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BY
H.R. CRANE

UNIVERSITY OF MICHIGAN

1 REVIEW #3: VECTORS

A booster shot for students in beginning college
physics who need quick help on vectors. It goes no
further than composition and resolution of vectors
in a plane, with some applications to typical text-
book physics problems. Now turn to the next page,

and stay in the top strip. Go —»
Q-215%0
3 . ' ) 10 We add vectors by stringling them end to end, tall
-+ No. Some things don't to head. To do this, we can slide them around on
v have directlon., They are The paper, as long as we preserve the directions and
" called scalar quantities, lengths. Try stringing these two. Connect the head
See footnote #2, bottom of one to the tall of the other.
lof page 2. HEAD TAL
M @ yead
18 19

Knowing that each of the original vectors makes
45© with the horizontal and has magnitude 2 mi., find
the magnitude of the sum vector and its direction.

\
1
x, Simple geometry will do this for you. (It is a
3! right-angled triangle.)
1
: Magnitude: Direction:
Ez‘r , 28

Yg =0 * 9,

How do we find ©_, the direc- b
tion of the sum veBtor with respect

to the x-axis? Here 1is the sum

vector. Uslng it as a hypotenuse, ﬂ‘
make a right trilangle under 1it.

Label the sides ls, x, and y, and

deslignate the angle Os. X

36

37

time-worn, moth-eater example of all: three
strings pulling from a tie point.

s
o

standard, Forces: (1) 87 1b., horizontal
time-honored, toward the right; (2) 50 1b. verti- @)
cally upward. Represented as 90
P vectors, these forces are as shown
é§/ in next frame. Turn. (m
/ 3)
V4
46 If thé information about a vector that is not given

G 12 -
X

is the direction, we can, as mentioned, draw 1t with
a dot 1in the miadle that indicates a plvot it can
spin around, so:

Re-do the previous problem, except this time let the
directions of (2) and (3) be the two unknown quantities.
(no ques.)

[REVIEW # 3:

Footnote # 1: Useful trig. relations (thrown in without extra charge).

Definitions: 1In a right
triangle,

c
6 90’

sin © = £ | sin 30° = .5 = cos 60° { tan 30° = .58
cos © = % sin 45° = .7 = cos 45° tan 45° = 1.0
tan © = {;- sin 60° = .87= cos 30° tan 60° = 1.7

b
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1 Page 111 L ! e Don't make hard work of this; it's not an exam. If

We move along from one
you follow instructions, your facllity at handling
§Zﬁ§ gng?? 32x36 ﬁgtthe vectors cannot help but improve. Do what 1s asked
ove down éhé age with pencil; don't Jjust think your answers. Then turn
mov page. To the next page, staying at the same level. The

correct answer will be given in the space at the left,
numbered to correspond to the question. Now turn the

;;;/ page, staying in the top strilp.
/s

11

f Pl T i Tet's call such a string a vector
: Egu;?ad two possible chain. The sum is the single Q)
- Y(;,;X:,_ » C vector we can draw which has its
- A -\\;/4ﬁ' = © -] tail at the tail of the chain and
3 D (2 - its head at the head of the chain. 2)
= ) String these, connecting head of
! Easy? Just like ; \\\L\\*
i , . . (1) to tail of (2). Draw the vector
¢ cccupational Fherapyr © " { which is the sum. '
H .
19 20 That was a Mickeymouse, But a
Magnitude: 2 Y2 or 2.8 slight change in one angle will up-é;
mi. ° set this happy state of affalrs. 4/.e
Direction: up, 90 String these and draw the sum g
to horiz. (don't solve numerically yet).
28 - . . : 29
SRS . . L Looking at this right triangle, write: )
> : , S - 1% in terms of x  and yg. HINT:
s ’ o _ 7
P Xg ils:;ldw§1te 1:,anOs in terms of The boY P’fhagepg,"
. T X s s° Son of Mnesarchus,
i . o tan@g = tying his shoes.
39 Now hook the two vectors at the left into a chaln,
and invent a third vector to add to the two, which
(ny will make the sum of all three zero. That means that
> ' after you have added the third, the beginning and end
(ZJ points of the chain of three will be on top of each
other.

