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Chapter 13

STRENGTH OF RELATIONSHIPS:
CONTINUOUS DATA

“Variance” is a technical word for “variability.” Itisa
measure of spread about the mean. The variance ofa
population is the mean of the squared deviations from
the mean:
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Q: Why square the deviations?

A: Ifyoujustadd the deviations up without squar-
ing them, the total will always be zero, and this
won't tell you anything at all. Squaring them
removes the minus signs, among other things.

To get the standard deviation, you take the square
root of the variance This compensates for the fact that
you squared the deviations before adding them up.

If you are talking about how many cups of coffee
per day people consume, the standard deviation is in
units of cups-per-day. So if the mean is 5 cups per
day, the standard deviation is 2 cups, and the distribu-
tionisnormal, 68% of everyone drinks between 3 and
7 cups per day.

If you also have age as a variable and you find that

the standard deviation of age is 5 years, you will have
a problem if you want to compare age with coffee
consumption. For one thing, the measures of spread
(standard deviation) for the two variables are in
different units. For coffee, the units are cups of coffee
per day. For age, the units are years of life. How do
you compare cups of coffee per day to years of life?
I’'m going to make two changes to the equation for
variance. The first change allows you to get a measure
of how much of the variance in one variable is shared
by another variable, or, in other words, how closely
associated or tied together are the two variables. The
second change will get rid of the units the variables are
measured in (cups, years, ... whatever) by changing
the original units into standardized units. This
change will make it possible to use the measure of
shared variance to compare the strength of the rela-
tionship between different pairs of variables.

The First Change: Covariance

If you want to measure how the two variables vary
together—“covariance” — you make a simple change
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in the equation for variance. Instead of calculating the
mean of the squared deviation scores like this:
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you calculate the mean of the cross-products of the
deviation scores. Thatis, instead of multiplying each
deviation score by itself, you multiply it by the cor-
responding deviation score of the second variable:
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Look closely at the equation for variance and
compare it with the one for covariance. The only
difference is that variance multiplies each deviation
score by itself, while covariance multiplies the devia-
tion score of the first variable by the corresponding
deviation score of thesecondvariable. Everything else
is the same.

One consequence of combining the two variables’
deviation scores like this is that the sum of the prod-
ucts may be either negative or positive.

Ifthe first variable is below the mean whenever the
second one is also below the mean, both deviation
scores will be negative, and the product of the two
will be positive. If the first variable is above the mean
whenever the second one is also above the mean, both
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deviation scores will be positive, and the product of
the two will be positive. The sum of the products will
thus be positive, which means the covariance will be
positive. An example of this kind of situation is
shown in the drawing on the left.

On the other hand, if the first variable is below the
mean when the second one is above the mean, or the
first variable is above the mean when the second one
is below the mean, the products of the deviation
scores will be negative, and the covariance will be
negative, as you can see in the drawing below.
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A positive covariance means that the two variables
co-vary (vary together) in a positive way: when oneis
high, so is the other; when one is low, so is the other.
A negative covariance means that the variables co-
vary in a negative or inverse way: when one variable
is high, the other one is low; when one is low, the
other is high. For any given pair of variables mea-
sured in a particular way, the larger the covariance s,
the stronger the relationship between the variables is.

An example:

Imagine that you are a toy dealer doing some market
research on various toys. This time you are particu-
larly interested in xylophones and yo-yo’s. You want
to see whether there is a relationship between the



number of xylophones and the number of yo-yo’s a
typical child owns. You happen to be studying co-
variance in a statistics course you are taking, and you
see this as an opportunity to put your knowledge to
good use.

You decide to count the number of xylophones
and yo-yo’s owned by each child in your neighbor-
hood and to call the variables “X” (number of xylo-
phones) and “Y” (number of yo-yo’s), and to calcu-
late the covariance of the two variables.

