CHAPTER 2 PROBLEMS and ANSWERS

Problem (2.1)
Gven an electric field of the formE = 100x Uy V/m find the

total charge contained in the follow ng vol unes:

1) A cubical volune 1 cmon a side centered on the origin.
The cube edges are parallel with the x, y, and z axes.

2) A cylindrical volune having a radius of 1 cmand a hei ght
of 2 cmcentered at the origin. The axis of the cylinder is

parallel with the z-axis.

Answer (2.1)

Ex = 100x
Ey =0
Ez =0

\ div E =100 = r¢/ e

This electric field corresponds to a uni form charge

distribution r¢g = 100 € Coul onbs/ n¥

\ The total charge in

(1) The cube Q = (100 &) (10°6) = 104 e
_ 1013 _ - 16
= 36p - 8.84 x 10 Coul onbs.
(2) The cylinder Q= (100 €)(2p x 10-6) = 2pey; x 10-4
-13
= 10" = 5.56 x 10°15 Coul onbs,
: 1 109
since € = 1C2 = 36p

Note that the above charge distribution though uniform nust

have pl anar symmetry (because Ey = Ez = 0).



Problem (2. 2)
A free charge distribution is given by rf = ar Coul onbs/ n¥®

for O £r £ Rand rf =0 for r >R (The electric

pol ari zation P is everywhere zero).
a) Calculate the conmponents of the electric field in and
around this charge distribution. The probl em has spheri cal
synmetry so one can use Gauss' theorem (the divergence
t heorenj.
b) Calculate the potential function corresponding to the
electric field of part (a). Choose the arbitrary constants so
that (1) V® 0 asr ® ¥,

(2) Vis continuous at r= R

In this way show that the potential at r = 0 is given by

V(o) = ar? Vol t s.

3€o

Answer (2.2)

;
(a) divE=e:;sinceP° 0

and therefore div P = 0.

So oivE dt = ¢E-ds :Q(Ll
% s €

where Qr) is the charge contained within a sphere of
radi us r.
r
Qr) =a gr) 4pr2dr = par4 Coulonbs for r £ R
0
But E has only a radial conponent by symetry. Therefore

for a spherical surface of radius r , & ds = 4pr2E .
S



ar4
So for rER 4pré E =p§

2
or E :ZreOVoIts/m

for r>R the charge is independent of r: Q= pakRt

_ _paRt ,
\' E = Apegr 2 Vol ts/ m (Coul onb' s Law).

(b) Since E has only a radial conponent, the potential

function will depend only upon r:

Er:-(ﬂ%r/)

\ intheregionr £R sz-ar3+v
g 12 e °
inthe regionr >R :piaR“
4p€pr

(The constant is zero so that V® 0 as r ® ¥).

At r = Rwe require V to be continuous. Therefore

V. - aR8 _ aR® _ 3aR®

°© 12 e 4 e 12 e
4aRs

So V 12 e & aR3/ 3 e

The potential at the center of the charge distribution is
therefore

(aR8/ 3 &) Volts

Problem (2. 3)
A cube of side length L mis centered on the origin and its
edges are parallel with the x, y, and z axes. The electric
di pol e vector per unit volume, P, is given by
P = P, (xUx + yUy + z(;) Coul onbs/ n?

a) Calculate the bound charge density rp = - div P.



b) Cal cul ate the surface bound charge density on each face of
t he cube.

c) Show that the total bound charge on the cube is zero.

Answer (2.3)

(a) P = Po (xUx + yly + z(z) inside cube
P ° 0 CQutside cube
\ rp =- divP = - 3P0 inside the cube
= 0 outside the cube.
The total bound charge inside the cube is

therefore

Q = - 3PyL3 Coul onbs

(b) The di scontinuity in the normal conponent of P
gives an effective surface charge density on each face of the
cube.