Z

L4 o u7
E, Here are the vectors Aisemgle the vectors you have
3 . . at the left into a closed
: we now have to work with._ - f1gure, rotating (2) and (3)
() —m > in any way necessary.
3 ) —— P
(3) —>. , /4;,
3 . . /
Footnote #2
Examples of things that have both direction Examples of things that have
and magnitude (vectors). magnitude only (scalars).
Veloclty Current Time Mass
Acceleration Electric Field Density Energy

Displacement Force Temperature Power
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The small square is
for your score.
O if you miss
2 if correct
1l if in between

-3

Now proceed

3 By drawing an arrow, we can represent the direction

and magnitude of something.
g - - < Thic end |
Tail -+ > Tl e

The length of the arrow represents the magnitude,
and of course the direction of the arrow represents
the direction. Such an arrow is a vector.

PN
[T

12
An important point to get is that the
order 1in which the vectors are strung
together "doesn't count for anything.
Add the same two in the other order
and see if the sum 1is any different.

21 Now solving for the magnitude and direction of

the SUM, at left, presents no great problem. It 1is
the familiar case of the triangle in which two sides
and the included angle are known. If you have done
my TRIG REVIEW you will know that if you will apply
the LAW OF COSINES you will get the answer in a
Jiffy--or a few jiffles. No gques,

Turn —>»

Tazwme

it T A ST

29

‘,f; = !x; + yg

ﬁan 05 = ys/xs

Complete this table of
components.
X, = 2cosd50 y, =

X, = ¥, =251n60°

30 Try working
with three.
Here are the
three we had
in frame 22. z

x,.—_ y3 =
Watch for the one
that is minus!

39 The dotted vector can be none other than the force
in the third string, which is necessary for equl-
librium to exist. The vector sum is now zero, which
is the condition for equilibrium.

Keep a clear distinction between (a) the sum of
several vectors, and (b) the vector you have to add to
these vectors to make the sum zero. (a) and (b) are
not the same vector, but they are related. How?

IR e i g 8 ST

48 We have not covered all of the possibilities, but

I don't want to bore you. As a matter of fact, this
type of problem (the assembly of & batch of vectors
into a closed figure) can be solved if any two
pieces of information are withheld as unknowns.

(no ques.)

(Cont'd from p. 9.)

hour north to south.

polint exactly opposite his starting point. In what /.
direction should his boat be pointed? How long will 1t take ?"67 “““
him to cross? ] BoAT

Time for one more? This time we'll do
velocities. A river 1 mi. wide is flowing at 2 miles per v FLOW

A man 1s in a rowboat and his rowing 1 i
speed 1s 4 mph. He wishes to cross the river and land at a

PATH

cont'd.->
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You can fix this term

in mind by remembering
the title of the tune the
Michigan Band plays to

and .
give direction an 25/
///

magnifuae To the boy
on e eld.

4

Suppose a dog is chasing a cat, both moving left to

right, the dog going 30 mi/hr and the cat 20 mi/hr.

— ——— - W

Try representing the motlons of the two animals by
drawing vectors, making each vector 1/4 inch in length

for each 10 mi/hr speed of the animal. E

' The Sum'ls the same

A .
S

13 Suppose friend Joe leaves home,
goes to the office, which is 2
mi NE of home; then t¢o the BOARD
MEETING (name of a saloon) which
is 1.4 mi 8 of the office; then
home which is 1.4 mi W of BOARD
MEETING. Draw these displace~
ments; in the order mentioned.

21

If we were never going to
have more than two vectors
to add, we could solve

the problem we have Just

quit.

22
We often
We

But physics isn't that simple.
have to add up more than two vectors.
need a more versatile method than the
Iaw of Cosines. So on we go! To the
two vectors we have (shown at right),
tack on 2 third, which 1s magnitude 1
mi and is 30° to the horizontal.

Draw the SUM of the three.

--- -

talked about, with a
ia;/
/s

flourish and then

E§“39A¥g,; 2eosls’ fy;;zsihusﬁ'
. ) xaa—2c0360° yi=231n60°
? L Xg= 1cos30° y3=151n309“

31 Write the sum of the x-

components and the sum of the
y-components, numerically.

Refer to the trig table in X =
the footnote on the first 8

page 1f necessary but try to _
do it from your head. g =

39

One of them would be
the negative of the
other. (Head on
opposite end.)

40 Making use of the fact that (2)

is 1 to (1), thus forming a
right triangle, write down the
magnitude of (3). Don't bother
to extract the square-root.