Here is the equation for covariance:

In this equation, d, and d, are deviation scores for
the two variables. The data and all relevant calcula-
tions are summarized in the table below.

i x| 4 |v]| 4 dd,
1 |2 34 [ 1| -49 | 16660
2 | 2| 34 |3 29 9.860
3 3] 24 |6 1 -.240
4 4| 14 |5] -9 1.260
5 5] -4 |3] -29 1.160
6 | 6 6 | 8| 21 1.260
7 17| 16 |6 1 160
8 7] 16 |10]| 41 6.560
9 | 8| 26 |8 21 5.460
10 10| 46 |9 ]| 31 14.260

Tot |54 | 00 [59[ 0.0 56.40

X=54 y=59 n=10
3 d,d, =56.40
cov,, = Z(:]Xdy = 5(;.(4)10 = 5640

The covarianceis 5.640, which indicates that there
is a positive relationship between the two variables.
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The more xylophones a child in your neighborhood
owns, the more yo-yo’s the child is likely to own. You
could compare this covariance with one calculated
with the same variables next year and see whether the
relationship between the two variables has become
stronger or weaker, but you couldn’t use it to com-
pare the relationship between xylophone and yo-yo
ownership with the one between age and coffee con-
sumption. The covariance doesn’t tell how strong the
relationship is in terms of how many of the children
in the neighborhood fit the pattern nor in terms of
how many more yo-yo’s a child with three xylo-
phones is likely to have than a child with only one or
two.

An easier way to calculate covariance

Instead of using this formula for covariance,

cov,, = %

you could use this one:

IRIN
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cov,, =

The advantage of thisomputationalform of
the equation is that you do not have to calculate
sample means and deviation scores first. It takes
less work, there is less rounding error, and you
are more likely to get the correct answer. Try it
with the data shown in the table on the left and
see how it compares. Compare the above equa-
tion with the computational formula for variance
and make note of the differences and similarities

of the two:
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The Second Change: Correlation

The units you use to measure amount of coffee con-
sumed and the person’s age are easy to understand
—cups and years. But covariance is measured in
strange units. If you used covariance to assess the
relation between age and number of cups of coffee
consumed per day, you would multiply each person’s
deviation score for amount of coffee (cups) by the
person’s deviation score for age (years). The covari-
ance units for this example would be something like
“cup-years”—a strange unitindeed. Think about the
units you’d be using in the xylophone & yo-yo exam-
ple.

If you had another variable that might be related
to coffee consumption, say height, you could calcu-
late the covariance of the relation between height and
cups of coffee per day. But you could not com-pare
this to the covariance of coffee and age to see which
relationship is stronger, because the second covari-
ance would be in units of “cup-inches” or “cup-cen-
timeters” which, sadly, are not comparable to “cup-
years.” This is the first problem with covariance.

The second problem with covariance is that it is
strongly influenced by the variance of the variables
you are working with. A variable whose values are
spread far away from the mean will have large devia-
tion scores, while one whose values are clustered
closely around the mean will have small deviation
scores. This means that you will be likely to getlarger
covariances when your variables have higher levels of
dispersion than when the dispersion is low, regardless
of the strength of the relationship between the vari-
ables. In other words, the covariance may, to an ex-
tent, be a function of the dispersion of your variables
as much as a measure of the strength of the relation-
ship between the variables. You can eliminate this
problemif you can standardize your variables so they
always have the same level of dispersion. This turns
out to be an easy thing to do.

If you turn both height and number of cups into
standard scores (z-scores), the resulting variables will
both have means of 0.0 and standard deviations of
1.0. Z-scores are in units of “standard deviations,”
and they can be compared to one another, unlike the

original variables. You standardize your variables
(convert deviation scores to z-scores) by dividing by
the standard deviation.

So you make an adjustment to covariance. Instead
of using the sum of the cross-products of the devia-
tion scores, you use the sum of the cross-products of
the z-scores. Although using the deviation scores
centers your data and removes the effect of the mean
(by subtracting it from each value), converting the
deviation scores to z-scores removes both the effects
of the original units of measurement and the degree
of dispersion of the variable. You change from

>.d,.d, D %2,
n n

You could achieve the same result by dividing the
covariance by the product of the standard deviations
of the variables (calculated with n). This does the
same as converting the deviation scores to z-scores:

2.4.4,
n

to

cov,, ~>.dd,
S.S, S.S, ns,s,
and...
IR
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Changing from deviation scores to z-scores pro-
duces an important result. The value you get now is
the Pearson product-moment correlation coefficient,
more commonly known as the “correlation.” The
correlation can have values between -1.0 and 1.0. If
the correlation is 1.0, the two variables are perfectly
correlated with one another. They are in effect inter-
changeable, for when you know the value of one, you
also know the value of the other. If the correlation is
-1.0, they are perfectly correlated, but the relationship
is negative—when one is high, the other is low. If the
correlation is 0.0, there is no relationship at all be-
tween the two variables; knowing the value of one
tells you nothing about the value of the other.