For exanple, on the face f1 there is a

discontinuity in P which is illustrated in the sketch bel ow
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\ The surface bound charge density is sp = + % Coul onbs/ n?
The total surface charge on f1 is Q = spL?2 = PyL3/2 Coul onbs.

There is a simlar charge on each of the other faces.

Therefore the total surface charge = 6Q = 3P,L3. The sane as

t he vol une char ge.

Problem (2. 4)
A di sc of charge whose dianeter is Rneters is centered on

the origin wwth its plane normal to the z-axis as shown in

t he sketch.

T
i S Coul onbs/ n?
+/
i
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(a) Cal cul ate the potential function V(z) on the

axis of the disc. Sketch V(z).

(b) Make a sketch of Ez(z). Showthat as z ® O

S S
Ez—260f0r2>0andEz:_260forz<o_



(This problemis not as trivial as it |ooks. Renenber
V(z) must be an even function of z. It nust also go to zero
as | z|] ® ¥, and it nust be continuous at z = 0. The

answer i s

Wz) = 0 [V +22- |21].

Answer (2.4)

R 2pr dr s s R2+z2
V(2) 1 . du

0 = \
4pQ) 0 \[rZ + 22 4a) 2(2) ﬁ

V\}nereu:r2+22 du = 2r dr

\ V(z) :ZZO[VR2+z2—V?]

(There is a tenptation to wite Vz2 =z but this woul d be
wrong because one nust use the + ve root of zZ2 even when z is

negative. Hence Vz2 = |z|.

For z > 0 but z smal | V®-S—Z+S—R
2€&p 2€p
For z < 0 but z snall V ® SZ+57R.
26 2€p
. LY S
Therefore for z >0 L|m-ﬂ7:Ez: )
2®0 2€y
. 1w S
for z <0 Lim- ¢ =& = - .
@0 12 2€p
SR2 1.
for z >0 but |z] > R V®Léo

4pep €20
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PSR s

for z <0 but |z] > R V® - =0
4p& €0

ie. the potential |ooks |ike a point charge

g = pR2S Coul onbs.

- . v _ S (4. _Z
(b) EZ - ﬂZ for zZ > O EZ Za)( 1 m)
S

\' @z =0 Ez:+£.

_ S (. oz
for z <0 Ez—zeo(l’fm)
S

\' @z =0 EZZ-E.
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Problem (2.5)

T
o
y

Metal Plate #1 Metal Plate #2

N

N

»
o |
R

+S O

Two thin infinite plane netal plates are parallel and
separated by a gap d neters as shown in the sketch. Plate #1
carries a surface charge density of +S Coul onbs/ 2. Plate #2
carries a surface charge of -S Coul onbs/nm?. In the netal
E = 0, otherwise the charges in the netal would nove and one
woul d not have an electrostatic problem Let the direction
normal to the plates be the z direction.

(a) Use Gauss' theoremto calculate the electric field strength
in the gap between the plates. Let this value be Eg.

(b) What is the value of D, between the pl ates?
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(c) What is the potential difference between the two netal

pl at es?

(d) Suppose that a slab of nmatter whose thickness was (d/2)
nmeters was slipped between the two netal plates. Suppose
further that this slab were polarized such that P, = Py. Wat
woul d now be the potential difference between the two pl ates?

(e) Show that D, is continuous across the faces of the

pol ari zed sl ab.

Answer (2.5)
(a) Since we have two infinite sheets of charge the electric

field is uniformand parallel with z (normal to the plates).

Use a pill box which penetrates the netal surface on the |eft
Area A
¥ “(////
+
”~N + A
Un-a— i — Up,
+
+
+
Metal Ez= O Space E;= Eg
dE-n) dS = Q& \ EOA:SfA
S €o

or Eb = S/€e Volts/neter.

(b) D, = &E; + P, Here P, = 0



\ D, = E, = S Coul onbs/ n?.
Notice that for S = 1 Coul omb/n? the electric field would be
1.13 x 1011 volts/neter. This is huge: air breaks down in a
field of ~ 3 x 106 Volts/nmeter. Therefore 1 Coulonmb/n? is a

huge charge density.
(c) DV = Eod = sd/ e Vol ts.

