CHAPTER 1 PROBLEMS and ANSWERS

Problem (1.1).

Two charges, each g=+1.6x10-19 Coul onbs, are |ocated at
(0,0,a) and at (0,0,-a) where a=1.0x10-9 neters.
(a) Calculate the electric field at the origin (0,0,0).
(Answ. the field is zero.)
(b) Calculate the electric field at (a,a,a).
(Answ. E= (6.07,6.07,1.96)x108 Volts/m)
(c) An electron, g=-1.6x10-19 Coul onbs, flies through the
point (a,a,a) with the velocity v= vg(1,2,3) where vo= 10°
m sec. What forces are exerted on the electron due to the two
stai onary charges?
(Answ. F= gE= (-9.71,-9.71,-3.14)x10-11

Newt ons. There is no magnetic force.)

Problem (1. 2).

At a certain noment a noving proton, g=+1.6x10-19 Coul onbs, is
| ocated at (0,0,a) with velocity conponents vg(1,1,0) where
a=10"9 m and vp=10°> nsec. At the sane nonent a noving

el ectron, g=-1.6x10-19 Coulonbs, is located at (a,a,a) with
vel ocity conponents (0,106, 0) ni sec.

(a) Calculate the electric and nmagnetic fields at the

position of the electron due to the proton.



(Answ. E= (Ep, Ep, 0) where Ep= 5.09x108 V/m
and B= (0,0,0) because vpxE =0.)

(b) Calculate the force on the electron due to the electric

field of the proton.
(Answ F=(-Fo, - Fo,0) where Fo= | q| Eo =8.14x10-11 N.)

(c) Calculate the force on the electron due to the nmagnetic

field of the proton.

(Answ. F= VelectronXB = 0 N)

(d) Calculate the electric and nmagnetic forces on the proton
due to the fields generated by the el ectron.
Answ. The electric field at the position of the proton,

R=(0,0,a), due to the electron at r=(a,a,a) is given by

1

E= —
4p&

]
(- 1.6x10-19) T ,

where r= R-r = (-a,-a,0)= - a(1,1,0), where a= 109 m
Therefore

E= (5.09x108)(1, 1, 0).

The magnetic field at the position of the proton due to the
nmotion of the electron is given by c2B= vxE, where the
velocity of the electron is v= 106(0, 1,0) n sec.

c2B= (5.09x1014)(0,0,-1) so B= (0.566x10-2)(0,0,-1) Tesl as.



The force on the proton due to the electric field is

Fe= 8.15x10-11(1,1,0) N

The force on the proton due to the magnetic field is

FME q(vpxB) = 0.906x10-16(-1,1,0) N

Problem (1. 3).

A particle having a velocity V=viuyx carries a charge gq1 C and
is located at the origin. A second particle, charge qp, is

| ocated at r= aux + buy + cuz, and it has a velocity Vz=vyuy.
(a) Show that the force on charge #2 due to the magnetic

field generated by charge #1 is

_ M 9192

ap (3 bvivy ux.

(b) Show that the force on charge #1 due to the magnetic
field generated by charge #2 is
M 9102

Fio = - ap '3 avivy uy. Notice that Fz1 does not equal -Fj2

so that Newton's |law of the equality of forces of action and

reaction is not obeyed in this case.

Answer (1.3).

(a) The electric field at the position of particle #2 due to

particle #1 is




The magnetic field at the position of particle #2 due to the

notion of particle #1 is given by

1 aqiva

C2Bosq= Eoxqy = —— =3 (0,-c, b),
21= VixEp1 ape 13 ( )
or
_ M qivi ]
B21= ap 1@ (0,-c, b).

The magnetic force on particle #2 due to its notion is

V1V
Fom= g2(vaxBz1) = 2$Q1Qf31y (b, 0,0).

(b) The electric field at the position of particle #1 due to

particle #2 is
q2

4[3760 [ 3 (a, b, c).

Ei12= -

The magnetic field at the position of particle #1 due to the

nmotion of particle #2 is given by

Vy
c2B12= VoxEjp = - L qu (c,0,-a),

4p€
or

_ M qav
B12= ap ‘Fgl (c,0,-a).