You can compare any correlation with any other
correlation, for they are all in the same units. The
correlation coefficient is one of the most commonly
used descriptive statistics. It provides an elegant and
very useful summary description of the strength of
the relationship between a pair of variables.

Why correlation is better than covariance

® Correlationisbetter becauseyou can compare any
correlation to any other correlation and see which is
stronger. You cannot do this with covariance. This
works because correlation usesz-scores instead of
deviation scores. Doing this replaces the original
units in which the variables were measured with
standard deviations. This replacement a) elimi-
nates the strange hybrid units you get with covari-
ance and b) removes the effect of the variance of
the original variables, resulting in a standardized,
absolute measure of the strength of the relation-
ship, bounded by -1.0 and 1.0.

® Ifyousquarea correlation, you get 7%, a measure
of how much of the variance in one variable is
explained by the other variable. You cannot do
this with covariance. This measure, the coefficient
of determination, ranges from 0.0 to 1.0.
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Calculating r

Say you have a group of ten people. For each of them
you know how many magazines they subscribe to (X)
and how many books they purchase per month (Y).
The data for this example is plotted on the right. You
would like to know if the people who subscribe to a
lot of magazines also purchase a lot of books. This is
an appropriate situation to illustrate the use of the
correlation. Three ways to calculate r are demon-
strated below. The first is the definitional formula
based on z-scores, the second uses deviation scores,
and the third is the computational formula.

1) r based on z-scores

The Pearson product moment correlation co-
efficient is defined as

RS
g n

r

X

In this equation, z, and z ,arez-scores for the two
variables x and y; n is the sample size. While this is
the simplest complete definition of the correlation, it
is probably the most difficult one to use, because it
uses z-scores, each of which involves a subtraction
and adivision. Firstyou calculate the means, then the

Important Notes:

1. When using the computational formula, keep life
simple—don’t use (n-1) in either the numerator or the
denominator.

2. When using the formula based on deviation scores,
ifyou use (n-1) to calculate the standard deviations in
the denominator, you must also use ( n-1) in the de-
nominator. Ifyou use n to calculate the standard devi-
ation, you must also use # in the denominator.

3. When using the formula that divides covariance by
the product of the standard deviations, you must use
nto calculate the standard deviations and covariance.

4. When using the formula based on z-scores, if you
use (n-1) to calculate the standard deviations for
these scores, you must also use (n-1) in the denomin-
ator. If you use # to calculate the standard deviation,
you must also use 7 in the denominator.
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deviation scores and the standard deviations. Next
you divide the deviation scores by the standard devia-
tions to get the z-scores which you multiply to get the
cross-products in the last column. The sum of the
cross-products goes in the numerator of the equation
for r. Asyou can see in the example here, it is diffi-
cult to do these calculations without introducing
rounding errors.

X dg |z | Y| d z, | zgZ,
1 (2 ]-34(-1.340| 1 | -4.9 |-1.767 | 2.367
2 (2 ]-34(-1.340| 3 | -2.9 |-1.046| 1.401
3 13 (-24]-946 |6 1 .036 | -.034
4 (4 |-14(-552 5| -9 |-325] .179
5 (5 ]-4(-158]3 [-29|-1.046| .165
6 |6 .6 | .236 | 8 21| .757 | .179
7 17116 ] .630 |6 1 036 | .022
817 (16| .63 |10 4.1 |1.478 | .932
9 | 82610258 (21 | .757 | .776
10 |10 | 4.6 | 1.813 | 9 | 3.1 |1.118 | 2.026
Tot |54 | 0.0 591 0.0 8.014

X=54 s, =23377 y=59 s, =2.7/31 n=10

My

z.Z
- Z XY = 8014 =.8014
n 10

2) r based on deviation scores

The formula below is a bit more complicated than
the one that uses z-scores, but it is a lot easier to use.
With this method you use deviation scores instead.

