference in computational time to implement
k-step bootstrap.

We examine the performance of our k-step bootstrap estimator by conducting Monte Carlo
experiments based on a machine replacement model [c.f., Rust (1987); Cooper, Haltiwanger, and
Power (1999)]. The proposed k-step bootstrap-t Wald tests perform well even with a relatively
small number of steps k£ > 3. Consistent with the theoretical results, the performance of our

k-step bootstrap-t Wald tests are very similar to that of the k-step bootstrap-t Wald tests based



on the NFXP algorithm.

The remainder of the paper is organized as follows. Section 2 introduces the model. In
Section 3, we propose and analyze a modification to the PL estimator to achieve a faster rate
of convergence. Section 4 describes our k-step estimation algorithm and proves its convergence
properties. Section 5 analyzes the higher-order improvements from applying parametric boot-
strapping the NFXP and k-step estimators. Section 6 reports the simulation results. Proofs and

technical results are collected in Appendix A and B in Sections 7 and 8.

2 The Econometric Model

This section introduces a class of discrete Markov decision models we consider in this paper. We
closely follows the setup and the notations of Aguirregabiria and Mira (2002) [AM, hereafter]
and the reader is referred to AM for the details of the model. An agent maximizes the expected
discounted sum of utilities, E[> 72, BIU (8444, ars)|at, s¢], where s; is the vector of states and a;
is an action to choose from the discrete and finite set A = {1, 2, ..., J}. The transition probability
of the state is given by p(st+1|st,at). The Bellman equation for this dynamic optimization

problem is written as

W) = max {us0) + 8 [ Wissinplasialsna) |

From the viewpoint of an econometrician, the state vector can be partitioned as s; = (x¢, €),

where x; is observable and ¢; is unobservable. We consider the following assumptions.

Assumption 1 (Additive Separability): The unobservable state variable €; is additively
separable in utility function so that U(s;, a;) = u(xs, ar) + €(az), where €;(ay) is the al’

element of the unobservable state vector ¢, = {¢(a) : a € A}.

Assumption 2 (Conditional Independence): The transition probability of the state vari-
ables can be written as p(si+1/St, ar) = g(€r+1|Ti+1) f(Ti41|xe, ar), where g(+) has finite first

moments and is twice differentiable in €; the support of €(a) is the real line for all a.
Assumption 3: The observable state variable z; has a compact support X C R%.

Assumptions 1 and 2 are identical to Assumptions 1 and 2 in AM. They are first introduced

by Rust (1987) and widely used in the literature. Assumption 3 admits x; to have a continuous



distribution, relaxing Assumption 3 in AM that assumes x; has a finite support.
Define the integrated value function V(z) = [ W(z,€)g(de|z), and let By be the space of
V ={V(z) : € X}. The Bellman equation can be rewritten in terms of this integrated value

function as:

V(z) = maf:i({ (z,a) +€(a) + 5/ V(z") f(da|z, a)} g(de|z). (1)
ac
Let I'(+) be the Bellman operator defined by the right-hand side of the above Bellman equation.
The Bellman equation is compactly written as V = I'(V).
Let P(a|z) denote the conditional choice probabilities of the action a given the observable

state x, and let Bp be the space of {P(a|z) : z € X}. Given the value function V, P(a|z) is

expressed as
Plalz) = /f{a = argmaxfv(z, ; V) + €y )]} g(de|z), (2)
where

(a:aV)—ua:a—i-ﬂ/ f(da'|z, a)

is the choice-specific value function and I(-) is an indicator function. The right-hand side of the
equation (2) can be viewed as a mapping from one Banach (B-) space By to another B-space

Bp. Define this mapping A(V) : By — Bp as

AW)lale) = [ 1{a = argmadote. j57) + )] g(del). ®)

We now derive the mapping from choice probabilities to value functions based on Hotz and
Miller (1993). First, the Bellman equation (1) can be rewritten as
ZPa\x{ u(z,a —i—E[()\xavP—i—ﬂ/ (dx]a:a)} (4)
acA

where

Ele(a)|, a; Uy, P(alz)] = [P(alﬂc)}_l/ (@) {o(z,a; V) +e(a) =2 0(z, j; V) +€(j), j € Arg(de|x),

where 0(z,a; V) =v(z,a; V) —v(x,1;V) and 0, = {0(z,a; V) : a > 1}.
Define P, = {P(a|z) : a > 1}. For each z, there exists a mapping from the utility differences
¥, to the conditional choice probabilities P,. Denote this mapping as P, = Q,(7;). Hotz

and Miller (1993) showed that this mapping is invertible so that the utility differences can



be expressed in terms of the conditional choice probabilities: 9, = Q;'(P;). Then, we may

express the conditional expectations of €(a) in terms of the choice probabilities P, as e, (a, Py) =
Ele(a)|z,a; Q.1 (Py), P(alx)].!

By substituting these functions into (4), for each x, we obtain
V(z) = up(z) + BEPV (2), (5)
where

up(x) = Z P(a|z)[u(x,a) + ex(a, Py)],
acA

EpV(z) = Y Plalz) /X V(z')f(dz'|z, a).

acA

Here, up is the expected utility function implied by the conditional choice probability P, while
Ep is the conditional expectation operator for the stochastic process {x¢,a;} induced by the
conditional choice probability P(a|x;) and the transition density f(zi41|, ar).

Define P = {P, : x € X}. The value function implied by the conditional choice probability
P is a unique solution to the linear operator equation (5):2 V = (I — 8Ep) 'up. The right-hand
side of this equation can be viewed as a mapping from the probability space to the value function
space. Define this mapping as

p(P) = (I — BEp)  up.

We may define a policy iteration operator ¥ as a composite operator of () and A(-):
P =U(P) = A(e(P)).

The fixed point of the Bellman equation (1) can be expressed in terms of the fixed point of

the policy iteration operator as V = o(P). If we consider the pair of sequences {V,6 PKX}

"When unobservables are independently distributed across alternatives and have extreme value distributions,
we have P(alz) = Q3(0) = exp(d(z,a)/o)/[1 + 2522 exp(d(z,j)/o)] for a > 1. Then, inverting Q., we get
o(z,a) = Q;_I(P) = In[P(alz)/{1 — Zj:2 P(j|z)}]. Also, we have e(x,a; P) = v — In(P(a|z)) where v is Euler’s

constant.
2Note that, for any Vo € By,

(I — BEp) Vo = Vo + BEpVo + B2ERVo + ...

where the right hand side is converging because 8 € (0,1) and E&Vp is bounded for any integer k and any
Vo € By.



recursively defined by VE = p(PX) and PE*! = A(VE), then the sequence {VE} is the
sequence of Newton iterations monotonically converging to the optimal solution to the Bellman
equation (1).3

Before proceeding, we collect some definitions. Because P and V have an infinite dimension
when x; is continuously distributed, the derivatives of ¥, A, and ¢ need to be defined as Fréchet

(F-) derivatives. For a map g : X — Y, where X and Y are B-spaces, ¢ is F-differentiable at x

iff there exists a linear and continuous map 1" such that
g(z+h) —g(z) =Th+o(|[h]]), h—0

for all h in some neighborhood of zero, where || - || is an appropriate norm (e.g. sup norm,
Euclidean norm if g € RM). If it exists, this T is called the F-derivative of g at z, and we
let Dg(x) denote the F-derivative of g. Note that Dg(z) is an operator. When x belongs to
an Euclidean space, the F-derivative coincides with the standard derivative dg(x)/dz. Concepts
such as the chain rule, product rule, higher-order and partial derivatives, and Taylor expansion
are defined in an analogous manner to the corresponding concepts defined for the functions in
Euclidean spaces. See Zeider (1986) for further discussion. Ichimura and Lee (2004) provide a
concise summary on F-derivatives. Let D7g(x,y) denote the jth order F-derivative of g(x,%),
and let D,g(x,y) denote the partial F-derivative of g(x,y) with respect to z. If z is a finite
dimensional parameter, D,g(z,y) is equal to the standard partial derivative dg(x,y)/0x.

For matrix and (nonnegative) scalar sequences of random variables {Xy, N > 1} and
{Yn,N > 1}, respectively, we write Xy = Op(Yn)(0p(Yn)) if || Xn|| < CYn for some (all)
C > 0 with probability arbitrarily close to one for sufficiently large N.

We assume P(a|z) is a continuous function of the continuously distributed elements of x.
Let Bp denote the space of P(alxz). One of the important properties of the policy iteration
operator V¥ is that the derivative of W in P is zero at the fixed point. AM prove this property
in the case where the support of x; is finite. As established in the following proposition, this
zero-Jacobian property also holds when the support of x; is not finite and V' does not belong to

a Euclidean space.

3Monotonicity can be proved as follows [c.f., Proposition 6.4.1 of Puterman (1994)]. Note that uprxi1 +
BEpraVE > uf + BEpxVE = VE. Then, uprxsr > (I — BEpr+1)VE . Multiplying both sides by (I —

ﬁEPK+1)71, we have VE+! = (I - BEPK+1)71UPK+1 > vE,



Proposition 1 Suppose Assumptions 1 - 3 hold. Then ¢(-) is F-differentiable at the fixved point
P. If U(.) is F-differentiable at P, then Do(-) = DVY(-) = 0 (zero operator) if evaluated at the
fized point P. In other words, Do(P)¢{ = DY (P)¢ =0 for any £ € Bp.

3 Conditional Maximum Likelihood Estimator and its Variants

We consider a parametric model by assuming that the utility function and the transition prob-
abilities are unknown up to a Lg x 1 parameter vector 6 = (0y,04,0y), where 0,,0,, and 0 are
parameter vectors in the utility function u, the density of unobservables g, and the conditional
transition probability function f, respectively. Consequently, the policy iteration operator W is
parameterized as ¥(P,0) = A(¢(P,0),0). This corresponds to AM’s notation ¥y(P).

Let Py denote the fixed point of the policy iteration operator so that Py = W(Py,0). Let
{(a;,z;) :i=1,2,..., N} be arandom sample of (z, a) from the population. Under Assumption 2,
the log-likelihood function can be decomposed into conditional choice probability and transition

probability terms as:

N N
100) =1(0) + 12(0) = > InPy(asla:) + > In fo, (2], as).
i=1 =1

Since 6 can be estimated consistently without having to solve the Markov decision model, we
focus on the estimation of o = (6., 6,) given initial consistent estimates of 8 from the likelihood
l2(0). Thus, U(P,0) = ¥(P,«,0¢), and we use both V(P,0) and V(P,«a, ) henceforth.

The conditional maximum likelihood estimator solves the following constrained maximization

problem:

N
1 R
max — g 1 In P(a;|z;) st. P =V (P a,by). (6)
1=

Rust (1987) formulates the parameter restriction in terms of Bellman’s equation. As shown in
the previous section, we may rewrite the fixed point problem in the value function space as
the fixed point problem in the policy function space (or the probability space) and define the
estimator as (6). Denote the NFXP estimator, the solution to this maximization problem, and

the associated conditional choice probability estimate by & and P.



3.1 Nested Pseudo-likelihood (PL) estimator

The nested pseudo-likelihood (PL) estimator developed by AM is recursively defined as follows.

Assume an initial consistent estimator Py is available. Given PJ-P_ Ll, df L is computed by

N
1 A N
de = argmax — E In ¥(a, PJP_LI,Gf)(ai\xi).
@ i=1

Then ]%-PL is updated using the obtained estimate olfL as pJPL = \II(PfiLl, de, @f) This process
is iterated for j =1,..., k.

Let PY be the true set of conditional choice probabilities, and let f° be the true conditional
transition probability of z. Let ©, and © be the set of possible values of o and 6, and define

O = 0, x Oy. Consider the following regularity conditions:
Assumption 4.

1. ©, and O are compact.

2. W(P,«,0y) is three times continuously F-differentiable.

3. W(P,a,0¢)(alx) > 0 for any (a,x) € A x X and any {P,«,0;} € Bp X ©4 x Oy .

4. W; = {a;,x}, x;}, for i = 1,2,..., N, are independently and identically distributed,
and dF'(x) > 0 for any x in the support of z;, where F'(x) is the distribution function
of x;.

5. There is a unique 9? €int(O¢) such that fg(}(x’\x, a) = fO(z'|z,a) for all (z,2',a).

6. There is a unique a® €int(6,) such that, for any (a,z) € A x X, P(ao’(,(})(au) =
PY(a|z). Furthermore, for any a # o, the set {(a,x) : ¥ (P, a,H?)(a!x) # PY%alz)}
is nonempty.

7. Esup(payp,) |D*W(P, a, 0f)(a;]x;)||* < oo for s =0,...,3.

8. 9f—¢99c = O,(N~1/2), PP — P% = 0,(1), and the NFXP estimator & satisfies v/ N (& —
a%) —4 N(0,Q).