The magnetic force on particle #1 due to its notion is

M gigavavy (0,a,0).

Fiv= g2(vixBi2) = - ap (3



Problem (1.4).

An electron carries a magnetic noment of | ny|=9.27x10-24
Joul es/ Tesl a= 1 Bohr nmagneton. Suppose that this magnetic

nmonent is oriented along the z-axis as shown in the figure.
Z\

(a) At what angle q is the field neasured by an observer at P

a maxi munf®?

(Answ. qg= #p/2.)
(b) If r=1 nmicron (10-6m) what is the nagnitude and
direction of this maxi numfiel d?

(AnswW. | Byax| = 18.54x10-13 Tesl as directed al ong +z).



(c) What is the mninmum magnetic field? At what angle q does
it occur, and what is the direction of the field?
(AnNSW. | Bpin| = 9.27x10-13 Teslas directed al ong -z.

The observer is at g=0 or p.)

Answer :

_ﬁ%n‘bzr - Myuzg
T 4p € 5 r3 @

therefore

_ mymy 3xz _ mmy 3yz _ mm 322 14
Bx= ap  r5 By= ap  rs B, = 4p ers r3g
3L 2 _
_%4p3(1+ _soB is a maxi numat x=0, y=0, z=r.
a
B2 is a mninmum at z=0. an:nngrlc,,. Brax= 2Bnin

Problem (1.5).

The energy of interaction between two nmagnetic dipoles is
given by - meBy or by - Byenp where By is the field
generated at the position of dipole #2 by dipole #1, and B>
is the field at dipole #1 generated by di pole #2. Let these
two magnetic di pol es be separated by a constant distance R=
10-6m (1 m) .

(a) Assune that the two dipoles are forced to renmain parall el

as shown in the figure. At what angle q is the interaction

energy a mninmun? What is this m ni num energy?



o

mmm
4pR3

(Answ. q= = p/2, Uyin= - 2

(b) Assune that g=0 in the figure, but that the two dipol es
are free to rotate in the x-y plane. Let m|x = mcosa; and
M|y = Msina;. Simlarly let mp|x = NMpcosaz and

|y

Mpsinaps. Wiat will be the m ni num ener gy

configuration, and what will be the m ni mrum energy?

mpmm

(Answ. ag = a2 = 0or P. Win= -2 ApRE

-)

Answer :

(a) By _ My glMer)r My

= ap & (5 (3g X Rcosqg, y= Rsinqg, z=0.



Bix= ZB R3 3sinqcosq, Bpy= p R3 (3sin2g - 1),

therefore

U=- Bremp = . ™ MM

p R (3sin2qg - 1).

This expression is clearly a m ni mumwhen sing= 1.

(b) Wien g=0 and r=(R 0,0) one finds

_ My _ My ,
Bix= ApR3 Bry= 4pR3 msinag,
t herefore
U= - MpeB; = - nm (Zcosalcosaz - si najsi naz) :

This expression clearly has a m ni num when cosaj=cosas=1

and sinaj=sinaz=0, ie. when aj=a= 0 or P.

Problem (1.6)

A proton and an electron are separated by 10-12 m= d as shown
in the sketch.



(a) Calculate the strength of the electric field 1 mcron
(= 10-6 n) distant froma proton

(b) Calculate the strength of the electric field a =1
m cron fromthe above pt dipole at r= au,. What is the

direction of this electric field?

(c) Calculate the strength of the electric field a di stance
a=1mcron fromthe dipole at the point r= -au,. What is

the direction of this electric field?

(d) Calculate the strength and direction of the electric
field at r= auy where a = 1 mcron

(e) Calculate the strength and direction of the electric

field for the above dipole at r= é;a(ﬁx + 0z) and a= 1

m cron.
N. B. ux,uUy,uz; are unit vectors along x,y, z.