(d)

Sp= -Pp O % Sp= +Pyp O/ n?

PZ: PO

a«—(d/ 2

Qutside the slab E; = 0
Po

Inside the slab E;, = - —
€

When pl aced between the two netal plates the field

distributions add. Therefore in the gap E; = Ey but in the

P
sIabEZ:Eo-a?.

The total potential drop between the plates will be
d P d
DV = Eo(p) + [ - o1 (3)

Pod Sd Pod
\' DV = d- —=—- —/—.
Pod - oy T & T 260

The potential drop is decreased by the presence of the slab.
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(e) In the gap between the slab and the plates D, = Ey =

S Coul onbs/ n?.
In the slab D, = E;, + P,
= ek - Py + Py
= g@E, = S Coul onbs/ n?-

D, is continuous across the slab faces!

Problem (2. 6)
An ellipsoid of revolution has the shape of a cigar with its
axis oriented along z. The length of the cigar is 1 cmand

its dianeter is % cm The cigar is uniformy polarized: The

pol ari zation is given by
P = anx + Pyay + Pzaz

0.1 Coul onbs/ n?
0. 2 Coul onbs/ n?
Pz = 0.3 Coul onbs/ n?.

N
1

J

Cal cul ate the electric field conponents in the ellipsoid.
(They turn out to be huge ~ 1010 vim Air breaks down in a
field of ~ 106 V/n).

For the cigar whose length is 2d and whose dianeter is 2R the
depol ari zing coefficient is given by ( where aR <1

R-
N =g

§In§+eo-e_v\/neree- 1-%82.

Q- O
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Answer (2.6)

For this problemthe rati0‘g = % and therefore e = V3/4 .
according to ny calculations, N, = 0.1736.
But the sumrule states that Ny + N, + N, = 1 and therefore

the sum Ny + N, = 0.826. By symmetry Ny = N, therefore

N = N, = 0.413.
Py ~ Py ~ P, ~
E = - Dk—lux - Dkgiuy - N 20, , where g = 8.85x10 12 \KS,
€ € €
t herefore Ex = -0.47x1010 vol ts/ neter,
Ey = -0.94x1010 Vol ts/ neter
E, = -0.59x1010 Vol ts/neter.

Problem( 2. 7). An uncharged uniformy polarized disc of radius R
nmeters and thickness 2D neters is shown in the figure.

The pol ari zation, Py Coul onbs/n?, is directed along the

axis of the disc.
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(a) Calculate the effective bound charge density,

rp,= - divP, everywhere.

(b) Use the bound charge density of part (a) to

cal culate the potential function along the axis of the
di sc.

(c) Calculate the electric field along the axis of the
di sc. Check your answer by looking at three limts: (1)
the limt (DR <<1; (2) the limt z>0 and (z/R) >>1; and
(3) the limt z<0 and (]| z|/R) >>1.

(d) Calculate the displacenment vector D= E + P for

all points along the axis of the disc.



Answer (2. 7).

16
(a) P= 0 everywhere outside the disc and therefore

N,=- divP = 0 everywhere outside the disc. Everywhere
inside the disc P is constant and so its divergence is
zero; I'p= 0 inside the disc. The discontinuity in the
nor mal conponent of P on the surfaces at z=-D and at
z=+D produces surface bound charge densities. The
surface charge density carried by the surface at z= -D
is Sp= -Pp Coul onbs/ n?; the surface charge density

carried by the surface at z= +Dis Sp= +Py Coul onbs/ n?.