Assumptions 4(1)-4(6) are similar to the regularity conditions (a)-(f) in AM. The following
proposition establishes that the PL estimator converges to the MLE, &, but its convergence rate

is slower than quadratic.



Proposition 2 Suppose Assumptions 1-4 hold. Then, for k=1,2,...

ayt —a = Oy(NTVRPLH - Pl +[|BI - PIP),

PF—P = O,(NTV2PLH - Pl + [P - PIP).
Note that PL — PO = O,(N~) with b > 1/4 suffices for vV N(aET — a%) —4 N(0,Q) for
all £ > 1. This weakens assumption (g) of Proposition 4 of AM and also implies that the PL
estimator is valid even if x; has a continuous support and a kernel-based estimator is used to

estimate P. If PP'L — PO = O,(N~?) with b € (1/4,1/2], repeated substitution gives
de —&= Op(N_(k_l)/Z_Qb), p’fL _ p — Op(N_(k_l)/Q_Qb).

In particular, if the support of x; is finite and we can use ]5({3 L such that 15({3 L_po— Op(N -1/ Y,

then the convergence rate becomes N~ (k+1)/2,

3.2 The modified PL estimator

We introduce the nested modified pseudo-likelihood (MPL) estimator that achieves a faster rate
of convergence than the PL estimator.

First, for a given f’f\f f L the MPL estimator d?/[ PL is defined by

N
&;WDL — argmax N ! Zln \1’2(]3}{{%, a,éf)(ai\xi),
@ i=1
where W2(P, v, 0¢)(as|zi) = V(¥(P, o, 0f), , 0f)(a;|x;). Then JE’JMPL is updated using the ob-
MPL . PMPL _ \y( pPMPL »MPL
j as P; —\I/(ij1 , O

(07

; ,@f). This process is iterated for j = 1,..., k.

tained estimate &

Using ¥?(P, v, 0¢) instead of W(P,a,0y) achieves a faster rate of convergence. Of course,
the MPL estimator requires more policy iterations than the PL estimator for computing each
¢j. Therefore, the overall computational cost for achieving a given rate of convergence may be

higher with the MPL estimator.

Assumption 5. (a) The set {(a,z) : ¥(P,a, 9?)((1\3@) # PY(a|z)} is nonempty for any (o, P) #
(%, PY). (b) ESUP(P,a,ef)eG)O ||D3W2(P,a,0f)(ai\xi)|\2 < oo for s=0,...,3. (¢ ]S(f‘/[PL —
PY = 0,(1).

Assumption 5(a) is necessary for the identification of the MPL estimator.

10



Proposition 3 Suppose Assumptions 1-5 hold. Then, for k=1,2,...
ap't —a =0 (| P = PIP).  BYPE = P =0,(IIPETE — PIP).
If PMPL — PO = O,(N~?) with b € (1/4,1/2], then the convergence rate is given by
aMPL _ 5 = 0, (N7, PMPL _ p =0, (N2

In particular, if ]3({\/”% — PO = Op(N_l/Q), which is possible when X is finite or PéVIPL is

constructed as the fixed point of Py at a root-N consistent estimate of 6%, then d,iwp L_a=

Op(N _Qkil) and the MPL estimator achieves the quadratic convergence.

Remark 1 Note that N~' SN (9/0a) InW(P, &, 05)(ailz;) = N~ SN (8/00) In W2(P, &, 0 ) (ailz;) =

0 because the NFXP estimator solves the maximization problem. Therefore, heuristically speak-

ing, the distance between the NFXP estimator and the PL/MPL estimator is related with P,ﬁ L

P, ]5,%11% — P, and the behavior of the second derivatives N~ Zf\;l Dpyln \I/(P,oz,@f)(aﬂ:ci)

and N~1 Zf\il Dpo InU2(P, a, é’f)(al|zl) In the case of the MPL estimator, the Appendiz shows

DpoInU%(P, &, @f)(ai|xi) =0, and hence f’é‘/_“fL — P has a second-order effect on &FF —a. In

the case of the PL estimator, Dpa In U2(P, &, 9f)(a7;\:ni) # 0 in general but N—! Zf\il DpoIn¥(P, &, éf)(ai|xi) =
EDpo In (PO, % (a;|x;) + Op(N~Y2) = O,(N~V/2). Therefore, PliLl — P has a negligible effect

on &'F — & in the limit but its convergence rate is slower.

3.3 Covariance matrix estimation and test statistics

Suppose @f is obtained by maximizing lp(ff). Suppress (a|z) and (2'|z,a) from Py(alz) and
fo, (2'|x,a). Expanding the first order condition for & and 6 s gives the asymptotic covariance

matrix, 2(6°), of § = (d’,@})’ as

5(0°) = D(0°) V(") (D)1,

where
D) = _ Dui(0) Di2(8) | B E(8%/0d/0a)InPy  E(0%/0a’00¢) In Py
| 0 Dxn(9) 0 E(9/00,00)In fy, |
V(e) — | V11(9) ‘/12(9) _ E (8/80/) 111 Pg (8/80/) 111 Pg /
| Vai(0)  Vaa(0) (0/00'%)1n fo, (0/007) I fo,

11



The information matrix equality from the MLE based on [;(f) alone (when 6 is known)
and Ilo(6) alone implies Dq1(0°) = V31(6°) and Dap(6°) = Vae(6°), respectively. Further-
more, the information matrix from the full MLE based on /() implies —E(8%/0a/00¢) In Py =
E(0/0a")In Py(9/00;)(In Py +1n fo,).

There are several ways to estimate $(6°) consistently. Let

(0%/0d/0a)In Py (8%/0a’00¢) In Py

1 N
Dn(0) = ——
N ; 0 (92/00,00,) In fo,

; 1 L[ (8/00) I Py(0/0a) n By (9/0a’)In Py(0/060;)(In Py + In fy,)
DN(Q) = NZ ,
= | 0 (0/08)) 1 f0,(9/06)1n fo,
1 X 0/00) Py ©/06) Py \
Vn() = —
" N ; |\ (9/00))1n fo, (8/00;)In fy,

D$ () is an OPG estimator of D(f), which does not require the calculation of the second
derivatives of In Py and In fy e Then one can use Xy = X N(@), where 0 is a consistent estimate

of #° and

En(0) = Dn(0)"'Vn(O)(Dn(0)7Y), or (7)

En(0) = DRO) 'V (O)(DR(O) )

SN (0) —, >(0°) from the standard argument, but this potentially requires a large number of
policy iterations, being based on the full solution of the fixed point problem.

Alternatively, we may estimate V(0) and D(0) using the pseudo-likelihood function defining
the PL and MPL estimators. Define DYF(P,6) and DYFL(P,6) by replacing Py in the defini-
tion of Dy(6) with W(P,6) and W2(P,0), respectively, and define DY (P, ), DGMFE(P,6),
VEE(P,6), and VMPE(P,6) analogously. As shown below, we can estimate ¥(6°) consistently

using these estimates with the PL and MPL estimators of P and «a.

Proposition 4 Let P and 0 denote estimators that converge to P and 6° in probability. Then,

D (P,6), DY (P,0) —, D(6°) and Vi(P,8) —, V(6°) for r = {PL, MPL}.

This result is essential for developing inference procedures with PL and MPL estimation;
using VAI;L(p,fL, dkL,éf) and V%PL(PIS/IPL,&%PL, éf) in place of Vy (&, 9f), we may construct

t- and Wald statistics with a limited number of policy iterations.

12



Let 0,., «92, and 6, denote the r -th elements of 0, 6°, and 0 respectively. Let (Xx), denote
the (r,7)-th element of X. The t-statistic for testing the null hypothesis Hy : 8, = 69 is

Tn(60)) = NY2(6, — 600)/(Zw )i

Let 1(6) be an RF1-valued function that is continuously differentiable at #°. The Wald statistic
for testing Ho : 7(0°) = 0 versus Hy : n(6°) # 0 is

Wa(0°) = Hy(0,6°)Hy(0,6°), where
0 9 9 2 1/2
Hy(0,07) = %77(9)21\[(9)@77(9) NYn(0).

Then T (0°) —4 N(0,1) and Wy (0°) —4 X%n under the null hypotheses.

4 k-step Estimation

We propose a k-step version of the PL. and MPL estimators, which update the parameter «
using one quasi-NR step. This reduces the computational cost of the corresponding estimators,
because one does not have to fully solve the optimization problem. Let Ly (P, «,6) denote the

objective function of the PL estimator as

Ly(P,a,0f) = Zlnty P, o, 0f) (ai|z;).
=1

The k-step PL estimator, (df L P,f L), is defined recursively as:
Step 1: Given (PJ-P_Ll, ;= 1,«9f) update « by
~PL _ ~PL 9 PL &PL
Q- = Q1 — (QN,j—l) ?LN(P 1,051, 0f>7 (8>

where QN j—1 = QN(PPL leﬁf)-

Step 2: Update P using the policy iteration operator evaluated at the updated df L
HPL SPL ~PL }

J

Iterate Steps 1-2 until j = k.

13



The matrix @y ;1 determines whether the k-step PL estimator uses the NR, default NR,
line-search NR, or Gauss-Newton (GN) steps. The NR choice of Qn ;1 is Q%§_1 = (82/8a8a’)LN(f~’jPL a; - L, Gf
The default NR choice of @y, j—1, denoted Qﬁj_l equals Q%ﬁ_l if df L defined in (8) satisfies
LN(]%]i L P L F) > LN(PP L a;t PL g #), but equals some other matrix otherwise. Typically,
(1/€)Idim(a) for some small ¢ > 0 is used. The line-search NR choice, Q%*?j_l, computes de’a
for o € (0,1] using (1/a)QY" j—1 and chooses the one that maximizes the objective function.
The GN choice, denoted QS N,j—1- lses a matrix that approximates the NR matrix Q%?ﬁl. A

popular choice is the OPG estimator

Qe - 2*1 (PP, 625, 0 ailes) o (PP 675, 0 aile),

because this does not require the calculation of the second derivative of the objective function.
The following propositions establish that the k-step version of the PL estimator achieves the

same rate of convergence as the original PL estimator.

Proposition 5 Assume the regularity conditions of Proposition 2 hold and the initial estimates

(abr, ﬁdPL) are consistent. Then, fork=1,2,...,

gt —a = Op(NTVAIBM — Pl +llagh — &l + 1B — PIP),
0, for NR, default NR, line-search NR
\ ouv12la—apn, for 0P,
PPE—P = o(laf" - al).

When the initial estimates satisfy ab” — a® = O,(N~°) and P{Y — P = O,(N~?t) with

b € (1/4,1/2], repeated substitution gives
&fL _ d — Op(N_(k_l)/2_2b), P{L _ P — Op(]\f—(k:—l)/Q—Qb)7

and the k-step PL estimator achieves the same convergence rate as the PL estimator.
The k-step MPL estimator (&%, PMPL) is defined analogously using N~ Zfil In U2(P, , 0) (a;|z;)
as Ly(P,a,0). As shown in the following proposition, it achieves the same rate of convergence
as the MPL estimator when the NR, default NR, or line-search NR is used. When the OPG is
OPG

used, its convergence rate reduces to that of the k-step PL estimator due to the error of @ Nj-1

in approximating (9?/dada’)Ly.
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Proposition 6 Assume the regularity conditions of Proposition 8 hold and the initial estimates

(~MPL’ PéWPL)

fa%y are consistent. Then, for k=1,2,...,
Gt —a = Oplla— &I+ (1P - BETHIP)
N 0, for NR, default NR, line-search NR
Op(N~V2[Ja = apIHD), - for OPG,
PIPE—P = Oy(lay"" - al)).

When the initial estimates satisfy af’ — a® = O,(N~?) and Pt — PO = 0,(N~?) with

b € (1/4,1/2], repeated substitution gives

aMPLl —a = 0,(N7"), PMPL_ p=0,(N""), for NR, default NR, line-search NR

&{g”PL _a = Op(Nf(kfl)/Zbe)j Pé\/[PL _p- Op(N*(kfl)/Zbe% for OPG.

5 Parametric Bootstrap and Higher-order Improvements

In this section, we analyze the higher-order improvements from applying parametric bootstrap-
ping to the parametric discrete Markov decision models.

First, consider bootstrapping the NFXP estimator. The parametric bootstrap sample {W;* :
i=1,...,n} is generated using the parametric density at the (unrestricted) conditional NFXP
estimator & and the MLE 0 7. The conditional distribution of the bootstrap sample given 6 =
(@, 9})’ is the same as the distribution of the original sample except that the true parameter is
0 rather than 6° = (o, %)

The bootstrap estimator §* = (a*,07)" is defined exactly as the original estimator 0 but
using the bootstrap sample {W : i =1,...,n}. Specifically,

N
07 = argmaxl3(05), wherel5(0f) = Infy (2]}, a;), (9)
07€0O; i=1

N
1
o = argmax — » InP(aj|z]) st. P=Y(P«,60%).
s 3 Pl (P, 07)

The bootstrap covariance matrix estimator, X3, is defined to be 373,(6*) where ¥3,(6) has

the same definition as ¥ (@) in (7) but with the bootstrap sample in place of the original sample.
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The bootstrap ¢ and Wald statistics are defined as

TN(6:) = NY2(0; —60)/(ZR),4, (10)

Wi(0) = HY(0%,0)Hy(6%,0), where

. —1/2 .
Hy(0.0) = (ggu®=xi0)n0))  NY0(0) - (o)

where 6, denotes the r-th element of %, and (X%),» denotes the (r,r)-th element of ¥7.