Answer (1.6)

a)

1 e
4pey T2

| El =



10

L~ 9 x 10 e = 1.6 x 10-19 Coul onbs
4p&
r =106 m
9 x 109) (1.6 x 10-19
\ | El =( )1(0_12 ) = 1440 Volts/m
b) For a point dipole Eg = = [ 3(p£g)r ; f% ]

4p&
In this case p and r are both along z and hence parall el

1 2p
\ | E = —
el = L (3)
_ 1 e, (2d
= pe (2 )
12
igaé%g%ggl = (2 x 10°6) x part (a)
So | Eq] = 2.88 x 10-3 Volts/mand directed al ong z.
c) For this part p.r = -e d a
since p = e d Uy
and r = -a Uy

therefore (p-r)r = ea2dl,

3ed ~ ed ~ _ 1 2ed
i, ) | " 4pgy @3



or exactly the sanme as part (b). The electric field is also
directed along z, just as in part (b).

(d) Here p-r=0 because p is directed along z whereas r is
directed al ong x.

Therefore Eq = -1 p/r3
4p€p

= - e i ™
(apgy ) a2 (/T
i.e. directed along —z and half as large as the electric

field for a point along the dipole axis and a neters from
t he di pol e.

\ |Ed|] = 1.44 x 10-3 Volts/m

-~ eda
= ed \ = =
e) p edu p.r op
r (')i:Z (Ax + Ugz)
1 3ed GX + az edaz
\ BEd = —— : 5 -
4pey [ (02) (02) as as ]
Ed:4peoa3[2(ux +u2)-u2]
_ &€ 1 d ~ ~
= oo () () e+ )

So Ed is directed 18.4° fromthe xy plane and has the

magni t ude
| Ed] = (1.58 x 10-%) (1440) = 2.28 x 10-3 Volts/m

11



Problem (1.7).

Show that the magnetic field at the center of a

uni formy magneti zed sphere containing a small hol e at
the center is zero. Uniform nagnetization neans Mis
constant. Wthout |oss of generality, one can take the
magneti zation to be directed along the z-axis, ie M=
Mpu ;.

(Hnt: Add up all the contributions to the field at the

center due to volune elenments at a distance r fromthe
center. In polar co-ordinates dt= r2dr singdqdf, and

dm = Mdtu;.)
Answer (1.7).
If r=-Xux - yuy - zuzy then mr = - Mdtz (renenber

that r is the vector drawn fromthe magnetic noment to
t he poi nt of observation).

B_ﬁém_mo Sothat

“4p € rd r3g’
_ My Mudt _ My Mdt
Bx= 4p (5 (3xz), By= 4p r5 (3yz),
dt
Bz= Arrrg |\/:)5 (222 - x2 - y?2),

Convert to polar co-ordinates and integrate over g from
Otop, and over f fromO to 2p. Al field conponents
integrate to zero.

Problem (1. 8)

The fields generated at the position r froma slowy noving,
spi nl ess, point charge are given by



E:—qf

r -V
4p& .3 and cB c x E.

Consider a particle nmoving in a circular orbit whose position

at timet is given by

a=aCoswluy + Sinwmt Uy .

(a) Showthat the tine averaged electric field seen by an
observer at R =X Ux + YUy +Z U; is given by

<Ep> = I;S) to terms of order (a/R)2.

4p€
(b) Showthat to lowest order in (a/R the magnetic field
observed at R is given by

1 32R Uy qa’w,

2
ga‘w, . _ _
or since m—( > ——5)uz is the magnetic noment (|m = |pa2

<Bp> =

where | is the current in Amps)

_ My R3 m
o= [ 3R 1]

13



Answer (1.8)

z A

a -
q
W have r + a = R
\'' r =R - a
where R =X Ux +Y Uy +ZUy,
and a = a Coswt Uy + a Sinwt Uy
\ r2=(X- aCoswt)2 + (Y- a Sinwt)2 + 72
r2 = X +¥2 + 72 + a2 - 2aX Coswt - 2aY Sinwt
= a 2aXx 2ay o
or r2 R2[1+(R)2— R Coswt — R Slnvvt].
Keep only the lowest terns in ( %)
rER[l—ZRLZXOOSWt—ZRLZYSinWt]ll2
1 .1 2aX 2ay o -3/2
So r73_R3[1_R2 Cosvvt—R2 S|nvvt]
1 _ 1 3ax 3ay o
g r . q (R-2a) 3aX 3ayY ..
Ep = (—=2) = 1 + 5 Coswt + — Sinwt

Now nul tiply out and take tine averages.