(b) I'n order to calculate the potential function al ong
the axis of the disc that is generated by the two
surface charge distributions, it is useful to begin by

consi dering just one plane surface charge distribution;

see the sketch bel ow
r

NY

A
dr'&___
_{___
:
J
A
L

l —— S Coul onbs/ n?

gy, = 1 S 2prdr
P~ apey Vr2+z2
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and
R

v|o_46006\/r2i+22 —ZGO(VR+Z Vz2) . (1)

Notice that the potential function nust be symmetric in
z. There is a tenptation to repl ace Vz2 in eqn. (1) by z
but that woul d be quite wong because z is an odd

function. One nust repl ace Vz2 by | z|.

For z>0, but (z/R<<l, V@ °R . 52
26g 26
SR , sz

< < — + .
For z<0, but (|z|/R<<1, W 260 | 26
Therefore near the charged disc the electric field has
the val ue E;= +S/2€ on the right, and E;= -S/2€ on
the left; this is the expected result based upon an
anal ysis of an infinite uniformy charged plane. Far

fromthe charged di sc, |§| <<1, one finds

R2S 1.
For z>0, W® PRes iéo.
4pey 74

R2S 1.
For z<0, W - PRES iéo.
4pey ey

Froma great distance the disc of charge |ooks like a

poi nt charge, where Q= pR2S Coul onbs.
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Returning to the problemof the polarized disc, the

potential function along the axis of the disc can be

witten by inspection using egn.(1).

For z3 D
V(z) = ;‘3’0 (VRE+(z-D)2 - VRE+(z+D)2 + 2D) .

For -DE z £ +D.
V(z) = Zpeoo (\/R2+(z-D)2 - VR2+(z+D)2 + 22) :

For z£ -D.
V(z) = ngo (VRe+(z-D)2 - VR+(z+D)2 - 2D) .

(c) The electric field along the axis is given by

. "
E,= - iz
For z3 +D:

E,(2) _ Po 4 (z+D ] (z-D) 5
‘ 26p e/R2+(z+D)2 VR2+(z-D)20

For -D £ z £ +D;

Po o (z+D (z-D) .
E(z) = : - - 20 |
2(2) 26y e/R2+(z+D)2 VR2+(z-D)? 2

For z £ -D:
E (Z) - i EeJZ—-'-D); _ JZ;D);O
z 26y &/Re+(z+D)2 VRZ+(z-D) 28

Inthe limt as (DR ®0 the field outside the disc

goes to zero like (2DDR); notice that the electric

field is symmetric in z. The field inside the disc



Probl em 2. 8) .

19

P . .
approaches the val ue E;= %D - e(()) ; 1.e. the field

appr oaches the val ue expected for an infinite pair of

oppositely charged planes in the [imt D®O.

Inthe limt |z|/RR¥, the electric field approaches
.. 1 1 , .
the limt E,= —— 4pR2DP ; i.e. the field due to
" apey T 0 2|3

a point dipole of noment p= 2DpR2Pg.

(d) By definition D= gE+P. Qutside the slab D= eE
since P=0. Inside the slab the term Pgjust cancels the
constant termin E,. The displacenent vector is
continuous through the surfaces of the slab. It is

given for all points along the axis by

R0 (4D (2D
D:(z) =5 % i R2+(z-D)28'

An uncharged uniformy polarized disc of radius R
neters and thickness 2D neters is shown in the figure.
The pol ari zation, Py Coul onbs/n?, is directed al ong the

axis of the disc.
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Cal culate the potential function along the axis of the
disc for z3 D by summ ng the potential contributions

froma collection of point dipoles. Show that

V(z) = ngo (VRR+(z-D)2 - VR+(z+D)2 + 2D) ,

and therefore that the field for z3D is given by

_ Py, (z+D) (z-D)
Ez(z) = 2ey §/R2+(Z+D)2 ) VR2+(z-D) 28.

(Conpare with the results of Problen(2.7)).
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Answer (2. 8).

Vol une el enent dt

/
\/ 1 2+(z-X) 2
r
v x

o
z=-D z=+D P z
_—>
Po
== 2D >
The contribution fromthe illustrated volune el enent to

the potential at P can be witten

1 Podt Cosq
~ 4pey (r2+(z-x)2)

The total potential at z is given by

R
é D
1 6 Po(z-x) dt
z) =, 0 5 32
P& § 5 (r2+(z-02)
00 -D



Problem(2.9).