Let z|*T| s #T.0> and 23y, , denote the 1 —« quantiles of ]T]’{,(ér)], Tj{,(@r), and W (0), respec-

tively. The symmetric two-sided bootstrap CI for 62 of confidence level 100(1 — )% is
Clsym = [0r = 2o (SN2 /N2, 00 + 2y ((SN) 17 INV2). (11)
The equal-tailed two-sided bootstrap CI for 89 of confidence level 100(1 — a)% is
ClIr = 0r — 250 o (SN INY2, 0, — 251 o (SN)2 /N, (12)

The symmetric two-sided bootstrap t test of Hy : 6, = 6° versus Hy : 6, # 6° of significance level
a rejects Hy if [T (09)] > 2/7).o- The equal-tailed two-sided bootstrap ¢ test of significance level
a for the same hypotheses rejects Hy if T (6°) < 27 1—a/2 OF Ty (6°) > 27,42 The bootstrap
Wald test of Hy : 7(6°) = 0 versus Ha : n(6°) # 0 rejects Hy if Wi (6°) > 2. o

We introduce the technical conditions that are used in establishing the higher-order improve-
ments. They mainly consist of the conditions on the higher-order differentiability, the existence
of the higher-order moments, and the Cramér condition. They are essentially the same as As-
sumptions 2-4 in Andrews (2001). Let a be a non-negative constant such that 2a is an integer.
Let lg(x,a) = InPy(alz) + In fo,(2'|z,a), and let h(W;,0) € R denote the vector contain-
ing the unique components of (9/960")¢y(a|z) and (0/96')ls(a|x)(0/00)ls(a|x) and their partial
derivatives with respect to 6 through order d = max{2a +2,3}. Let Apin(A) denote the smallest
eigenvalue of a matrix A. Let d(6, B) denote the distance between a point 6 and a set B.

We assume the true parameter 8° lies in a subset Oy of © and establish asymptotic refine-
ments that hold uniformly for #° € ©y. For some 6 > 0, let ©; = {# € © : d(#,0p) < §/2} and
O = {0 €O :d(0,00) < d} be slightly larger sets than ©¢. For the reasons why these sets need
to be considered, see Andrews (2001).

Assumption 6. (a) ©; is an open set. (b) Given any € > 0, there exists n > 0 such that
160 — 6°|| > & implies that Eyo In Pyo(a|z) — Eg In Py(alz) > 1 and Eypln fo,(@'|x,a) —
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Egoln fo,(2'|z,a) > nforallf € © and 6° € ©1. () SUpgoce, Fgo supgee |1(9/00) In Py(alx)||® <
00, SUPgoc g, Lgo supgeg [[(0/00) In fo, (2'|x,a)||? < oo, supg,co, Fgo suppee |In Py(alz)|? <

00, and supy,co, Fgo supgee |In fo,(2'[x,a)|% < oo for all § € © for go = max{2a +1,2}.

Assumption 7. (a) In Py(alz) and In fp,(2'|z,a) are d = max{2a + 2,3} times partially dif-
ferentiable with respect to 6 on Og for all (z,2’,a) in the support of (z;, ), a;). (b)
SUPgocg, Egol[M(Wi,0)[|" < oo for some ¢1 > 2a + 2. (c) infgo g, Amin(V(6p)) > 0,
infgo.g, Amin(D(0p)) > 0. (d) There is a function Cp,(W;) such that ||h(W;, 8) —h(W;, 0% <
Ci(W;)||6—6°|| for all 6 € O3 and 6° € Oy such that |[§—6°|| < § and supgo.g, EgpCf* (W;) <

oo for some ¢ > 2a + 2.

Assumption 8. (a) For all ¢ > 0, there exists a positive § such that for all ¢ € R+ with
[t]] > &, |Eyo exp(it’ h(W;,6°))] < 1 — 4 for all 8° € ©1. (b) Q(6°) =Varye(h(W;,0%)) has

smallest eigenvalue bounded away from 0 over 6° € ©;.

The higher-order differentiability of In Py(a|z) and In fy,(2'|z, a) are satisfied if the density
function of the unobserved state variable, e, is sufficiently many times differentiable. Note that
Assumption 2(b) of Andrews (2001) is satisfied by the definition of & and 0 ¢. Assumption 2(c)
of Andrews (2001) is satisfied with p(6,00) = Ego In Py(alz) and Ego In fy, (2|2, a). Assumption
2(d) of Andrews (2001) is satisfied by the information inequality, the compactness of ©, and
the continuity of p(6,6p), which holds by our Assumption 6(b). See Lemma 2.4 of Newey and
McFadden (1994). Because W; is iid, Assumption 4 (a), (b), and (d) of Andrews (2001) are triv-
ially satisfied, and his Assumption 4(c) reduces to the standard Cramér condition. Assumption
4 (f) of Andrews (2001) follows from our Assumption 8 (b) since W; is iid.

The following Lemma establishes the higher-order improvements of the bootstrap NFXP

estimator.

Lemma 7 Suppose Assumptions 1-8 hold with a in Assumptions 6 and 7 as specified below.

Then,

(a) supgocg, | Prgo(6° € ClIsyn) — (1 —a)| = O(N"2)  fora=2,
(b) supgocg, | Pryo(0° € Clgr) — (1 — )| =o(N~'InN) fora=1,
(c) supgoce, | Prgo(Wn (%) < Zypa) — (L—a)| = o(N=32InN) fora=3/2.
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The errors in coverage probability of standard delta method CIs are O(N~') and O(N~1/?)
for symmetric CIs and equal-tailed Cls, respectively. The errors in the standard Wald test is
O(N—Y).

5.1 k-step parametric bootstrap

Bootstrapping the NFXP estimator is computationally very costly, because typically one has to
estimate the model more than 150 times. We propose the k-step bootstrap PL and MPL estima-
tors, which are defined as 637" = ((a;PF), (63)) and 6;M"F = ((a;MFLY, (6%))', where 67 is
defined in (9) and (ajF’F, PpPE afMPL prMPLY are defined exactly as (afL, PPE, aMPL pMPL)
but using the bootstrap sample {W :i=1,...,n}.

We estimate ¢ by the NFXP estimator in the original sample and use P, (the fixed point at
the NFXP estimator) as the initial estimate of P for the k-step estimation with the bootstrapped
samples. Using the NFXP and P, would not increase the computational burden significantly,
because we have to estimate ¢ from the original sample and compute P, only once.

We use the derivatives of the pseudo-likelihood function defining the PL or MPL estimator
to construct the covariance matrix estimate. This saves the computational burden substantially,
because we need to compute the covariance matrix estimates as many times as the number
of bootstraps. However, a care must be exercised; using the second derivatives of the pseudo-
likelihood function defining the PL estimator does not yield the higher-order refinement, because
the second derivatives of In Py and In ¥(P,6) with respect to § do not agree with each other
even evaluated at the fixed point.

With HZP L we compute the bootstrap covariance matrix estimator as
PL O,PLy«PL\—11,+PL/pxPL O,PLp«PL~—
SN (0:7F) = DO T VRTE @I (DT 65 Y,

where D}‘VO’PL(H) and V3FL(9) are the same as D](\),’PL(G) and V£ (0)but constructed with the

bootstrapped sample. With HZM PL e use

EN(H*MPL) — D*MPL(QZMPL) V*MPL(H*MPL)(D*MPL(Q*MPL) )7 or
E}kv(ezMPL) — D}kvO,MPL(azMPL)flvg}MPL(QZMPL)(D}kVO,MPL(QZMPL)fl)/’

with analogous definitions for D3MPL(9), VMPL(9), and D}‘VO’MPL(G). DiMPL(9) must be used

if Dyn(6) is used in forming ¥y (6), and DTVO’MPL must be used if DY (#) is used in forming
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YN (0).

The k-step bootstrap ¢- and Wald statistics, T]’(,k(é,n) and W}(,k(é) are defined as in (10),
but with (6%, %%) replaced by (0;7F, 4(0:FF)) or (0;MPE 24, (05MPL)). The k-step bootstrap
confidence intervals, denoted Clgy i, CIgT), are defined as (11) and (12) but with z[}m,

* * : * * * :
27 )20 and 27 1—a)2 replaced with 2T ke Pk )20 and 2Tk d—a/2) respectively.

Define
png = N ~25 ln2k(N ) for the k-step MPL estimator with NR, defalult NR, and line-search NR,
PNy = N~E+D/21nk+1 (N for the k-step PL estimator and the k-step MPL estimator with OPG.

Lemma 8 establishes the higher-order equivalence of the k-step PL and MPL bootstrap
estimators and NFXP bootstrap estimator. Lemma 9 shows, under suitable conditions on a and
k, the difference between the bootstrap test statistic constructed using the k-step PL and MPL

estimators and NFXP estimator are o(N~%).

Lemma 8 Suppose Assumptions 1-8 hold for some a > 0 with 2a an integer and supgeg ||(0/00) Pp(a;|zi)|| <
oo with probability one. Then, for alle >0 and s = {PL, MPL},

sup Pr (Pry(l16i° = 0*1| > pyy) > N™%) = o(N"9),
0°€Oq 0o ’
sup Pr (Pr5(|T]*§,,k(9T) —T5(0,)] > N2y ) > N—%) = o(N™9),
9°ce, %o
sup Pr (Prs(IWi(8) = W@ > N2y s) > N™%) = o(N"9),

0°co, %
Lemma 9 Suppose the assumptions of Lemma & hold and py j, = O(N_(a+1/2)). Then, for all
e >0,

sup Pr (sup, |Ex(2)| > N %) = o(N™%),
0°cey, %

for Eg(z) = Priy(NY2(6;°—0) < 2)—Pr3(NV2(0"—0) < 2) with s = {PL, MPL}, Pr}(Ty, . (6,) <
2) = Pri(T3(6y) < 2), or Pry(Wy ,(0) < 2) — Pr;(W3(0) < 2).

The condition on supycg |[(0/08)Py(a;i|x;)|| < oo can be weakened to a condition in terms
of its moment, but with a longer proof. The following Lemma shows that the errors in coverage
probability of the k-step PL and MPL bootstrap ClIs are the same as those of the NFXP
bootstrap Cls. Therefore, one can use the k-step estimators to achieve the same level of higher-

order refinement as the one obtained with the NFXP estimator.
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Lemma 10 Suppose the assumptions of Lemma 8 hold. Then

(a) Ifa=2and pyy = o(N—5/2), then SUPgoce, | Pryo (0 € Clsyn k) — (1 —a)| = O(N~2),
(b) Ifa=1and py, = o(N—3/2), then SUPgocg, | Pryo(0° € Clpri) — (1 —a)| = o(N"'In N),
() Ifa=3/2and py, = o(N=3/2), then SUPgoce, | Pryo(Wn (6°) < Zypa) — (L—a)|= o(N—3/2In N).

Using the (non-k-step) PL and MPL estimators achieves the same level of higher-order
refinement. We omit the proof because it is very similar to the proof of Lemmas 8-10. The
condition gy = o(N —5/2) requires k > 3 for the k-step MPL estimator with the NR, default
NR, and line-search NR, and k& > 5 for the k-step MPL estimator with the OPG and the k-step
PL estimator. The k-step MPL estimator with k = 3 requires 6 policy iterations. On the other
hand, the PL estimator with £ = 5 requires 5 policy iterations and hence less computation. The
fewest policy iterations with py ;= o(N ~5/2) are achieved if we use the PL estimator in the first
and second steps and the MPL estimator in the third step; this yields iy, = O(N™3 InS(NV))

with 4 policy iterations.

6 Monte Carlo Experiments

6.1 Experimental Design

The model we consider is a version of machine replacement model [e.g., Rust (1987) and Cooper,
Haltiwanger, and Power (1999)]. There are two observable state variables in the model: machine
age s; € N and productivity shock w; € R. The vector of the observed state variables is denoted
by ¢ = (st,w;). The machine replacement decision is indicated by a; € {0,1}. The transition
function of s; is given by s; = a;—1 + (1 — a;—1)(s¢—1 + 1) while the productivity shock w; follows
an AR(1) process:

Wt = pwWi_1 + Ny,

where 1, ~ N(0,0,). The profit function is given by u(x¢, a;) + €(a;) with

u(zy, ar) = y(se, wr) — me(se) — are(se),

where y(s¢,wy) is the revenue function; c(s;) is the machine maintenance cost; rc(sy) is the

replacement cost; €(a;) is an unobserved state variable which is assumed to be extreme value
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distributed independently across alternatives, a; = 0,1. We consider the following parametric

specification:
re(sy) = O,
y(st,we) = exp(brse +wy),
me(sy) = 6Oasy.