14



<Coswt> = <Sinwt> = <Sinwt Coswt> = 0
<Cos2wt > = <Si n2wt > = 1/ 2.

Notice that all terns proportional to a average to zero.

-9

R . a
-%). The correction terns are of order (p)?2.
sneg (R (R

(a) \  <Ep> =

(b) szc—lz(vXE)

da

V = g = -aw Sinwt Uy + awCoswt Uy
\ Bp3012(4|fe0) [(VXR)R;(an)] {1+3|%.XCOSM +
3RaZYSinm}
v R=(awz coswt) Ty + (awz sinwt) Ty
— [ awy Sinwt + awX Coswt] T
v = a = -alwu,

Miltiply out the terns in By and take tine averages. The
result is

q 1 3a2wxz . 3a2wyz .
) = { ¢

1
= —5 + -
Bp> = 2 (4he, oz ) Ux g )ty

3a2w, ~ ~
(Lre) (X + Y2) G, + a2w U, }

3a2w _. A :
add and subtract oR2 Z2 u, to obtain

1,49, 1 p 3w atw .
Bp> 2 (o) e l(Gr) ZR- () G2}

2
1 gasw
Now *sza)m) and m = 5 Uz

Therefore <Bp> = (Zg) [w - %]] :



Problem (1.9)

G ven the follow ng scalar functions, V, expressed in
cylindrical polar co-ordinates. For each function calcul ate

(1) the conponents of grad V
(2) N2 v

(a) V =r Cosq
(b) V =1Inr

Cos
(c) V= r g
_ Cosnq . . . -
(d) V= “n o where n is an integer either positive or
negati ve.

Answer (1.9)

gradV: (?I%/) Gr +%(2\/) Gq + (% Gz.

fq
. 19 v 1 72V . 12V
Ny — = 1 AV A=V A=V
NV =+ ﬂr( r o t 2 02 + 122
(a) V= rCosq. gradV“ = Cosq
gradvu = - Sing

These correspond to a unit vector along x!

N2V = 0

— _1
(b) V=nr. gradV“ =

gradvu =0

N2V = 0

_ Cosq av = Cosq
(c) V= r gra Vr =- 2

_Sing
gradvu =- 2

N2V = 0

16



Cosnqg nCosnq
(d) V= Ton - gradV\r = rn+l
nSi n( nq)
gradvl, = - g

N2v = 0 for any n.

Problem (1.10)

G ven the follow ng scalar functions V expressed in spherical
pol ar co-ordi nates. For each function calcul ate

(1) the conponents of grad V

(2) N2v
(a) V =r Cosq
Cosq
(b)y V= (2
(c) V= r2( 3Cos2q - 1)
3Cos2q - 1
(d) V= 3 )
Cosnq : L. :
(e) V = on where n is a positive integer.

Answer (1.10)

1 1 v 1 1 % 1 AY
N2V = =5 o~ r= Sing. ) +

r2 'ﬂr( r ‘ﬂr) r 2si ng 'ﬂq( | nqﬂq) r2sin2q ff2
(a) V = rCosq gradV\r = Cosq

gradV\q = - Sing

17



gradv\f =0
These correspond to a constant field Uy.

N2v = o.
Cosq
(b)  V="7
av = 2Cosq v = Si ng
gradv| = - (3 grqu—- (3
gradv\f =0

Corresponds to a dipole field.

N2V = 0.

(c) V =r2 (3Cos2g-1) gradv\r = 2r( 3Cos2q - 1)

ar adV\q = - 6r SinqgCosq
gradv\f =0
N2v = 0
3 Cos2g-1 3
(d) V=—"3 — gradV\r = - r7( 3Cos?2q - 1)
gr adv\q = - r% Si nqCosq
gradV\f =0
N2v = 0
Cosng nCos( nqQ)
(e) V=-74 gradvi, = - g
nSi n( nQ)
gradv\q = - el gradv\f =0
NIV n . .
NeV = - — (Sl nqCos(nqg) + CosqSi n(nq)) .