22

where dt= 2prdr dx. The integrations can be readily

carried out. The result is

V(z) = Zpeoo (VRe+(z-D)2 - VRA+(z+D)2 + 2D) Volts.

_.IV_Po oo (z+D (2D 4
Bz(2) = z — 2¢ &VR2+(z+D)2  VR2+(z-D) 28'

An uncharged uniformy polarized disc of radius R

meters and thickness 2D neters is shown in the figure.

The pol ari zation, Py Coul onbs/n?, is directed al ong the

axis of the disc.

AI’
A
R ———
Po
Y
z=-D z=+D

~Y
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The electric field at the center of the disc is, by

direct calculation (see Problen(2.7)),

E.(0) = - R2+D22'

Po
€
Conpare this value for the electric field with that
obt ai ned using the depol arizing coefficient for an

el lipsoid of revolution having the sanme ratio of (DR
as the disc. Carry out the calculation for (a)

1 1
(D/R)%, and for (b) (D’R)%.

Answer (2.9). The appropriate depol arizing coefficient for a pancake
shaped ellipsoid is stated in the E&M notes,

fig.(2.15):

2 " 2_ 2_ e e
R°D @ VR I:)Z-Tan'lagxR D66 ¢

= X (D R <1.
( R2. D2) 3/2 e D e D o9
= p 95 . .
If (DR <<1, N=1 - 5 (R' Usi ng the exact expression
for N,
(a) For R= 10D one finds N,= 0.861, and this gives

E,(0) = - 0. 861%8.

By direct calculation, the exact value is -0. 8995%8 .

(b) For R= 100D one finds N,= 0.9845, and therefore
E;(0) = - 0. 98456@6.
e o
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By direct calculation, the value is -0.99003228.

Cylindrical discs are often approximated as el li psoids
of revolution, especially in nmagnetic problens, for
pur poses of estimating the first order correction to

the field at the center of a disc having an infinite

radius, Ez(0)= - gg .

Probl em( 2. 10). An uncharged sphere of radius Ris polarized in such

a way that the polarization vector Pis radial, and its

magni tude is given by P/ (r)= Pg 2%82 )

(a) Calculate the electric field at all points inside
t he sphere.
(b) Calculate the electric field at all points outside

t he sphere.

Answer (2. 10). The pol ari zati on vector possesses only a radial
conponent, therefore divP= %2 ﬂir( r2Pr) . The bound

. . - . - époo
charge density is rp= - divP = SR2 g

(a) The electric field inside the sphere can be
cal cul ated from Gauss' theorem because the field nust

be radial by symmetry. Thus

r
. 4pPor 4
Olp 4pradr = - PTo

1
2E, = —
4pr <k, @ R2

or



25

P ..
Er:' ééigz

o

@

(b) There is a surface charge density on the sphere,
rs= Py Coul onbs/ n? because of the discontinuity in the
nor mal conponent of the polarization vector. The total
charge contained within a sphere whose radius is
slightly larger than the radius Ris zero. Therefore
the electric field is zero everywhere outside the

sphere.

Problem(2.11). Consider an uncharged sphere having a very |arge

Answer (2. 11).

radius R which is uniformy polarized along the z-
direction. The polarization is P,= Pg.

(a) Wiat is the direction and strength of the electric
field inside the sphere? How does this field depend
upon the radius of the sphere?

(b) Atiny spherical cavity of radius b, b/R<<l, is cut
out of the sphere at sonme point not too far fromits
center. The polarization in the remai nder of the big
sphere remai ns unchanged. Use the principle of
superposition to calculate the electric field strength

inside the small cavity of radius b.