We estimate three structural parameters, 6y, 61, and 63. Other parameters in the model,
(B, p,op), are not estimated; instead, they are assumed to be known and are fixed at (3, p, o) =
(0.96,0.8,0.2). The data are generated using the machine replacement model at the parameter
values (0, 01,602) = (2,—0.1,0.05).

To simulate the data from the model with continuous-state space, we first solve an ap-
proximated model with a discrete-state space using a finite number of grids and then use the
“self-approximating” property of the Bellman operator [c.f., Rust (1996)] to evaluate condi-
tional choice probabilities at any point outside of the grids.* This allows us to generate the data
from the approximated model with continuous-state and to evaluate a likelihood function at any
point outside of the grids. In practice, we approximate the state space of w by 10 Gauss-Hermite

quadrature grids while the state space of s; is given by {1,2,....,10}.?

6.2 The Performance of PL, MPL, and Various k-step Estimators and their
t-Statistics

We first compare the performance of different k-step estimators in finite sample. We generate
1000 data sets, each of which has 500 observations, and then, for each of them, we obtain the
sequence of estimates for various k-step estimators.® We experiment PL, MPL, and their k-step
versions (k-PL and k-MPL) and compare the mean, the median, and the 95 percentile of their
distances from the Maximum Likelihood (ML) estimate normalized by the standard error of the

ML. In a k-step version of PL and MPL estimators, the parameter is updated in the first stage

“The “self-approximating” property of the Bellman operator is an example of the Nystrom interpolation

formula [c.f., Atkinson (1997)].
5There is an important issue of how the choice of approximation methods affects estimation and inference.

When we approximate the state space of w using 5 quadrature grids instead of 10 grids, the results were similar.
5We use the conditional choice probabilities under the true parameter as an initial starting point.
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using a Newton-Raphson method, where the hessian is approximated by the outer-products-of-
gradient (OPG).

Table 1 reports the mean, the median, and the standard error of the percentage absolute
distance between the ML estimate and the true parameter value. With this sample size, the
MLE is biased and its standard errors are substantial.

Table 2 reports the mean, the median, and the 95 percentile of the percentage absolute
distance between various estimators and the ML estimator normalized by the standard error of
ML. The fixed point under the true parameter values are used as the initial conditional choice
probabilities for PL, MPL, k-PL, and k-MPL. Comparing the statistics reported in Table 1 with
those in Table 2 gives us the idea of how well the various k-step estimates approximate the
ML estimate. As expected, the MPL perform best though the PL also perform fairly well. In
terms of the 95 percentile of the percentage absolute distance (“Top 5 percent”), consistent with
our theoretical prediction on convergence rate, the MPL for £ = 2 is comparable to the PL for
k = 5. On the other hand, k-PL and k-MPL do not perform well, especially for “Top 5 percent”;
there are a substantial number of samples under which a simple NR-step does not lead to an
increase in their values of likelihood, indicating that their initial starting points are not within
the “domain of attraction.””

Table 3 reports the mean, the median, and the 95 percentile of the absolute distance in t-
statistics between the various estimates and the ML estimate under the null of the true parameter
values. The results are similar to those of Table 2. Both PL. and MPL perform well while their
k-step versions perform poorly especially for “Top 5 percent.”

Table 4 reports the mean, the median, and the 5 and the 95 percentiles of t-statistics of MLE
under the null of the true values of parameters. We notice that there is substantial asymmetry
between left and right tails, especially for #;. This is indicative that asymptotic theory—which
predicts a symmetric distribution—may not provide reliable inference in this context.

We repeat the similar exercise for various estimators with £k = 3 as reported in Table 5; it
compares the finite sample distribution of t-statistics constructed from MLE with those from
other estimators at k = 3 in terms of mean, median, 5 and 95 percentiles. Here, we also consider

k-step PL and MPL with a default NR method. A default NR uses the hessian if the updating

“In the future, we will consider introducing a line-search as well as repeating NR-steps until it achieves a

decrease in the value of likelihood.
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leads to an increase in the value of the (pseudo) likelihood function and, if not, it uses other
matrix in place of the hessian. ® The distributions of t-statistics constructed from PL and
MPL approximate that from MLE very well. On the other hand, the distributions from k-PL
and k-MPL approximate that from MLE less successfully, especially for the 5 and 95 percentile;
again, this is because a simple NR-step may not work when an initial point is not within the
domain of attraction; when we use a default NR-step instead, the distributions from k-PL and
k-MPL approximate that from MLE reasonably well although the approximation error of the

95 percentile for 6 is still substantial.

6.3 k-step Parametric Bootstrapping

In this section, we apply our k-step estimator to the bootstrapping. We test the following

composite null hypothesis:
HO : 91 =0.1 and 92 = —0.05.

First, we examine how well the asymptotic Wald test performs. Table 6 reports rejection
frequencies for asymptotic Wald test at .10, .05, and .01 levels for different sample sizes: N = 200,
500, and 1000. The number of replications is set to 500.” The parameters are estimated using
the full fixed point solution method of the NFXP algorithm while we computed the variance-
covariance matrices using the outer product of gradient (OPG) with the derivative of likelihood
function.

The Wald test overrejects the null hypotheses at all three levels. While the severity of
overrejection decreases with the sample size, it substantially overrejects at all levels even with the
sample size of 1000. The result indicates, in context of the parametric discrete Markov decision
model, that the inference based on the asymptotic Wald test could be misleading especially

when the sample size is small.

8In practice, we use (1/¢)I with a small value of ¢ for this other matrix. We first try ¢ = 0.1 and check if the
likelihood value increases or not. If not, we try e = (0.1)%,(0.1)3, ... until we find e that leads to an increase in

the value of the likelihood function.
9The panel data of a sample size N is generated as follows. We set the time dimension equal to T = 5 so

that, given N, each sample contains N/T' cross-sectional observations. Each of N/T cross-sectional observations
is generated by first drawing the initial state x from the implied stationary distribution of x and then, starting

from the initial state, we simulated T periods of observations.
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Table 6 presents the coverage performance of the asymptotic 90% and 95% confidence in-
tervals. For instance, the asymptotic 90% CI is constructed from a standard normal table as
9i + 1.64556; for i = 0,1, 2, where 9Z and &; are the estimate of #; and its standard error, re-
spectively. The variance-covariance matrices are estimated by OPG. The table indicates the
frequencies that the confidence intervals missed the true values on the left and right sides in 500
simulated samples. In the case of the 90% CI, the true coverage is 0.9 so that the ideal values
of “Miss Left” and “Miss Right” are 0.05.

For the parameter 61, both the 90 % and the 95% confidence intervals severely undercover
on the right while they overcover on the left. On the other hand, the asymmetry of miscoverage
for §y and 65 is not as severe as that for 6;.'° The miscoverage for #; is still substantial even at
N = 1000 although, as we expect, the overall coverage performance of the asymptotic confidence
interval gets better as the sample size increases from 200 to 1000.

We conduct parameteric bootstraps with 500 simulated samples, where each simulated sam-
ple contains N = 500 observations. For each simulated sample, we estimate the parameters
by Maximum Likelihood (ML) using the NFXP algorithm and draw B=199 bootstrap samples
from the parameteric model evaluated at the ML estimates. We estimate parameters for each
bootstrap sample using PL, MPL, k-PL, and k-MPL estimators starting from the ML estimates
and the conditional choice probabilities at the corresponding fixed points. Conducting simula-
tions, we examine the performance of bootstrap Wald tests under PL, MPL, k-PL, and k-MPL
relative to the asymptotic Wald tests.

Table 8 shows rejection frequencies for bootstrap Wald test at .10, .05, and .01 levels for
ML, PL, MPL, k-PL, and k-MPL estimators. The variance-covariance matrices are estimated
by OPG using the derivatives of a pseudo-likelihood function with one policy iteration for PL
and k-PL while using the derivatives of a pseudo-likelihood function with two policy iteration for
MPL and k-MPL. Comparing Table 8 with Table 6, we notice that the performance of bootstrap
Wald tests using ML, PL, and MPL estimators are substantially better than that of asymptotic
Wald test. Furthermore, bootstrap Wald tests using k-step PL and MPL perform better than
asymptotic Wald test with a relatively small number of steps; k-PL with k£ = 5 and k-MPL with

0This may be due to the difference in the degree of nonlinearity. The parameter 01 enters into the profit
function through exponential function while §o and 0; are linearly related to the profit function; consequently,

the degree of nonlinearly in 6; is larger than those in 6y and 6.
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k = 3 lead to rejection frequencies at .10 and .05 that are much better than those of asymptotic
Wald test.

Coverage performance of bootstrap 90% and 95% ClIs for various estimators are reported
in Tables 9-12. The miscoverage for 6 of bootstrap equal-tailed Cls is less severe than that of

asymptotic Cls.

7 Appendix A: proofs

We give the proof for one dimensional case for both «, and 6. The generalization to a more
general case is straightforward. We suppress the subscript N from the estimators of o and P
to ease notation. For an n-linear operator M (z1,...,zy) such as an n -th F-derivative, the
operator norm of M is defined as || M|| = sup||z,||=...=jz,||=1 M (@1, .. ., 20)|]-

To simplify the notation, let 1, (P, o, ;) = N1 Zf\;@/aa) InV(P,a, ) and EZ(P, a,0f) =
NN (9/0a) T2 (P, a, 6;).

7.1 Proof of Proposition 1

For an arbitrary set of conditional choice probabilities P, define H,(PY, V) = upo(z)+BEPV ().
Then, by definition,
p(P%)(z) = Hy (P, 0(P)) = up(a) + 8 ) P(alz) /X p(P%)(a") f(da'|z, a).
acA

For h € Bp, let h(a|x) be the ath element of h corresponding to z. A little algebra gives

o(PO+ 1)) — p(P) (&) = (1 BEpo) [uposn(x) — upo(z) + B (Epoys — Epo) p(P + h)(x)]
= (1= BEpo)~" [upogn(@) — upo(x) + B (Epoyp — Epo) p(P°) ()],

where the second line follows because (-) is continuous. Define h) = (h(2|x),...,h(J|x)),

P2 = (PY(2),...,PY(J)), where P, is defined in page 5. Note that PO(1|z) =1 —37_, P%(a|z)

and (P° + h)(1]|z) = 1 — 327, (P° + h)(a|z). Hence, it follows from Lemma 2 of AM that

upo (%) = upo(z) = Yae a1y Mlalw)[u(z, a) — u(@, 1)] — Qz ' (p2) kG + o(||hl]), where o(||h]]) is

uniform in x € X, because Q;!(z) is continuous in z uniformly in z € X.
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When PV is the fixed point of ¥, (Epo;, — Epo) ¢(P°)(z) equals

5 Y wan{ [ Vsl - [

acA\{1} X
= 0h)— Y he(a)[u(z,a) — u(x,1)).
acA\{1}
because ¥, = Q,(P,) when P is the fixed point of ¥, we obtain (P 4 h) — ¢(P) = o(||h||) and

V(x)f(da'|x, 1)}

hence Dp(P) = 0. Since ¥ = A o ¢, it follows from the chain rule in B-spaces that DW(P) =
DA(p(P))Dp(P) =0. 0

7.2 Proof of Proposition 2

Because the NFXP estimator maximizes the objective function of the PL estimator if P = P

(c.f. equation (Ap.4) of AM p. 1540), it follows that
Ea(plil/lvdkPLaéf) :Ea(paavéf) =0. (13)

éz,f L'is consistent for all k > 1, because the consistency proof in the proof of Proposition 4

of AM does not depend on the finiteness X. Applying the generalized Taylor’s theorem to
Va(BR, 0k 0p) — 0o (P a.By) gives

[ @105, (Prsar ) @E )i + [ DpTu(Prn B ~ Pl =0 (1
where P, = Tplffl + (1 —=7)P and oy = 7a@l* + (1 — 7)é. Note that 9Py /00 = dW¥(Py,0)/00
thus P — PO = Op(N_l/Q) since & and éf are N'/2-consistent. For the first term in the left
of (14), [, (8/8a)¢o(Pr, ar,B)dr —p B(9?/9a2) In¥(P,6%) < 0 (the inequality follows from
AM p.1541) from Lemma 11 and the consistency of Py, 6 7, and df L For the second term in

the left of (14), view Dp),(Pr, cr, @f)(]?’f_’:l — P) as a function from (P, a,0y) to real line and
use & — aY, éf — 0%, P—pPO= Op(Nfl/Q), then it follows that

1
/ Dptpo(Pr, o, 07) (BEY — P)dr
0
= Dpi (P60 (BFL — P) + O,(|| BPE — PI?)
+O,(|IaFE — al[|BFE — Pl|) + 0 (N~Y2||BEY — PJ)).

