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2. Overview

16-2 The Mathematics of Sinusoidal Oscillations

e If an object moves along the z axis in simple harmonic motion, its coordinate x as a function of time ¢ is given
by
x

TN N\
N4

z(t) = X cos{wt + o) ,

where X, w, and ¢ are constants. A possible function z{¢) is graphed above.

e The object moves back and forth between » = — X and = +X. X is called the amplitude of the oscillation.

e The constant w is called the angular frequency of the oscillation. Since (¢ is measured in radians, the unit of w is
rad/s. The frequency f of the oscillation gives the number of times the object moves through a complete cycle
per unit time. It is measured in hertz (| 5~ = 1 s—1). The frequency and angular frequency are related by
w = 2 f. The period 7" of the oscillation is the time for one complete cycle. It is related to the angular frequency
and frequency by I'=1/fand 1I' = 27 /w.

e The combination wt 4 ¢ is called the time-dependent phase or just plain phase of the oscillation and ¢ is called
the phase constant or phase angle. It is the value of the phase for ¢ = 0. A change in the phase constant simply
moves the curve shown on the graph above left or right along the ¢ axis. The phase and phase constant are usually
measured in radians.

16-3 Simple Harmonic Motion: The Mass-Spring System

e If a block and attached to the end of an ideal spring and moves along the x axis then the  component of the
spring force on the block is pZP* ing _ _ 1. where [ is the spring constant. The origin was placed at the position
of the block when the spring is neither extended or compressed.

e [f the spring force is the only force on the block Newton's second law gives — Xz = ma,, where ay is the z

component of the block's acceleration and m is the mass of the block. The solution to ¢z /dt* = —kz is
;l‘l:if:l =X co:(:u..’f + &), where i = \{m and X and ¢ are constants. The angular frequency of a block on a

spring is determined by the spring constant of the spring and the mass of the block.

e The period of oscillation of the block is given by 1" = 27 \nw—L

e Newton's second law tells us that the force that must be applied to an object of mass m to produce simple
harmonic motion is F'(t) = ma(t) = —muw? 2(t). The force must be proportional to the displacement from
equilibrium and the constant of proportionality must be negative.

e Consider a block on the end of spring, moving on a frictionless horizontal surface. If the origin is taken to be at
the position of the block when the spring is neither extended nor compressed, the force of the spring on the block
is given by £ = _ }x, Where [ is the spring constant. Since the force is proportional to the displacement and the
constant of proportionality is negative we know the motion is simple harmonic. Furthermore, a comparison of
F = —kxwith ' = _m 2 tells us that the angular frequency of the motion is (o = \W The period is

I'=27mjw="2m/m/k.

e A rotational simple harmonic oscillator consists of an object suspended by a wire that exerts a torque when it is
twisted. The torque is proportional to the angle of twist and the constant of proportionality is negative; it is a
restoring torque. If the angular position g of the object is measured from the its position when the wire is not
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twisted, then + = — @, where x is called the torsion constant of the wire. Newton's second law for rotation
becomes — 58 = I'a, Where [ is the rotational inertia of the object. This equation is exactly like the equation for a
mass on a spring, except that @ has replaced z, a has replaced a, f has replaced m, and x has replaced k. The
object rotates back and forth in simple harmonic motion with angular frequency ( = \ # /I and period

—_—

I'=2m/w=2m\/I/k
Velocity and Acceleration for SHM

An expression for the velocity of the object as a function of time can be found by differentiating the expression for
z(t) with respect to time:
_ dx(t) . ;
vitT) = 2t = —wX sinfwt + o) .

The maximum speed of the object, called the velocity amplitude, is given by 17 = (X The object has maximum
speed when its coordinate is 3 = (. The velocity of the object is zero when its coordinate is = — X and also
when its coordinate is 3 = 4+ X

An expression for the acceleration of the object as a function of time can be found by differentiating v{t) with
respect to time:

; -~ > , \ : £ ah
= —w Xcodwt+ ¢) = —w-z(t) .

The magnitude of the maximum acceleration, call the acceleration amplitude, is 4 — ;2 x. The object has
maximum acceleration when its coordinate is » — — X and also when its coordinate is 3 = 4 _X. This is where
the velocity vanishes. The acceleration is zero when the coordinate is = . This is where the speed is a
maximum.

The amplitude X and phase constant ¢ are determined by the initial conditions (at ¢ = 0). Since

z(t) = z cogw? + &) the initial coordinate is given by x4 = X coz ¢ and the initial velocity is given by
Vo = —wX 2in ¢

Zg is positive for —7 /2rad < ¢ < w/2rad.

Zois negative for 7 /2rad < @ < 37 /2rad.

Vg 1s positive for 7w rad < ¢ < 2wrad.

Vo 1s negative for 0 < & < 7 rad.

The equations 2o = X coz¢» and vy = —w X 2in ¢ can be solved for X and . To obtain an expression for X,
solve the first equation for coz ¢ and the second for gin ¢, then use the trigonometric identity coa® ¢ 4 2in® & = 1
. To obtain an expression for ¢, divide the second equation by the first and solve for tan . The results are

A=

Vo

JI -~
X = \ o+ —; and tang = —
‘ w- Wo

Be careful when you evaluate the expression for ¢. There are always two angles that are the inverse tangent of any
quantity, but your calculator only gives the one closest to (. The other is 1 80° or 7 radians away. Always check to
be sure X cogzq gives the correct initial coordinate and —w X gin ¢ gives the correct initial velocity. If they do
not, add 7 rad to the value you used for ¢.