71}8 ‘<-‘~',"“’j’1 o :

Y .. Often we have more than
v ‘three vectors, to be ‘
- . assembled into a closed - ' ;

49 Try assembling these:
Here the two unknowns are one of
the directions and one of the

3 , ST , magnitudes, as indicated. Try \
_‘,~f139?e{;: L - BRI fitting all of these vectors X
TR L o ' into a closed figure (right here) \
.(K,: "1“\: . 7// 3 e s 4 \\
e L v ] \
(Cont'd from p. 3.) They fit together this way.
The vector representing his actual © is seen to be 30° and o
velocity must be horizontal. the magnitude of the sum @Q‘)r FLOwW
It is the sum of the other two. is 4 cos30° or 3.48. The N 2mifdn

The three vectors are:

lFLoV

time to cross 1is the wildth
of the river (1 mi) divided
by the velocity (3.48 mi/hr).
It is .29 hours.

Continue «»


Read Me
Draw the vectors on your own sheet of paper!.
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You probably drew them

this way: _
din Cat
————  ge—t—

> But would the vectors have been Just as correct if
drawn this way?

Loy

PSS

14

If, (as I planhed it) the head of (3) falls right
at the tail of (1), what would you say is the
total displacement of Joe for the day? Let me
cautlon you: the total displacement is like the
sum; 1t 1s the distance and directlion from the start-

ing point of the chain to the ending polint of the
chain. Not how far Joe walked.

23 We want to find the magnitude of the new SUM vector,

and also the angle i1t makes with the horizontal. The
way we will go about it 1s by the method of components.
Actually, this 1s Jjust elementary analytical geometry.
We start with a set of coordinate axes, the x and y
axes, as shown 1ln the next frame. Turn page; no ques.

Loty

32

You now have the values of

x_. and ygs 80 you can draw & right

s
triangle under the sum vector, as
before. Do so. Label OB. Write

in the numerlcal values of Xg and Vge

9
What 1s, tan OS numericallz.Tana“

2
?

v 87! + 501
3).-* 1o
5 solb

) 74

41

Again looking at the vector figure as a right
trlangle, what 1s the numerical value of the tangent
of the angle between sides (1) and (3)°?

50

You will find a whole class of text-book problems in
which (a) the physics of the situation says that the
sum of the forces, or velocities, or displacements,
etc. should be zero and (b) all but two pleces of -
information are given. These are "THE CASE OF THE
TWO MISSING PIECES OF DATA." (For the complete file
of them telephone Della Street, on her private line.)

Onward —p

There is an important class of problems
which involve the finding of a component

of a vector quantity. Example:

pulls with a force of 10 1lb on a car.

The rope is at 30° to the road.

the component of force exerted in the

directlon parallel to the road?
W=
=

Here 1s a general, iron-clad, never-
falling rule: Multiply the magnitude of

A rope the vector by the cosine of the angle
between the vector and the direction in
which you want the component. What do
you get for the problem of the rope and
car at the left? Do it.

Horizontal comp. =

What 1is

7 1b.
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5 6 The information as to who 1s chasing whom is not
contained in a vector. (There are schemes by which
Yes. Because the the placement of the arrow on the page or picture
vectors represent magni- can be used to convey other types of information,
tude (mi/hr in this and I will show some at the end of this review. But
case) and direction forget that for now; we are golng to stick to the
only. strict meaning of a vector, which 1s magnitude and
direction. GO -
L A BT , -
_ L 4: Zero.. At the end of = -] : String the same three (z)
: 7 .::'the day he .18 right ooy vectors together in L),

~ where he started. - another order.

,ﬂ ) | e
BESERER IS E E B These are the three,
23 24 Any vector will have Y
an x-projection, or
Xx-component, so: \
X ! +
(Like its shadow on { |~ Xx-componen
/ the ground at mid-day.) ! \ x
Coordinate axes /////
32 o 33
i Next, using the Pythagorean
tan © theorem, wrilte the magnitude
s of the sum vector. %Leave
v 3.64 : it as a square root.
"; -
41 42
Tan 6 = 50/87 In case you have now forgotten
what we were trying to find, @)
(3 @) it was the magnitude and directilon
of the force in string (3). Both 90°
so have now been found. T
3
) 87 (No ques.) (2)
. [}