Furthermore, from the information equality and Proposition 1, we can show ED,(9/da)In ¥ (P°,§%) =

0 (zero operator). Since (a;, ;) is iid, it follows that
Dpipo (P, 6%) = Op(N~172). (15)
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Consequently, rearranging the terms in (14) gives
E(9/00%) nW(P*,0°) + O, (|| P — PI))| (af* — &)
= O,(NT2BEE = Pl + Op(I1BES - PIIP),

and hence dkPL —a = Op(]\7*1/2H15,f_L1 — PH + HP,&LI — ]3\]2)

The proof completes by showing the convergence rate of P,f L — \I!(Pli Ll, df L 0 ). Expand

\IJ(]AD,f_Ll,dkPL,@f) around (A7d,éf), apply DP\I'(]S,d,é’f) = 0, and use Lemma 11, then we
obtain
PPF = w(Bh,af"0y)
= (P, &0p) + Dp¥(P,a,07) (B — P) + Do¥(P,a,05) (01" — &)
+O,(||PEH = PIIP) + Op(lle ™ — &%)

= P+Oy(lat" — al)) + Op(IIPE5 = PIP) + Op(I|af™ — &l ). (16)
Therefore, B — P = O(||af" — &l + | BEE — PI[?) = Op(N~V2||BER — P|| + || BES — PI?).
O

7.3 Proof of Proposition 3

First, we collect some results on the derivatives of ¥(P, ) and Py. Recall that Py, the fixed point

at 0, is defined implicitly as a function of 6 as Py = W(Fy, ). It follows from Proposition 1 that
DPy = DP\II(PQ, H)DPQ + Dg@(Pg, 9) = DQ\I/<P9, 9) (17)

Note that DFy is a map from © to B,. Since the maps from © to Bp constitutes a Banach
space, we can define their F-derivatives. It follows from the chain rule and DpW (P, 0) = 0 that,

forall he ©

D?Pyh = DppU(Py,0)DPyh - DPy + Dyp¥(Pp,0)h - DPy

Dpo¥(Py,0) - DPyh + Dgg¥(Py,0)h. (18)

Second, we collect some results on the derivatives of W2(P,0) = U(¥(P,0),0) evaluated at P

that is not necessarily the fixed point of ¥(-,0) :
Dg¥*(P,0) = Dp¥(¥(P,0),0)Dg¥(P,0) + DgW (¥ (P,0),0), (19)
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and, for all h € ©

DogU2(P,0)h = DppU (U (P,0),0)De¥(P,0)h - De¥(P,0)
+DgpU(U(P,6),60)h - Dy (P,0) + DpU(¥(P,H),6)Deg¥(P,6)h

+DpeT(T(P,0),0)De¥(P,0)h + DogT (T (P,0),0)h. (20)
Finally, the cross derivative of U2(P, ) takes the form, for all h € B,

DpgU2(P,0)h = DppU(U(P,0),0)DpT(P,0)h - Dy¥(P,0)

+DpV (V¥ (P,0),0)DpgV(P,0)h + DpgV(V(P,0),0)DpY(P,0)h.
Therefore, if evaluated at the fixed point P = Py, we have
DylnW?(Py,0) = DIn Py, DyolnV?(Py,0) = D*In Py, DpylnW?(Py,0) = 0. (21)

Now we proceed to prove the main result. First we prove the consistency of dﬁ/l PL The

identification follows from, if o # Y,

Pr(U*(P% a,6%) # P°) = Pr(U(¥(P° o,0%),0,0%) # P
> Pr(¥(U(P° a,60%),a,6%) # P° and ¥(P°,a,60%) # PY)
= Pr(¥(P,a,0%) # P°|P # P°) Pr(¥(P°,a,6%) # P°)

> 0,

and an argument similar to the proof of consistency of &kp L by AM. From the first order condition

for the NFXP estimator and (21), we have
P. AI):%(P,@,@). (22)
The MPL estimator ész PL satisfies the first order condition

Vol BYTE 6 0p) = 0. (23)
Applying the generalized Taylor’s theorem to (22) and (23) gives

1 1
/0 (0)00) B2 (Pyy an, 0,)(@MPL — a)dr + /0 D2 (Pyyar,0,)(BMPE — Pydr =0, (24)
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where P, = 7PMPL 4 (1 — 7)P and a, = 7a}PL + (1 — 7)a. For the first term on the left of
(24), fol(ﬁ/aa)ii(PT,aT,éf)dT —, E(0?/0a*)1In \IJQ(PO,QO,H?) = E(0?/9%a)In Pyp < 0 from
the consistency of &2F'L for all £ > 1 and Lemma 11. For the second term in the left of (24),
recall DpgIn U2(P,&,0f) = 0 from (21) because P is the fixed point of ¥(-,&,8f). Therefore,

expanding Dp@i(PT,aT,@f) around (]5, a, 9f) and using Lemma 11 , we obtain
[ DPTAPrar b (P~ Pyir = 0,(1al P — allIBEEE ~ Pl -+ 0,1 — PIP)

Therefore, rearranging the terms in (24) gives

[E(0%/00®) In Py + 0,(1)] (637" — &) = O(|| BIT" = PI?),
and hence &)/PL — & = O,(||PMTT — PJ|?), establishing the quadratic convergence.

The proof completes by showing the convergence rate of ]5,?/[ PL — \II(P,% 113 L oag PL. 0 7). Using
the same argument as (16), we obtain
RUPL = W(RMEE 6P i)
= P+ 0y(llap""™ = al) + Op(IIPET" = PII®) + Op(||ay"™" — &l ).

It follows that PMPE — P = O,(||adPE — &) + [|PMPL — P|]2) = O,(||[PMFPL — P|1?). O

7.4 Proof of Proposition 4

First, consider an MLE based on I3(d) = N~' SN [In @ (P°,6) + In fo;], which has the same
limiting distribution as the full MLE. The information matrix equality associated with it implies
—E(8?/0a/00;) In¥(P°,60°) = E(0/9a/) In¥(P°,6°)(0/90)(In¥(P°,6°) + In fo) Then, the
required result for the (1,2)th block of D{F(P,0) follows from Lemma 11, the information
matrix equality and (17) as:

62
30/69]0

= FE(8/0d/)n ¥ (P 0°)(9/00;)(In¥(P°,6°) + In foo)

1 0? - 0 4o
——Zailn\li(P,O) - ,—FE In ¥ (P°, 0%
= FE(0/0a')In Py (0/00¢)(In Py + In f@‘})
= —E(0*/0a'00;)1n Py.
The proof for the (1,1)th block of DEX(P,8) follows from the same argument, and the (2,2)

block DEE(P, 0) does not depend on P. The proof for DX FL(P, 0) is similar, using (21) instead
of (17). An analogous argument gives the proof for D](\),’T(p, 0) and Vi (P,0). O
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7.5 Proof of Proposition 5

We prove the result for only the NR and OPG. The proof for the default NR and line-search
NR is essentially same except for showing Pr(QY # QNF) — 0 and Pr(Q%” # QNF) — 0; see
the proof of Lemma 1 of Andrews (2001). We suppress the superscript PL from df L and ]BJP L
and we suppress 0 f from ¢, (P, a, 0 7) and Qn (P, o, 0 ¢) when it does not lead to confusion.
Recall the NFXP estimator satisfies the first order condition EQ(P, &) = 0. Applying the

generalized Taylor’s theorem to ¥ (P, &) — 1, (Py_1, Gp_1) gives

0 = Yo(Pe1, k1) + Datho(Pet, p_1)(& — dp_1)
+Dpto(Pet, dh-1)(P — Pe1) + Ry
= Yo(Poc1, 1) + Qn(Pro1, 1) (G — d—1) + Qn(Pa1, dp—1) (6 — d)
+ | Dot (Pe-1, 1) — QN (Pr—1, 66-1) | (& — dp—1)

+Dpho(Pr_1,a51)(P — Py_1) + Ry, (25)

where Ry, = O,(||P — Py_1||? + ||& — dg_1|[?) from Lemma 11 (b). The first two terms on the
right of (25) cancel out. For the fourth term on the right of (25), the term inside the bracket is
0 in the NR and O,(||P — Po_1|| + ||& — @r_1|| + N~/2) in the OPG from Lemma 11 (e) (f)
and the information matrix equality. For the fifth term on the right of (25), it follows from the

generalized Taylor’s theorem and (15) that

Dpto(Py-1,81-1,05) = Dp,(P°,a°,6°) + Oy(||Pee1 — Pl|) + Op(||én—1 — &l]) + Op(N~V/2)

= Op(||Ph1 = P||) + Op(|lcn—1 — &l[) + Op(N~'/2).
Therefore,

ON(Pro1,@1)(@ = &) = Op(N|P = Peal]) + Op(l|& — g1l + || P = Pra )

(+O0,(N~Y2||& — éy_4|| for OPGQ).

The stated bound of &y, — & follows from Qn (Py_1,&x_1) —p E(8%/9a?)In ¥(P°,6°%) < 0.

The proof completes by showing the bound of P, — P. Similarly to the proof of Proposition
2, expanding W(P,_1, éy) around (P, &) and applying Dp®(P,&) = 0 and Lemma 11 (b) give
Py = U(P,_1,a;) = P+O,(||ak — a|| +||Pe_1 — P|[?) = P+ O,(||ax — @l|). The required result

follows from induction. [J
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7.6 Proof of Proposition 6

We prove the result for only the NR and OPG. We suppress the superscript M PL from &;-VI PL

and , and we suppress 9f from EZ(P,Q,@f) and QN(P,oz,@f) when it does not lead to

PMPL
P)j
confusion.

The proof is similar to the proof of Proposition 5. Since the NFXP estimator satisfies the
first order condition Ei(f?, &) = 0, applying the generalized Taylor’s theorem to Ei(ﬁ,d) —

—2 =~ - )
U, (Pr—1,05-1) gives

0 = Qn(Pio1,d@k-1)(é —Gr) + | Datbo(Pi1, 1) — Qu (Pror, 1) | (& — Gg1)
~|—Dpai(fj’k—1, ag_1)(P — Py_1) + Ry, (26)
where Ry = O,(||& — a1 > + ||P — P,_1]]?) from Lemma 11 (c). For the second term on the
right of (26), the term inside the bracket is 0 in the NR and O, (||P—Py_1||+||&—éap_1 ||+ N~/2)
in the OPG from Lemma 11 (g) (h) and the information matrix equality. For the third term on

the right of (26), it follows from the generalized Taylor’s theorem, Dp@i(f?,d) =0 (see (21)),
and Lemma 11 (c) that

9 - . . By X
Dptpo(Pr—1,ak—1) = Op(||Pr—1 — P||) + Op(||ag—1 — &]}).
Therefore,

QN (Pre—1, dp—1) (& — )
o 9 L. 9 0, for NR,
= Op(l|& = dpa||” + ||P — Ppe—a[”) +
Op(N~Y2||& — éy_1]]), for OPG,
and the stated bound of & — &;, follows.
For the bound of P, — P, expanding \Il(pk_l, &y ) around (P, &) and applying Dp‘lf(P, a)=0
and Lemma 11 give Py = W(Py_1,a1) = P+ O0p(||ar — &|| + || Pr_1 — P||?) = P+ O, (|| — &l)).

The required result follows from induction. [

7.7 Proof of Lemma 7

First, the results of Lemmas 8 and 9 of Andrews (2001) (A01 hereafter) hold in our case, because
we can replace Lemmas 5 and 7 of A0l in the proof of Lemmas 8 and 9 of A01 with 12 (a) and
14 and the proof carries through. Then the stated result follows from the proof of Theorem 1
of A01, because only Lemmas 7, 8, and 9 of AO1 are used in the proof. [J

31



7.8 Proof of Lemma 8

We drop the superscript PL and M PL from &, and P,. We show that, if &y = a° and Py = P9,
then for £ =0,1,...

sup Pr (||as, — &l > i) = o(N™),  supPr (|1 = Pl > ) = o(NT7)
6o o 0o 6o
sup Pr (|| T a(6) = Tw (Bl > i) = o(N™%), (28)
0
SUp P (W k(80) = Wy (B0)ll > i) = o(N™%), (29)
0

Then the stated result follows from Lemma 2 of A01, because the condition on & and P = Py
(corresponding to Oy in A01) is satisfied by Lemmas 12 and 13.

First, we prove the result for the k-step PL estimator, so uy j = N=GHD/2 1k N We use
induction. For k = 0, (27 ) holds from Lemmas 12 and 13. Suppose (27) holds for k = j—1 > 0.