Si ngr n+2



Does not equal zerol!

Problem (1.11)

Cal cul ate the vector field B = curl A for the foll ow ng
fields, A.

(a) In cylindrical polar co-ordinates

A =0
Ag =0
Az = - Mol I nr
2p
(b) In cylindrical polar co-ordinates
A=0
_ Bor
Ag =2
AZ:O
mn ,Mm " r ~
c) A= ,  Where m = nNpuy.
() w (3 ) Mz
Show that in spherical polar co-ordinates if m= myl; then
B _ Iy mpSing _
A = Aqg =0 and A = ap T2 This can be used to cal cul ate

curl A.

Answer (1.11)

~ ~A 1 TA;
Ur rug Uz = Z
11 ﬂq 1 "
B =curlA = rlr ﬁa 1z = ] qﬁz
0O 0 A 0
But Az =0 \ Br =0

19
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Bz:0
The field due to a current | Anps flow ng
along a long wire oriented al ong z.

Ur rdq U 1%1
_ 1071 19 1
(b) B=curlA=7 g q 2 - 111(0r |
0 rAy O r I

1 Bor
But 1@9 =0 and Aq = o

Br
By = 0
Bz = B

This is the field inside an infinitely |ong sol enoid.

m-” r
(0) A= (750

If m = nmyl; this generates the field due to a magnetic
di pol e.

For m=npl; (M  r) is a vector in the f direction having

t he magni t ude nNpr Si ng.

A =0
Ag =0
_ M m :
A = ap (2 Sing, (see the figure).



A
r
q
|
m
Uy rilq rSinquf 1 f(r St nas)
r2Si ng fq
B =curlA = 1 ﬂir Ak X = 1 T(rSingAs)
r 2Si nq fiq qif -
_ r Si ng fIr
0 O rSingAs
0
my 2myCosq _ Iy MySi ng
VB S 4p rs ’ C4p r3 7 =0

Problem (1.12)
A water nolecule is planar but the angle between the two

oxygen- hydr ogen bonds is 105° as shown in the sketch.



22

y
A
H
O |
! X
105°
H

(a) If the charge on the oxygen is twice the electronic
charge i.e. -2|e| and the charge on each hydrogen is
gy = *+|/e|, calculate the dipole nonent of the nol ecule
assunming an O-H bond length of 5 x 10-10 m

[ The nmeasured dipole nonent is p = 6.17 x 1030 Coul onb-nj.

(b) If all of the dipoles in a cubic neter of water were
al i gned what would be the resulting density of electric
di poles | P ?

Use p = 6.17 x 1030 cm

Answer (1.12)
(a) The dipole nmonent is p = qd. In the HO nol ecul e
q=2le|] =(2)(1.60 x 10-19) Coul onbs
or g=3.2x 101 C
. B 105 _ 10 e
Thedlstanced—bcos( 2) where b = 5 x 10 mis

the bond length; d = 3.04 x 10-10 m
\' p=1(3.2)(3.04) x 1029 Coulonb m= 9.74 x 10-29 Cm



Conpared with experinment this is too large by ~ 15.7 tines.

(b) The nolar volune of HhOis 18 c.c.
\ No. of noles in 1 nd = 106/18 = 5.56 x 104 nol es.
\ No. of nolecules in 1 nd® = (6.02 x 1023)(5.56 x 104) =

3.34 x 1028 ol ecul es.

\ |P| = (3.34 x 1028)(6.17 x 10-30) = 0.21 Coul onbs/ n?.

(This is very large--in fact HO has no pernanent dipole

nonent because the nol ecul es are oriented at randonj.

Problem (1.13)

An iron atomin nmetallic iron carries a nmagnetic nonent of

2.2 Bohr magnetons. (1 Bohr magneton, ng, isS

mg = 9.27 x 10-24 Anp n? ( = Joules/Tesla)). The density of
iron is 7.87 gns/cc and its nol ecul ar weight is 55.85 gns.