20 Della's file contains™ ' 51 The data: welght, acting /2) Dashed line
among others, "The Case downward of course, 10 1b; ‘.th‘tkat
of the Cockeyed Picture." - tension in stfi?g (2&, 6 1b; very

‘ ’ PR direction of (2), 53° from
affiﬁcgoyggaggg ??gltired vertical. The direction and
do most of the work | 7 the tension of string (1)
for you as dessert /C;/ are the two unknowns,

Ans. to Try another. A block sits on a sloping Solution: The direction

last prob: plank. The block weighs 20 1b and the of the component we wan’
8.7 1b plank is at 30° to the horizontal. What here is JA. to the plank,
: ‘ is the component of force normal to or at 300 to the force
(L to) the plank? vector (gravity). So

Force of the component is:

l gravdy: o _
) 20 b, 20co0s30” = 17 1b.
.:::SL : vertica) oK 7

Find it.
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7 Now suppose Joe Handlebars Draw here:
Office wal?s from his house to his
® office, which is 2 mi
cai?swghgigét l;glp the from h,is house and exactly E
B aning by moving the N.E. of his house. Can
¢ tgrsgargund' & you represent (at right)
vece : his change in position
;;’ ® (displacement) by a vector?
/ House
Ff;- ) v o . . ""I..-'l*c';'t\; o
g‘lﬁ , One posslbility. i 1 6. Of course Joe would have missed the office, or the
5 P : - ) BOARD MEETING or both, if he had made his displace-
i : : . ments in any other order. What a day he would have
[ ) had, tramping through the fields! But regardless
s - . - ) of the order, can you guarantee that he got back
. Order makes no d4iff. home at the end?
;‘:_ Sum is again zero.
! - (I N A - T 7"‘“< e
24 25 1et's refer to the vector (at left) as (i) and
g {11 adopt the following other notation:
Afd 2 e ) 4., its length.
Y DOnent 6, , the angle 1t makes with the horizontal.
D X, 1its x-component.
/ y,» 1its y-component.
<;2;; Assemble a right triangle having sides lz , x,and y, .
gf;33 i \”"';:f"’fﬂ‘,’“_ 3% one thing we haven't said much about: D)
) Vé 641 +1 27; c o subtraction. If you can add you can ‘/,//J'
T el subtract. Remember grade school? ""To xpn
X ' | subtract, change the sign and add.
Sﬁogiegazg ;gg;:deghe How change the sign of a vector? Move
gor direction and 1ts head to the other end! Try it.
- it i Subtract (1) from (2).
magnitude. ... 'l .

42 Notice that in the 43 Sometimes we are given the direction but not the
previous problem there magnitude of a certain vector, We can draw 1t with
were two unknown Qquan- an Indefinite length, so: ,_--—-—-—""
titles: magnitude and

If we are given the magnitude but not the
?%gection of force y; direction of a vector, we can draw it as If it has
. 425} a pivot around which can turn, so: e
’,
" ———— - R
: 51 . PFirst we put ‘\<Lfi? . %2 How do we compose & ¢ Where can
4 down the things closed triangle from 2) we fit this
;A that are glven: . B these? We can change . one 1in?
; these vectors ., j¢g <7 .. the length and g
©~ - representing .7 ¥ direction of (1) to e
. forces. ot s ° 7, suit. (They are our g
P SOREEE X /5;/;h two unknowns). ) Do
g’\ F"“‘,—-_“.‘-‘,{j".,. . ‘».( ‘ ' ’ /\/’J if'
As a parting shot, I want to What do you make of this? It 1s the wind
show you some ways you can (The vectors are velocity direction and
draw vectors to convey more vectors.) speed, on Nov. 4,

The placement of
each vector on
the map tells you
what locality
registered that
wind velocity.

information than magnitude and
direction. You willl have to be
the Jjudge as to whether I was a
liar in the first few frames!
(I will of course claim I was
not.)


Read Me
You'll have to use your own paper again.


.NE (45° from the
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The vector points

horizontal)and it 1is
2 units in length.

/

(Each unit repre-
sents a mile. g

8 Notice that the vector doesn't give any

information as to where Joe's home, or
office, is. It tells only in what
direction he moved and how many miles.
an you draw a vector to represent
Joe's return journey?

DA

1(, ‘k

Y -or course.xﬁThé”Suﬁ”bflv
- his displacementszis-i
',zero, regardless ‘of .