> d,d, cov,,
I = =
S, Sy

Xy
ns, s,
Here, d,, d, s,, and s, are deviation scores and

standard deviations for the two variables. This ap-
proach and the one that useg-scores should give you
the same answer. This one is easier to calculate than
the one with z-scores, but it is still a lot of work and

prone to errors because it needs deviation scores.
Note that you must use n and not (n-1) for the stan-
dard deviations with this method.

i | x| a|Y |4 | dd,
1 2 |-34|1 |-49 | 16.660
2 2 |-341 3 |-29 9.860
3 3 1-2416 1 -.240
4 4 |-14| 5 -9 1.260
5 5 -4 13 |[-29 1.160
6 6 .6 8 | 2.1 1.260
7 7 1.6 | 6 1 .160
8 7 1.6 |10 | 4.1 6.560
9 8 |26 |8 ] 21 5.460
10 |10 | 46 | 9 | 3.1 14.260

Tot | 54 1 0.0 [59 | 0.0 56.40

X=54 s, =25377 y=59 s, =2.7731 n=10

o 56.40
" 10x 25377% 27731

= .8014

The above calculations show that it is easier to
work with deviation scores than with z-scores if you
already have the standard deviations. You can see,
though, that the result is the same.

3) the computational equation for r

A computational form of the equation for correla-
tion, somewhat similar to the one for standard devia-
tion, makes it even easier to calculate r. Although the
equation looks a lot more complicated than the
original one, you will find it much easier to use. Once
again, the advantage of the computational equation is
that it requires fewer calculations that usually pro-
duce fractions and messy numbers that have to be
rounded. The result is greater accuracy and fewer
errors.



Here is the computational equation for r:

DREORIN
N2 X2 = (%)% nY vy - (O y)?

Besides the raw data, this equation requires five

sums which are fairly easy to calculate. If your raw
data values are whole numbers, there will be no frac-
tions in any of these sums making this an easy task to
complete:

Z X — the sum of the x values
Z Y — the sum of the y values
Z X? — the sum of the squared x values
Z y? — the sum of the squared y values

Z XY — the sum of the cross-products of the x

and y values
i X X’ Y Y? XY
1 2 4 1 1 2
2 2 4 3 9 6
3 3 9 6 36 18
4 4 16 5 25 20
5 5 25 3 9 15
6 6 36 8 64 48
7 7 49 6 36 42
8 7 49 10 100 70
9 8 64 8 64 64
10 10 100 9 81 90
Tot | 54 356 59 425 | 375

(10x 375) — (54 % 59)

- — 8014
Xy
/(10 356) - 542 /(10 425) — 592

r

Compare the numbers in the above table with the
ones for the first two methods for calculating r. Note
that the numbers used with this method are all whole
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numbers up to the point where you plug them in the
equation.

I once asked a class of 35 students to calculate
correlations with the data in the examples here using
the first method. I counted 26 (!!) different answers.
Most of the variation was due to differences in the
way the students rounded the intermediate values in
their calculations. Even after they received careful
instructions on rounding procedures, their results
deviated from the correct answer by as much as ten
percent. In contrast, almost all students who used the
computational formula got very close to the correct
answer. For them, most differences were either the
result of overzealous rounding of the final answer or
the product of arithmetic errors.

A Gallery of Correlations

On the next page are scatterplots for data with corre-
lations ranging from 0.0 to 0.999 so you can get an
idea of what various correlations look like. In each of
these plots, both variables are normally distributed
and have the same variance and mean. The only thing
that differs from plot to plot is the correlation be-
tween the variables.

You probably will have difficulty seeing any differ-
ence between the scatterplots for correlations of 0.0,
0.15,and 0.3. With a correlation of 0.4, the pattern in
the scatterplot is noticeable but certainly not some-
thing to write home about. The * values tell you that
these correlations account for 0%, 2.25%, 9%, and
16% of the variance. The scatterplot for r = 0.4 shows
you how little 16% of the variance is.



-114- COVARIANCE AND CORRELATION

A gallery of correlations

r=0.0 =00 r=0.15 = .0225

r=0.3 rr=.09 r=0.4

r=0.5 =25 r=06 ¥ = .36

r=0.7 rr=.49 r=0.8

r=0.95 ?=.9025 r=098

Important Terms and Concepts

coefficient of determination
computational equation
correlation

covariance

cross-products

deviation scores

negative relationship

> = .9604 r=0.999 > =.9801

Pearson’s r

positive relationship
2

standard scores
variance

Z-Scores

r"=.64