(a) The depol arizing factors obey the sumrul e

Ne + N, + No= 1. But for a sphere Ng=N,=N,, therefore

each is equal to (1/3). Inside the sphere E;= - ;:;.
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This fieldstrength does not depend at all on the radius

of the sphere.
(b) The field inside the tiny sphere of polarized

mat eri al which has been cut out of the big sphere is

E,= - ;:; When this is added to the field in the

cavity of radius b it nmust give a total field equal to
the field strength before the tiny sphere was renoved.
It can therefore be concluded that the field in the

cavity is zero!

Probl em( 2. 12). Consider an uncharged cylinder of radius R and

Answer (2. 12).

length L. The axis of the cylinder lies along the z-
axis. Let both R and L becone infinitely large, but in
such a way that the ratio (R'L)®0O0.

(a) Let the material of the cylinder be polarized al ong
its length, i.e. P,= Pp. Wiat is the direction and
strength of the electric field inside the cylinder?

(b) Let the material of the cylinder be polarized
transverse to its axis, along the x-axis say; i.e.

Px= Pp. What is the direction and nmagni tude of the

electric field inside the cylinder?

(a) The depol arizing coefficient for a very |long
needle in the direction of its length is zero.
Therefore, when the cylinder is polarized along its

axis there is no electric field inside it.
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(b) By symmetry the transverse depol ari zi ng

coefficients nust be equal: Ny=N,. But fromthe sum
rule Ny+*Ny= 1, since N,=0. It follows that Ny=N,=(1/2).

The electric field inside the cylinder is given by

__ Po
Ex = - 26
Thi s probl em denonstrates that the dipole field has
such a long range that the electric field inside an

infinitely | arge body depends upon its shape.

Problem (2.13).

Consi der two charges q1=Q and gz=- aQ The charge q1 is |ocated
at (-b,0,0); the charge g2 is located at (b, 0,0).

(a) Let a=2. Show that the equipotential V=0 is a sphere of

radi us R= %? centered at Xp= - %? .

(b) Let a= 1/2. Show that the equipotential V=0 is again a

sphere of radius R= %? but centered at Xxgp= +%§ .

The equi potential V=0 can be replaced by a grounded netal sphere
wi t hout disturbing the potential distribution outside the
sphere. This construction therefore provides the solution of the
probl em of a point charge brought up to a grounded conducti ng
sphere.

Answer (2.13).
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-1 el 924 - -
Vp= apep @ 11 + Fog where q1=Q and gp= -aQ

ri1= V(x+b)2+y2+z2 | and r= V(x-b)2+y2+z2 . Therefore V=0 when

ro=arq, or (rz)2 = a2(rq)2. Abit of algebra gives

2+1..
X2 + y2 + z2 + 2bX§§2_ 1%+ b2 = 0. (1)

209 s
By addi ng bzaa +1gzto both sides of (1) this equation can be
&a2- 15
witten
24152 2ab @
K+ pRP 2y 2@ ol 2
& oy T ga2-15 (2)
. . az2+1
This is the equation of a sphere centered at xg = - ba2-1 , and
. . 2ab
having a radius R= |az-1]

Problem (2. 14).

Consi der two charges q1=Q and gq»>= -Q The charge q; is |ocated

at (-b,0,0); the charge g2 is located at (b,0,0).

(a) Show that V=0 on the plane x=0. The region to the right of
x=0 can be replaced by a conducting netal w thout disturbing the

potential in the region x<0. This construction provides the
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solution of the problemof a point charge brought up to a

grounded conducti ng pl ane.

(b) Show that the charge qi=Qis attracted to a grounded neta

plane with a force

_ Q@ 1
Fx = apey 4b2 Newt ons.

Answer (2.14).

The electric field at x=-b is just that due to a point charge -Q
| ocated at x=+b. Therefore Ex= Q1 and Ey= E;= 0. Thus the

4pep 40>
force on the charge pulling it towards the netal surface is just

_ @ 1
Fx = 4p&; 4b2 Newt ons.