.,""

4

17

Let's continue with adding vectors, but now let's
not only draw the sum vector graphically but let's
find its direction and magnitude, in terms of an

example, the direction
of one vector and the

magnlitude of another.

7

2 ';222 :ggzg 1nH¥:1?h‘§hey angle and a number. No question this time.
-+ total displacement
- : Is"8T111 zero, .. . .- onward -»
25 Y 26
""'i" Now write an expression for x, and y, 1in
'5, terms of Z, and the sin or cos of ©o,.
L - - ,
v X — =
H : x X = Yy =
‘.‘; L “ - A ':7“: 35
o LTl So far we have seen what a vector represents (and
Answer o what it does not represent) and we have seen how to
e Y4 3) add or subtract any number of vectors. Now let's
- g v apply this to some situations that are more like
v 3 - physics problems.
() Reversed - (No ques.) Go —»
43 b g (
ppose, in the problem of 2°°
The unknowns 1in a the three strings I had given the 3 r—(
problem might be, for values of all the quantities except (3

the magnitude of (2) and the magnli-

tude of (3;. Now draw (not hooked

in a chain) the three vectors repre-

senting the given information. (All

directions are known; two will have dashed tails.)

. clear around

" trim off the

{2)

We have to
swing (1)

on its pivot
and then

excess. 4

53 The length and direction of (1) have
now been fixed, 1in the drawing at
least. They were the two unknowns.

To push 1t to the ‘bitter end let's
find the quantities numerically.
We put in the angle we were given.(ssq

“U
sN\$&
ald

jO
41 A

You are getting the 1id

ea.

—E—=2

Vector (1) 1s the downward

force exerted by the
man; (2) by the thin

fat
man,

One last one.

"x‘::;lgﬁﬁl_li4f

Here each tells the
speed and direction a
car had, as 1t passed
two points on the road,
A and B.

Here we place (1) so as to
tell where the fat man's
welght 1s exerted on the
plank. Similarly for (2).

(2)
()
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Page III -~ 9 We hope we have it settled that a
vector means the same wherever we
draw it so long as length and
direction are preserved. The suilt

: Joe is wearing cost $50. Can you

represent that by a vector?
[Go back to first page, second IoOw. |

s LT 18 First, string these

two vectors and "draw
the sum vector (don't
solve numerically Just
yet.)

: LS*(See ‘footnote #1 at the
. \"bottOm of page 1.)

a7 When there are two vectors to
be added, it's easy to see that

X, = chos e, xy (the x-component of the sum
vector) is the same as X ,+X,,
y, = Jﬁ sin 0, the sum of the x-components of
the two vectors. What does
yg = ?
s

36

The text book says that if three strings are tled
together at one point, and 1f there is some tension
in each string, and if the whole thing is at equl-
1librium, that is, if it has no tendency to move,
then the vector sum of the forces acting on the tie
. point is zero. let's see how this works out, by
7 taking the most

- One of the first .
physics applications
- of vectors conceras .
forces in strings, =~ _

s

44 + . 45
' P Now the only problem is where to trim
off the lengths of (2) and (3).
- - Perhaps when you try to fit them
(2 into a closed figure the question
will answer 1tself. Try it and see.

\
s
=<

\
(73
o’

. 53 We nave a triangle with . :
; two sides and the 1ncluded -
angle known. At worst we

54 If this 18 a textbook problem, we expect

a neat solution, We look for some simple
relation. Aha! Our old friend the 3-4-5
-could find the other side triangle! Therefore tension (|):tension .
" and the other angle by .. -.~; (2) a8 4:3, or force (}) is 8 1b. The
the Law of Cosines.- S, - angle of string (l|) is of course 37° to

’/r : the vertical. QED.

f‘ g NOW GO TO THE BOTTOM FRAME OF THE 3rd PAGE.
poonw IR

We can go further: to return to the dog Now, as they say on TV,

chasing the cat (frame 4) we not only c¢an
place the dog-velocity vector behind the
cat-velocity vector; we can color all
dog-vectors black and all cat-vectors
pink. So, many gimmicks can be used to the Mid-term! 1 hope I~have
convey information in addition to direction improved your chances.

and magnitude, which are the properties ol How well did you do? (Maximum
the vectors themselves. Well, did you possible was 72 polnts.)

decide I misled you in the beglnning?

"THANKS FOR BEING WITH US."
And let me add my own hope, that
you will still be with us after