Then, from (25) in the proof of Proposition 5,

a—a; = Qn(Pj1,d5-1)" [ o¥a(Pj-1,8j-1) = QN (Pj-1,&;- 1)] (& —dj-1)
+QN(Pjm1,8j-1) ' Dpipo (Pj—1,&j-1)(P = Pj—1) + Qu(Pj—1,dj-1) ' R ,3{30)
where [|[Ry ;|| < sup(pa,;) [|D?9) o (P, e, 07)||(|& — &j—1])? + 1P — P;_1|?). Tt follows from the
generalized Taylor’s theorem that
DP¢0<( i1, Q1) = DPl/}a( j—1, O — 17‘9f) DP%( 04 00)+RN37

where [|RY || < sup(pa ;) [1D0a (e 0p)I(][éj-1 — a®l| + [|Pi—1 — POl + ||6; — 631). From
Lemmas 3(b), 3(c) and 4 of A01 we have, for all € > 0 and some K < oo,

supg, Prog (SUP(p.a ) [[D*a (P, 0f)]] > K) = o(N %),
supy, Prgo(HDp@a(PO, al, 0(})]\ >eN—1/2 InN) =0o(N"%), (31)
supg, Pro, (||Qn (Pj-1,6j-1) 7| > K) = o(N~).
In case of NR, because Dathy (Pj_1,&j-1) — Qn(Pj_1,&;-1) = 0, it follows that
o —a;ll < &nj(lla =l + 1P = Pial)
+En || DpPa (PO, %, 6N P = Py
€y (185-1 = all + 1Py1 = PII) 1P = Py

€y (116 = %l + 1P = PO+ [1d7 = 0311 1P = Pyal (32)
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where supg, Prg, (|| ;]| > K) = o(N~¢) for some K < co. Thus (27) holds for k = j from (31)
and Lemmas 12 and 13. In case of the default NR, line-search NR, and OPG, the right hand
side of (32) has an additional term fNJHDa@a(Pj_l,dj_l) — Qn(Pj_1,aj-1)||||& — &j_1||. By
repeating the argument of the proof of Lemma 1 of A01, we can show
Sup Igg((;z’lgﬂ Dot (Pjm1,&j-1) = Qn(Pj—1,&j-1)[| > N7/2In N) = o(N™%),

and (27) follows, and the proof for general k£ > 1 follows from induction.

We proceed to prove (28) and (29). Let ¥, denote (Xn)y.. Let i, denote 3, with
Dn(6), D{(6), and Vi (0) in its definition of (7) replaced with DY (P, 6y), D]?,’PL(ZBk,ék)
and VI'E(Py, 0y,), where 0 = ((as)', 9}) In view of the arguments in p. 26 of A01, (28) holds if

there exists K < oo and a d > 0 such that

Sglp 1;)01“(|Er =Ykl > pag) =o(NTY), (33)
0
supPr(¥y, < 6)=o(N"%), supPr(¥, <d)=o(N"%). (34)
0o 75) 0o 6o

Let 0 denote an estimator that satisfies: for all € > 0, supy, Prg, (|| — 6°|| > €) = o(N~?). Then,
proceeding in the same way as the proof of Lemma 4 of A01, we obtain the following; for alle > 0
and some K < 00, supg, Prg, (||Va(0) — V(8°)|| > ) = o(N~%), supy, Pro, (|[Dn(0) — D(6°)|| >
e) = o(N~%), and supg, Prg, (||D§(0) —D(6")|| > €) = o(N~?). Therefore, (34) holds. (33) holds
if

sup Pr
fo o

IV Pl Bi) =V @)l > i) = 0N, sup Pr(IDS (P i)~ DRI > ) = olN ).
For the first one, applying the generalized Taylor’s theorem, Lemma 3(b) of A0Ol, and (27)
gives supg, Pro, ([VEH (P B1) — VELP, )| > i) = o(N~9). Since VEE(P,0) - Vi(B) = 0
from (17), the first result follows. The second result is proven in an analogous manner, and we
complete the proof of (28). The corresponding result does not hold for DX (P, ;) — Dy (0),
however, because DpgPy # DoV (Py,0) in general from (18). (29) follows from (27) and the
proof of (28) and because Lemma 9(a) of A01 holds in our case (see the proof of Lemma 7); see
pp- 26-27 of AO1.

The stated results for the k-step MPL estimator are proven in an analogous manner. Sup-
pose (27) holds for k = j — 1 > 0 with py, = N"*D2I N for the OPG and py; =

9k—1

N2 2t (N) in the other cases. From (26) in the proof of Proposition 6, the equality (30)
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s T —2 —2 .
holds for & — &; with v, replaced by ¢, and [[Ry;l| < suppa,) [|D%) (P, o, 0)]|(||6 —
& 1||? + ||P = Pj_1|[?). Tt follows from Dp@i(lf’, &) = 0 and the generalized Taylor’s theorem

—2 = —2 ~ A - . .
that || Dp2 (P, &5l < $ubgpa, D202 (P, @ 00) (1P — Il + [ld;-1 — all). Since the
bound (31) holds if v, is replaced with @i, we obtain

~ - o~ ~ ~ —2 ~ - n o~
la—dyl| < Enj([|a—aj—1|[P+|[P—=Pj1|[*)+&x j | Datbo (Pj—1,dj-1) — Qn(Pj—1, &;-1) | [|d—a;-1]l,

with the same definition of £ ;. For the NR, the second term on the right is 0 and hence (27)

_2/971

holds for k = j with uy, = N lngk(N ). Repeating the argument of the proof of Lemma

1 of AO1 gives the required result for the default NR and line-search NR. In case of the OPG,

repeating the argument of the proof of Lemma 1 of A0l gives

sup Pr( sup || Datry (Pj-1,85-1) — Qu(Pj-1,85-1)[| > N7/ In N) = o(N™7),
00 00 (Payby)

and (27) holds for k = j with UN g = N—+D/21pk+1 N for the OPG, and the proof for general
k > 1 follows from induction.

(28) and (29) are proven using the same argument as the one for the k-step PL estimator.
The only difference is it also holds that supg, Pre, (|[DM (P, 0x) — Dn(0)]] > png) = o(N~%)
by the virtue of (21). O

7.9 Proof of Lemma 9 and 10

This lemma is proven from applying the argument of p. 27 of A01. [J

8 Appendix B: Auxiliary results

Lemma 11 collects the bounds that are used in the proof of Propositions 2-6. Lemma 12 is our
version (i.e. for & and 9f) of Lemma 5 of AOl. Lemma 14 is our version (i.e. for & and 9f) of

Lemma 7 of AOL.

Lemma 11 Suppose Assumptions 1-5 hold. Let P and 6 denote estimators that converge to P°
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and 6° in probability, and let ;(P,0) = In (P, 0)(a;|x;) and ¢3(P,0) = In V%(P,0)(a;|x;).

(a) (3/39)‘1’(15 0)(aslzi) = Op(1

() N7UE sup(pgyeo, 1D 9:i(P0)]| = Op(1)  for s =1,2,3,
(©) N7V sup(pgeo, IDWF(P.O)|| = Op(1)  fors =1,2,3,
(
(

),
(P,
d) N1V Dpau,(P°,6°) = O,(N~1/2),
e) N7'32L, Dgthi(P,0) = EDggt; (P2, 6°) + Op(|[P — PO|| + ||6 — 6°]] + N~1/2),
12, , Dot; (P, 6) Doty (P, 6)
= EDgyp;(P°, 0°) Doty (P2, 6°) + Oy (|| P — PO|| + ||0 — 6°]] + N~1/2),
(9) N7USY, Dogth?(P,0) = EDggtp? (P°,6%) + Op(||P — PO|| + 16 — 6°]| + N~1/2),
N=YYX, Doy (P, 0) Dot} (P, 6)

= EDg}(P°,6°) Dgtp? (P°,6°) + O(|| P — P|| + 16 — 6°]| + N~/2),

If Assumptions 1-8 hold, then (b) and (c) hold for (P,0) € ©;.

Proof Parts (a) and (b) follow from Assumption 4(7). Part (c) follows from Assumption
5(b), and part (d) follows Assumption 4(7) and EDp In ¥ (P9, %) = 0 (zero operator) from the
information matrix equality and Proposition 1. Parts (e)-(h) follow from (b), (c), and the law

of large numbers. [J

Lemma 12 Suppose Assumptions 1-8 hold. Then, for all € > 0,

sup Pr (Nl/QHHf Q?H-I-NUQH&—QOH >€1IIN) =o(N™%),
90cot 0

Proof First, we can simply apply Lemma 5 of Andrews (2001) to 0 7 to show that, for all € > 0,

sup Pr (N1/2H0 - HOH > 8111N> =o(N7%).
90 @1 Qf
Define Qn(a,05) = —N"' 3N In Plg g, (as]z) and Q(a, 0) = —En Pg 9, (as|2;), so that
& = argmin Qn(a, @f) From the compactness of ©, supgocg1 Ego supgeg |[(9/001) In Py(as|z;)||% <
00, sUPgocgt Ego| In Py(a;|z;)|% < oo for all § € O, applying the proof of Lemma 5 of A01 gives,

for all € > 0,

sup Pr (sup QN (a,0f) — Qo 0f)| > 8) =o(N™%).

gocor 0° \a0f
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Since Q(a,6) is minimized at (a®, 051) and from some additional conditions, there exists § > 0

such that ||a — aP|| > ¢ implies Q(«, 0(}) —Q(a®, 0?) > 0. Therefore,

sup Pr(Ha —all > &)< sup Pr (Q(&,H?) — Q(aO,O?c) > 5)

9col 0 9ocot ¢°
< sup Pr (Q(&,@f) — Q(a Qf) + 2 sup |Q(«, 00) Q(a,éf)| > 5) )
0co! 6° a€B,

Since SUPgo co! Proo(HQf — 6 fll > ¢€) = o(N7?) for any € > 0 from the above and Q(«,0y) is
uniformly continuous, the above is no larger than

sup Pr (Q(&, 07) — Qn(c,0p) + Qu(anbp) — Q(a®,by) > 5/2) + o(N~9)

pocor 0°

sup Pr (Q(&, 0) — Qn (&, 07) +Qn(a’,07) — Q(a°,8f) > 5/2) +0o(N™9)
gocor 0°

IN

< sup Pr <2sup|Q(a 0)— @N<a,ef>rza/2>+o<w“>=o<Na>,
Veol

giving the required result. [

Lemma 13 Suppose Assumptions 1-8 hold. Suppose supy |[(0/00)Py(a;|x;)|| < oo with proba-
bility one. Then

sup Pr (N1/2||P PY| >61nN> o(N~9).
gocor 0°

Proof Simply expand P, = P b)) around (a?, 6(}) to obtain
. S0 ~
[Pagy — POL < 110/00)Pyll([l& — ol + 1107 — 04l]), 0 € [0,6°)
and the required result follows. [J

Lemma 14 Suppose Assumptions 1-8 hold. Define Sy(6) = N~'S°N h(W;,0) and § =
(é/,@lf)’. Let An(0°) denote NV2(6 — 6°), Tn(6°), or Hy(0,3%), where 6° = (8%,6"). Let
L denote the dimension of An(8°). For each definition of An(0°), there is an infinitely differen-
tiable function G(-) that does not depend on 6° that satisfies G(FEy Sy (6°)) = 0 for all N large
and all 8° € ©1 and

sup sup [Pr(An(6°) € B) — Pr(NY2G(Sy(0°)) € B)| = o(N™9).
9°co, BEBL | 0° 6°
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Proof Suppose Ay (0°) = NY/2(§—6°). By Lemma 12, 0 is in the interior of © with probability
1—0o(N~%) and Pryo((8/8a/)N~' 2N In Ps. ) (ailei) = 0) and Prgo ((9/907) N~ SN In Ty, (@flas, i) =
0) are 1 — o(N~%) uniformly in ° € ©;. Let

(0/0a/)N-' N | In Plao,)(ailz;)

(0/00 )N SN In fo, (af|ai, ;)

Expanding these first order conditions around 6° gives

d—1
0=g(6) = g(6°) + ;,ng(eo)(@ —6°,...,0—6") +Cn(6"),
=1
where
1 d—1 _ N .
CN<90> = (d - 1)| <D g(0+) - Dd 1g<90>> (9 - 007 s 79 - 90)7

where 6% lies between Oy and 6°, and Dig(6°)(6 — 6°,...,0 — 6°) denotes Dig(6°) as a j-
linear map, whose coefficients are partial derivatives of g(6°) of order j, applied to the j -
tuple (0 —6°,...,0 — 0°). Let Ry (6°) denote the column vector whose elements are the unique
components of g(6°), D'g(6Y),..., D¥1g(6°). Each element of Ry (#°) is an element of Sy (6°).
Let en(6%) = (¢,,(6°),0,...,0) be conformable to Ry (#°). The first equation can be written
as V(Rn(0°) + en(6°),0 — 0°) = 0, where v(-,-) is infinitely differentiable, v(EgpRn(6°),0) = 0,

and

DY(9/0a’) In Pyo(a;|x;)
DY(0/007) In foo (7], ;)

d
%I/(EGORN(QO), peo = E

(0/0a0d’)In Pyo(as|z;)  (0/00£0a’) In Pyo(as|z;)
0 (0/06700')In fa(} (zh|a;, z;)

is negative definite. Hence, the implicit function theorem can be applied to v(-,-) at the point

(EgpRy(6°),0) to obtain

inf Pr (é — 00 = A(Ryn(6°) + eN(ao))) =1-o(N™%),
00co, 0°

where A is a function that does not depend on N or 6, is infinitely differentiable in a neighbor-
hood of Ey Ry (6°) and satisfies A(ERx(6°)) = 0.