Grayvitational Pendula

A simple pendulum consists of a small object of mass m suspended by a string. After the mass is pulled aside
and released, it swings back and forth along the arc of a circle with radius equal to the length f, of the string. If
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the = axis is perpendicular to the plane of the swing then, when the string makes the angle @ with the vertical, the
= component of the gravitational torque about the pivot point is 7. = —mgL cin &, where the negative sign
indicates that the torque is pulling the mass toward the § = 0 position. Newton's second law for rotation becomes
—mgLeiné = I'a, where f is the rotational inertia and a is the rotational acceleration. The rotational
acceleration is not proportional to the rotational displacement and the motion is not strictly simple harmonic.
However, if @ in radians is small, then gjn # can be approximated by @ itself and the equation becomes
—rnga = Ta. If g is always small, the motion is very nearly simple harmonic, the angular frequency is

W=y n’gL ‘T, and the period 8T =2m/w=27 VI ‘,v"mgL- For a simple pendulum j — ;7.2 so
w=/g/Land I'=27/L]g.

A physical pendulum consists of an object that is pivoted about some point other than its center of mass. The
analysis is like that carried out for a simple pendulum. If 4 is the distance from the pivot point to the center of
mass, the torque acting on the object is 7 = —mgh cind, where g is the angle between the vertical and the line
that joins the pivot and center of mass. If @ is small, gin @ can be approximated by 4 itself, in radians. Then
—mgh@ = I'a. The angular acceleration is proportional to the angular displacement and the constant of
proportionality is negative, so the motion is simple harmonic. The angular frequency is (v = \ mgh /I and the

period is 1" = 27 /I /mgh.

Energy in Simple Harmonic Motion

For the block on the end of a spring, an expression for the spring potential energy as a function of time can be
found by substituting (¢} = X cos(wt 4 @) into U7 = 1k ;3.
U(t) = 16X cos?(wt + ¢) .
An expression for the kinetic energy as a function of time can be found by substituting v = —w X zin{wt + @)
into &' = muy™
I\.l: fl = —77m. .X ...lln:l: wt + -.:‘-‘::' .

If w® = k/m is used, this can also be written

K(t) = %."\.".Y:G.ln:(u-'f + @)

Both the potential and kinetic energies vary with time. The potential energy is a maximum when the coordinate is
r = — X and also when it is y = 4 X . Then the speed is zero and the kinetic energy vanishes. The potential
energy is a minimum when z = (. Then the speed is the greatest and the kinetic energy is a maximum. Notice
that the maximum kinetic energy has exactly the same value as the maximum potential energy.
Although both the potential and kinetic energies vary with time, the total mechanical energy Fmec = " 4 [ is
constant, as you can see by adding the expressions given above and using coz®{wt + @) + sin” (wt + o | = 1. All
of the following expressions for the mechanical energy give the same Value

b‘m'x‘=.-}-m l'l-l——".l‘ |'|——~.Y .—}-mi'

.0

You will solve some problems by equating two of these expressions and solving for one of the quantities in them.
Damped Simple Harmonic Motion

Many oscillating systems in nature are damped by a force that is proportional to the velocity. Consider a mass m
on the end of spring with spring constant } and subject to the damping force — j 7, where j is a damping constant
and 7 is the velocity. If the motion is along the ¥ axis, with ¢ = 0 corresponding to an unstretched spring,
Newton's second law becomes — &y — bv = ma. The solution is
—5t/2 7S

=T cogfu "t + ¢ )y

(t) =%Ye

]

N

where
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If b < 4Xkm, then the motion is oscillatory but the amplitude (- —%t/27*) decreases exponentially with time. See
Fig. 16-26 of the text for a graph of ().

e Ifbh == m, then no oscillations take place. Instead, the spring settles back to its unstretched length and remains at
that length.

e The total mechanical energy of a damped oscillator is not constant. As time goes on, the damping force dissipates
energy.

16-8 Forced Oscillations and Resonance

e A mass on the end of spring can be driven to oscillate in simple harmonic motion by applying an external force of
the form £, cogwt. In this section, the angular frequency of the force is denoted by wq and the natural angular
frequency (\;—m) of the spring-mass system is denoted by w..

e The angular frequency of a forced oscillation is the same as the angular frequency of the driving force and is NOT
necessarily the natural angular frequency of the oscillator.

e The amplitude of the oscillation depends on the driving frequency, as well as on the driving amplitude £,.. The
driving frequency for which the velocity amplitude is a maximum is the same as the natural frequency of the
oscillator and is called the resonance frequency. It is nearly the same as the frequency for which the amplitude is
a maximum. Fig. 16-31 of the text shows how the amplitude depends on the driving frequency.

e The amplitude of the motion does not decay with time even though a resistive force is present and energy is being
dissipated. The mechanism that drives the oscillator and provides the external force does work on the system and
supplies the energy required to keep it going at constant amplitude.
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