If all of the atom c nonents were aligned parallel what woul d
be the magneti zation per unit volunme of iron? Conpare this
val ue with the observed internal magnetic field of saturated

iron at roomtenperature |B| = mp|M = 2.15 Tesl as

= 2.15 Wbers/ n?.

Answer (1.13)

The nmol ar volune of ironis 99.89 = 7.10 cc.
7.87
The nunber of atons in /P is
6
N = (6.02 x 1023) ( %g%ﬁ = 0. 848 x 1029 at ons/ nd.

The magnetization/m® |M = (N (2.2) ngp
|M = 0.173 x 107 Anps/m

23
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This would give an internal field |B] = o |M of |B| =
(4p x 10-7)(0.173 x 107) = 2.17 Tesl as.

This neans that at roomtenperature the fraction of aligned

spins inironis g'ig = 0.989 i.e. Very nearly conpletely

al i gned!

Problem (1. 14)

Gven a vector function F = xyly + (3x-y2)Uy evaluate the

line integral fromP; to P2 al ong
a) the direct path (1).
b) the indirect path P; ® A® Py (path (2)).

Answer (1.14)

The line P1P> can be witten



S = (30x + 3Uy) + (30x + 20y)L  where L varies fromL =0

toL =1 L= 0 corresponds to Py (30x + 3Uy) whereas L=1
corresponds to Py (6Ux + 50y).

So ds = (3Ux + 20y)dL or dx= 3dL and dy= 2dL.

(a) Now F-ds = 3xy dL + 2(3x - y2) dL
R P1(L=1)
\ F-ds = d3xy + 6x - 2y2] dL
P2 Po( L=0)
But x = (3 + 3L) y =3 + 2L along the line

(components of S)

P 1
\ J-ds :OédL{3(3 + 3L)(3 +2L) + 6(3 + 3L) -

P>

2(3 + 2L)2}
P1 1
\ &F-ds = gL [ 27 + 39L + 10L2]
P2 0
= 27 + (137/6) = ‘g
(b) Along path (2)
6 5
2(‘j:-ds =  Ox(y=3) dx + (ry(x=6) dy
3 3
6 5
=3 oxdx + (@18-y2) dy
3 3
3 98 47 263
=( 5)@) +36- F =3+ ( %) =%

The line integral is different for the two paths.

Therefore F is not a conservative field. | ndeed,
0
curl F = 3O and therefore curl F does not vanish
X

ever ywher e.
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Problem (1.15)

G ven the vector function E = ylyx + xUy. Evaluate the line

2
integral ¢E-dL fromPy (2,1,-1) to P> (8,2,-1)
1

a) along the parabola x = 2y2,
b) along the straight Iine joining the two points.

c) Is E a conservative vector field?

Answer (1.15)

0, Gy 0, .
curle = | 1T 1T 1 = 0 ° 0.

> Ty 1z (1-1)=0

y x O

Therefore E is a conservative vector field.

2 2 2
1 1

8 2
= gydx + xdy
2 1

But y = Ox/2 x = 2y2 along the parabol a

2 2 TRRNNF: 2
8 x1/2 dx . Ox3 2y3
\ E-dL = L5 +2 yady = =2 + L
1 2 1 3 1, 31,
_1 5 2 _ _
=3[ 25- 22+ 14 =42/3 =14

(b)Since curl E°0 the Iine integral along the second path

must al so be equal to 14.



Check Let rq = 20y + Uy - U; (the vector to Py)

Let rp = 80y +20y - G (the vector to Py).
Then any point on the straight line fromP; to P> can be
speci fied by

L=rg+L(r2-r1)

where L runs fromL =0 (Py) toL =1 (Py)

\ L = (20x + dy - Gz) + (60x + Gy)

dL = (60x + Uy)dL

\ E-dL = 6ydL + xdL

However, along the st. line L X =2 + 6L
y =1+1L
\ E-dL =6(1 + L) dL + (2 + 6L) dL = (8 + 12L) dL
P2 1

\ E-dL = oL (8 + 12L) =8 + 6 = 14 QE. D
P1 0