Therefore, we can apply Lemma 6 of A0l to obtain the required result. [
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Table 1: Monte Carlo Distribution of MLE

0o 01 02

Mean Absolute Error | 0.2262 0.1250 0.0382

Median Absolute Error | 0.1852 0.0689 0.0282
Standard Error 0.2865 0.2245 0.0530

Notes: “Mean Absolute Error” is the mean of |ML estimate - parameter value|. “Median Absolute Error” is the median of
ML estimate - parameter value|. “Standard Error” is the square root of the mean squared deviation of ML estimate from

parameter value.
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Table 2: Monte Carlo Distribution of PL and MPL Estimators relative to MLE

Steps
Statistics k=1 k=2 k=3 k=4 k=5
PL Estimator
I’ Mean AE 2.4475 0.7073 0.6389 0.6358 0.6354
Median AE 1.1164 0.0276 0.0051 0.0045 0.0044
Top 5% AE 6.5374 0.3665 0.0249 0.0148 0.0136
61 Mean AE 6.0626 4.5582 4.4541 4.4468 4.4462
Median AE 1.1366 0.0412 0.0025 0.0016 0.0015
Top 5% AE 7.4709 0.4293 0.0440 0.0143 0.0130
2P Mean AE 5.7233 0.6233 0.3759 0.3540 0.3514
Median AE 2.3286 0.0674 0.0047 0.0028 0.0027
Top 5% AE 22.6752 1.4575 0.1272 0.0183 0.0136
MPL Estimator
5 Mean AE 0.0251 0.0050 0.0048 0.0041 0.0053
Median AE 0.0072 0.0038 0.0036 0.0027 0.0042
Top 5% AE 0.0956 0.0136 0.0132 0.0124 0.0135
61 Mean AE 0.0304 0.0030 0.0029 0.0022 0.0029
Median AE 0.0056 0.0015 0.0012 0.0009 0.0013
Top 5% AE 0.1444 0.0113 0.0133 0.0089 0.0105
62 Mean AE 0.1172 0.0042 0.0037 0.0032 0.0041
Median AE 0.0106 0.0027 0.0022 0.0019 0.0024
Top 5% AE 0.5499 0.0132 0.0128 0.0109 0.0141
k-PL Estimator
i) Mean AE 16.1415 24.8390 29.0127 32.4305 36.5971
Median AE 8.0803 2.0326 0.4774 0.1314 0.0378
Top 5% AE 63.4902 145.5991 138.0032 109.8606 120.8148
61 Mean AE 32.4990 25.1312 24.4792 23.5439 23.6059
Median AE 7.6545 2.4350 0.6622 0.1862 0.0666
Top 5% AE 197.8664 136.2302 172.5427 156.0622 152.8299
62 Mean AE 31.9763 16.1400 13.9012 13.8815 14.6365
Median AE 15.3367 3.2848 0.8816 0.2379 0.0783
Top 5% AE 112.6538 78.4998 88.1842 95.4993 92.0382
k-MPL Estimator
6o Mean AE 16.1415 25.8171 30.4228 33.3208 36.8865
Median AE 8.0803 2.0068 0.4608 0.1411 0.0377
Top 5% AE 63.4902 164.6399 165.5518 123.9891 132.2554
61 Mean AE 32.4990 25.2531 24.4088 23.2165 23.3835
Median AE 7.6545 2.4782 0.6706 0.2122 0.0671
Top 5% AE 197.8664 136.8179 162.9697 155.9485 170.6729
62 Mean AE 31.9763 16.6148 12.8602 12.4662 13.7243
Median AE 15.3367 3.5368 0.9198 0.2437 0.0799
Top 5% AE 112.6538 78.3703 80.6983 86.9023 92.0255

Notes: All entries are percentage differences relative to the standard error of ML estimate.

For instance, “Mean AE” for

“PL Estimator” is computed by averaging the absolute percentage difference between PL estimate and ML estimate and

then dividing by the standard deviation of ML estimate [i.e., the mean of 100X |PL estimate - ML estimate| /(S.E. of ML

esitimates)].
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Table 3: Monte Carlo Distribution of t-statistics of PL and MPL relative to MLE

Steps
Statistics k=1 k=2 k=3 k=4 k=5

PL Estimator
6o Mean AE 0.0253 0.0061 0.0053 0.0053 0.0053
Median AE 0.0118 0.0003 0.0001 0.0000 0.0000

Top 5% AE 0.0816 0.0041 0.0003 0.0002 0.0001

61 Mean AE 0.0863 0.0233 0.0193 0.0189 0.0188
Median AE 0.0163 0.0006 0.0000 0.0000 0.0000

Top 5% AE 0.3275 0.0257 0.0022 0.0003 0.0002

2P Mean AE 0.0621 0.0086 0.0061 0.0059 0.0059
Median AE 0.0276 0.0008 0.0001 0.0000 0.0000
Top 5% AE 0.2341 0.0130 0.0011 0.0002 0.0001
MPL Estimator
6o Mean AE 0.0003 0.0001 0.0001 0.0000 0.0001
Median AE 0.0001 0.0000 0.0000 0.0000 0.0000
Top 5% AE 0.0012 0.0001 0.0001 0.0001 0.0001
01 Mean AE 0.0017 0.0001 0.0000 0.0000 0.0000
Median AE 0.0001 0.0000 0.0000 0.0000 0.0000
Top 5% AE 0.0076 0.0002 0.0002 0.0001 0.0002
62 Mean AE 0.0010 0.0000 0.0000 0.0000 0.0000

Median AE 0.0001 0.0000 0.0000 0.0000 0.0000
Top 5% AE 0.0048 0.0001 0.0001 0.0001 0.0001

k-PL Estimator
6o Mean AE 0.1903 0.3223 0.3736 0.4160 0.4677
Median AE 0.0849 0.0191 0.0047 0.0012 0.0004

Top 5% AE 0.8436 1.7149 1.5378 1.1962 1.3031

61 Mean AE 3.6032 3.5311 69.4189 1372.93 1400.63
Median AE 0.1064 0.0367 0.0112 0.0036 0.0012

Top 5% AE 14.5354 18.6584 18.1188 19.0707 17.3141

2P Mean AE 0.5008 0.2840 0.2628 0.2616 0.2711
Median AE 0.1800 0.0404 0.0100 0.0028 0.0009
Top 5% AE 1.8934 1.5735 1.8417 2.0554 2.0272
k-MPL Estimator
6o Mean AE 0.1900 0.3359 0.3942 0.4302 0.4715
Median AE 0.0849 0.0187 0.0047 0.0013 0.0004
Top 5% AE 0.8256 2.0135 2.0030 1.5392 1.3450
01 Mean AE 3.9070 3.5743 74.077 465.47 465.33

Median AE 0.1084 0.0375 0.0115 0.0038 0.0012
Top 5% AE 19.3222 18.3311 17.5195 18.2301 15.6829
62 Mean AE 0.5431 0.2936 0.2606 0.2564 0.2760
Median AE 0.1905 0.0422 0.0098 0.0030 0.0010
Top 5% AE 2.0742 1.5167 1.7347 1.9661 2.0205

Notes: All entries are differences in t-statistics between MLE and alternative estimators. For instance, to compute “Mean
AE” for “PL Estimator,” we first compute MLE and PL’s t-statistics under the null of the true values of parameters

as tML =(ML estimate - ture parameter)/(S.E. of ML estimate) and t”% =(PL estimate - ture parameter)/(S.E. of PL

estimate), and then compute the average of absolute differences between t™ L and ¢t~ across 1000 samples.
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Table 4: Monte Carlo Distribution of t-statistics of MLE

0o 01

02

Mean
Median
5 percentile

95 percentile

0.1183  0.3917
0.1448  0.0212
-1.6059 -0.8710
1.6851  2.7422

0.2433
0.3046
-1.2613
1.5592

Notes: All entries are computed from t-statistics under the null of the true value of parameters. For instance, to compute “5

percentile,” we first compute t-statistics as % =(ML estimate - ture parameter)/(S.E. of ML estimate) for every sample

estimate, then compute the 5 percentile of tML over 1000 samples.
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Table 5: Monte Carlo Distribution of t-statistics of Various Esimators at k = 3

0o 01 02
Mean MLE 0.1183  0.3917  0.2433
PL 0.1209  0.3910  0.2447
MPL 0.1183  0.3917  0.2433
k-PL -0.1941  69.7565  0.3017
k-MPL -0.2141  74.4163  0.2984

k-PL (Default) 0.0809  0.1004  0.0246
k-MPL (Default) | 0.0925  0.0688  0.0086

Median MLE 0.1447  0.0211 0.3046
PL 0.1471 0.0211 0.3057

MPL 0.1447  0.0211 0.3046

k-PL 0.0611 0.0382 0.2467

k-MPL 0.0561 0.0353  0.2542

k-PL (Default) 0.0031  -0.0084  0.0685
k-MPL (Default) | 0.0030 -0.0084  0.0400

5 percentile MLE -1.6058 -0.8710 -1.2613
PL -1.6058 -0.8802 -1.2612

MPL -1.6058 -0.8710 -1.2613

k-PL -2.5172  -0.5838 -1.4871

k-MPL -2.6066 -0.5813 -1.4890

k-PL (Default) -1.5074  -0.5597  -1.3175
k-MPL (Default) | -1.4839 -0.5545 -1.2821

95 percentile MLE 1.6852 2.7422 1.5593
PL 1.6845 2.7424 1.5264

MPL 1.6852 2.7423 1.5593

k-PL 1.6731 20.5810 2.7319

k-MPL 1.6697  19.8682  2.5367

k-PL (Default) | 1.5388  1.3051  1.2256
k-MPL (Default) | 1.5329  1.1607  1.1989

Notes: All entries are computed from t-statistics under the null of the true value of parameters. For instance, to compute “5
percentile,” we first compute t-statistics as M’ =(ML estimate - ture parameter)/(S.E. of ML estimate) for every sample

estimate, then compute the 5 percentile of t™ % over 1000 samples. k = 3 steps are taken for all estimators.
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Table 6: Rejection Frequencies for Asymptotic Wald test at .10, .05, and .01 Levels for
H() : (91,92) = (—01,005)

.10 .05 .01

N =200 | 0.198 0.160 0.124
N =500 | 0.190 0.144 0.092
N =1000 | 0.176 0.132 0.078

Notes: Based on 500 simulated samples with the NFXP algorithm. N is the number of observations for each sample.

Table 7: Coverage Performance of Asymptotic 90% and 95% Confidence Intervals

) 01 02
Miss Left Miss Right | Miss Left  Miss Right | Miss Left Miss Right
90% CI N =200 0.040 0.028 0.138 0.000 0.038 0.012
N =500 0.050 0.040 0.108 0.000 0.042 0.030
N = 1000 0.048 0.050 0.110 0.020 0.040 0.046
95% CI N =200 0.010 0.010 0.116 0.000 0.014 0.006
N =500 0.020 0.022 0.088 0.000 0.022 0.020
N = 1000 0.020 0.032 0.070 0.004 0.016 0.042

Notes: Based on 500 simulated samples. N represents the number of observations for each sample. The table shows the
frequencies that the confidence intervals missed the true values of 8g = 2.0, 1 = —0.1, and 02 = 0.05 on the left or right
side. For example, “Miss Left” for 6y means that the left endpoint was larger than 2.0. The true coverage is 0.9 so that
the ideal values of “Miss Left” and “Miss Right” are 0.05. The variance covariance matrix is estimated by OPG with the

derivative of an actual likelihood function.
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Table 8: Rejection Frequencies for Bootstrap Wald test at .10, .05, and .01 Levels for
H() . (91,02) == (—01,005)

Significance Levels

.10 .05 .01

ML Estimator 0.118 0.056 0.010
PL Estimator k=11]0.078 0.030 0.004
k=2 1]0.094 0.068 0.018

k=3 | 0.092 0.058 0.018

MPL Estimator k=1 0.092 0.068 0.016
k=2 1]0.092 0.068 0.018

k=3 | 0.092 0.058 0.018

k-PL Estimator k=1 | 0.016 0.008 0.002
k=2 1]0.042 0.016 0.002

k=3 | 0.060 0.032 0.002

k=4 1]0.076 0.042 0.004

k=51 0.082 0.042 0.006

k-MPL Estimator k=1 | 0.034 0.006 0.000
k=2 |0.074 0.024 0.000

k=3 | 0.088 0.052 0.002

k=4 0102 0.066 0.010

k=5 |0.098 0.072 0.014

Notes: Based on 500 simulated samples, each with the sample size of 500. The number of bootstrap samples is 199. The
null hypothesis is (01,602) = (—0.1,0.05). For PL and MPL, we only report up to k¥ = 3 because the results of k = 4,5 are
identical to that of k = 3. The Quasi-Newton method with the outer products of gradient (OPG) is used to obtain k-step
estimates. The variance-covariance matrix is also computed using the OPG, where the derivatives of an actual likelihood
are used for MLE while the derivatives of a pseudo likelihood defined in terms of 2 policy iterations are used for PI, MPI,

k-PL, and k-MPL.

46



Table 9: Coverage Performance of Bootstrap 90% CIs for ML, PL and MPL Estimators

Symmetric CI | Equal-tailed CI | Percentile CI
Miss Miss Miss Miss Miss Miss
Left  Right | Left Right Left  Right

ML Estimator fo 0.054  0.056 | 0.060 0.064 0.092  0.022
01 0.128 0.014 | 0.088 0.034 0.058  0.064

02 0.026  0.056 | 0.038 0.090 0.098  0.006

PL Estimator k=11 0.084 0.040 | 0.116 0.042 0.100  0.024
6p k=2 | 0088 0.040 | 0.112 0.042 0.104  0.022

k=3 1] 0.088 0.040 | 0.112 0.042 0.104 0.022

k=1 0.090 0.010 | 0.056 0.066 0.048 0.112

01 k=2 0102 0.010 | 0.064 0.064 0.040  0.108

k=3 1] 0.102 0.010 | 0.064 0.064 0.040  0.108

k= 0.026  0.048 | 0.030 0.066 0.110  0.004

02 k=2 0026 0.046 | 0.028 0.072 0.132  0.002

k=31 0.026 0.046 | 0.028 0.072 0.132  0.002

MPL Estimator k=11 0.090 0.040 | 0.110 0.042 0.104  0.022
6o k=2 | 009 0.040 | 0.110 0.042 0.104 0.022

k=3 | 0.090 0.040 | 0.110 0.042 0.104 0.022

k=1 0.102 0.020 | 0.064 0.064 0.040 0.108

01 k=2 0102 0.018 | 0.064 0.064 0.040  0.108

k=3 1] 0.102 0.018 | 0.064 0.064 0.040  0.108

k=11 0.026 0.048 | 0.028 0.070 0.128  0.002

02 k=2 0026 0.048 | 0.028 0.070 0.128  0.002

k=31 0.026 0.048 | 0.028 0.070 0.128  0.002

Notes: Based on 500 simulated samples, each with the sample size of 500. The number of bootstrap samples is 199. We
report only up to k = 3 because the results of k = 4,5 are identical to that of £k = 3. The table shows the frequencies that
the confidence intervals missed the true values of g = 2.0, #; = —0.1, and 02 = 0.05 on the left or right side. For example,
“Miss Left” for 8p means that the left endpoint was larger than 2.0. The true coverage is 0.9 so that the ideal values of
“Miss Left” and “Miss Right” are 0.05. The variance-covariance matrix is computed using the OPG, where the derivatives
of an actual likelihood are used for MLE while the derivatives of a pseudo likelihood defined in terms of 2 policy iterations

are used for PI and MPI.

47



Table 10: Coverage Performance of Bootstrap 90% CIs for k-PL and k-MPL Estimators

Symmetric CI | Equal-tailed CI | Percentile CI
Miss Miss Miss Miss Miss Miss
Left  Right | Left Right Left  Right
k-PL Estimator k=1 | 0.052 0.046 | 0.040 0.048 0.104  0.028
k=2 | 0.030 0.036 | 0.054 0.034 0.034  0.032

0o k=3 | 0.020 0.036 | 0.074 0.036 0.024  0.028

k=41 0018 0.036 | 0.078 0.038 0.024  0.026

k=5 | 0.018 0.038 | 0.078 0.038 0.022  0.026

k=1 | 0.034 0.000 | 0.010 0.076 0.108  0.000

k=2 | 0.076 0.000 | 0.020 0.046 0.056  0.000

01 k= 0.100  0.000 | 0.044 0.046 0.048  0.000

k=4 | 0.106 0.000 | 0.056 0.036 0.046  0.000

k=5 | 0.108 0.000 | 0.064 0.036 0.044  0.000

k=1 | 0.016 0.040 | 0.014 0.028 0.042  0.028

k=2 | 0.014 0.024 | 0.016 0.024 0.074 0.014

6> k=3 | 0.018 0.020 | 0.022 0.026 0.074  0.008

k=4 | 0.020 0.022 | 0.028 0.026 0.076  0.004

k= 0.018 0.022 | 0.028 0.024 0.080  0.002
k-MPL Estimator k=1 | 0.054 0.058 | 0.046 0.058 0.098 0.036
k= 0.020 0.048 | 0.052 0.038 0.024 0.030

0o k=3 | 0.010 0.050 | 0.074 0.044 0.016  0.024
k=4 | 0.010 0.046 | 0.076 0.046 0.014 0.022
k=25 | 0.008 0.048 | 0.076 0.050 0.016  0.026
k=1 | 0.068 0.000 | 0.018 0.092 0.116  0.000
k=2 | 0.088 0.000 | 0.042 0.062 0.080  0.000

01 k=3 0118 0.000 | 0.068 0.064 0.074  0.000
k=4 | 0.120 0.000 | 0.078 0.052 0.072  0.000
k=5 | 0.120 0.000 | 0.086 0.058 0.072  0.000
k=1 | 0.018 0.040 | 0.022 0.032 0.056  0.028
k=2 | 0.014 0.024 | 0.022 0.022 0.080 0.012

02 k=3 0024 0.024 | 0.030 0.022 0.092  0.006
k=4 | 0.030 0.018 | 0.032 0.024 0.094 0.004
k=5 0.030 0.018 | 0.036 0.020 0.096  0.000

Notes: Based on 500 simulated samples, each with the sample size of 500. The number of bootstrap samples is 199. The
table shows the frequencies that the confidence intervals missed the true values of 69 = 2.0, ; = —0.1, and 62 = 0.05 on
the left or right side. For example, “Miss Left” for 8p means that the left endpoint was larger than 2.0. The true coverage
is 0.9 so that the ideal values of “Miss Left” and “Miss Right” are 0.05. The variance-covariance matrix is computed using
the OPG, where the derivatives of an actual likelihood are used for MLE while the derivatives of a pseudo likelihood defined

in terms of 2 policy iterations are used for k-PL and k-MPL.

48



Table 11: Coverage Performance of Bootstrap 95% ClIs for ML, PL and MPL Estimators

Symmetric CI | Equal-tailed CI | Percentile CI
Miss Miss Miss Miss Miss Miss
Left  Right | Left Right Left  Right

ML Estimator fo 0.038  0.028 | 0.042 0.030 0.040 0.010
01 0.086  0.000 | 0.040 0.032 0.020  0.048
02 0.010 0.042 | 0.018 0.048 0.042  0.004

PL Estimator k=11 0.034 0.026 | 0.078 0.020 0.058 0.012
60 k=2 0034 0.026 | 0.072 0.024 0.064 0.012

k=31 0.034 0.026 | 0.072 0.024 0.064 0.012

k=1 | 0.056 0.000 | 0.026 0.058 0.016  0.096

01 k=2 | 0.064 0.000 | 0.040 0.058 0.012  0.096

k=31 0.064 0.000 | 0.042 0.058 0.012  0.096

k= 0.014 0.032 | 0.014 0.030 0.058  0.002

02 k=2 0014 0.028 | 0.014 0.038 0.072  0.002

k=31 0.014 0.028 | 0.014 0.038 0.072  0.002

MPL Estimator k=11 0.034 0.026 | 0.072 0.022 0.064 0.012
6p k=2 0034 0.026 | 0.072 0.022 0.064 0.012

k=3 | 0.034 0.026 | 0.072 0.022 0.064 0.012

k=1 | 0.064 0.000 | 0.038 0.058 0.014  0.096

01 k=2 0064 0.000 | 0.042 0.058 0.014  0.096

k=31 0.064 0.000 | 0.042 0.058 0.014  0.096

k=11 0.014 0.030 | 0.014 0.038 0.072  0.002

02 k=2 0014 0.030 | 0.014 0.038 0.072  0.002

k=31 0.014 0.030 | 0.014 0.038 0.072  0.002

Notes: Based on 500 simulated samples, each with the sample size of 500. The number of bootstrap samples is 199. We
report only up to k = 3 because the results of k = 4,5 are identical to that of £k = 3. The table shows the frequencies that
the confidence intervals missed the true values of g = 2.0, #; = —0.1, and 02 = 0.05 on the left or right side. For example,
“Miss Left” for 8p means that the left endpoint was larger than 2.0. The true coverage is 0.9 so that the ideal values of
“Miss Left” and “Miss Right” are 0.05. The variance-covariance matrix is computed using the OPG, where the derivatives
of an actual likelihood are used for MLE while the derivatives of a pseudo likelihood defined in terms of 2 policy iterations

are used for PI and MPI.

49



Table 12: Coverage Performance of Bootstrap 95% CIs for k-PL and k-MPL Estimators

Symmetric CI | Equal-tailed CI | Percentile CI
Miss Miss Miss Miss Miss Miss
Left  Right | Left Right Left  Right
k-PL Estimator k=1 | 0.0562 0.024 | 0.040 0.028 0.094 0.012
k=2 | 0.046 0.022 | 0.056 0.024 0.078  0.012

0o k=3 | 0.046 0.022 | 0.058 0.024 0.074  0.012

k=41 0044 0.022 | 0.058 0.024 0.072  0.012

k=5 | 0.042 0.022 | 0.056 0.024 0.070  0.012

k=1 | 0.030 0.044 | 0.012 0.176 0.096  0.182

k=2 | 0.038 0.040 | 0.014 0.076 0.040 0.176

01 k= 0.050 0.032 | 0.028 0.048 0.020  0.160

k=4 | 0.062 0.040 | 0.036 0.042 0.018  0.156

k=5 0.066 0.030 | 0.042 0.042 0.016  0.148

k=1 | 0.016 0.048 | 0.052 0.030 0.054  0.036

k=2 | 0.016 0.042 | 0.020 0.046 0.064 0.018

02 k=3 | 0016 0.042 | 0.024 0.046 0.066  0.010

k=4 | 0.016 0.042 | 0.024 0.052 0.074  0.006

k= 0.018 0.042 | 0.028 0.046 0.070  0.006
k-MPL Estimator k=1 | 0.030 0.042 | 0.024 0.036 0.066  0.014
k= 0.008 0.032 | 0.036 0.020 0.004 0.010

0o k=3 | 0.004 0.032 | 0.042 0.022 0.004 0.008
k=4 | 0.004 0.028 | 0.040 0.030 0.004 0.008
k=25 | 0.004 0.030 | 0.048 0.030 0.006  0.008
k=1 0.018 0.000 | 0.000 0.060 0.096  0.000
k=2 | 0.042 0.000 | 0.008 0.052 0.054  0.000

0o k=3 | 0.066 0.000 | 0.030 0.052 0.044  0.000
k=4 | 0.076 0.000 | 0.042 0.052 0.032  0.000
k=5 | 0.084 0.000 | 0.056 0.052 0.034  0.000
k=1 | 0.004 0.028 | 0.002 0.022 0.026  0.018
k=2 | 0.004 0.014 | 0.002 0.012 0.046  0.002

0o k=3 | 0.006 0.012 | 0.004 0.010 0.050  0.002
k=4 | 0.006 0.012 | 0.012 0.012 0.054  0.000
k=25 | 0.008 0.010 | 0.018 0.014 0.056  0.000

Notes: Based on 500 simulated samples, each with the sample size of 500. The number of bootstrap samples is 199. The
table shows the frequencies that the confidence intervals missed the true values of 69 = 2.0, ; = —0.1, and 62 = 0.05 on
the left or right side. For example, “Miss Left” for 8p means that the left endpoint was larger than 2.0. The true coverage
is 0.9 so that the ideal values of “Miss Left” and “Miss Right” are 0.05. The variance-covariance matrix is computed using
the OPG, where the derivatives of an actual likelihood are used for MLE while the derivatives of a pseudo likelihood defined

in terms of 2 policy iterations are used for k-PL and k-MPL.
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