CHAPTER 5 PROBLEMS and SOLUTI ONS

Probl enm(5.1). A very long solenoid is wound with N= 105 turns per
nmeter. It is filled with a very perneable material, but one that
becones saturated at a critical value of B: i.e. for B< 0.30
teslas the relative perneability is m= 103, but for B> 0.30
Teslas the relative perneability becones very nearly equal to
m= 1.0.

(a) Make a sketch showi ng approxi mately how one woul d expect the
B-field inside the material in the solenoid to vary with the dc
current through the sol enoid w ndi ngs.

(b) Suppose that a secondary coil of radius R=2 cm and 1000
turns was wound on the above sol enoid. Calculate the enf induced
in the secondary coil if the current through the primary varies
as

1(t) = 10Si nwt,

where lo= 1 mAnp (10-3 Anps), and w= 2pF corresponds to 60 Hz.
(c) Calculate the enf induced in the secondary coil if a dc
current of 10 mAnps flows through the sol enoid windings in

addition to the above ac current.

The controll of an output ac signal anplitude by neans of a
relatively small dc control current formed the basis for a
device called a magnetic anplifier. In effect, the efficiency of
a transforner could be altered by a dc current and therefore

| arge amounts of ac power could be controlled by neans of



relatively small amounts of dc power. Magnetic anplifiers
enjoyed a brief spell of popularity in the late 1950's and the
early 1960's. They were superceded by the devel openent of

transi stors which could handl e | arge amounts of power.

Answer (5. 1).
(a) Inside the solenoid H= NI = 101 Anps/neter. Wen the B-
field is less than 0.30 Teslas the relative perneability is
given by m= 103, so that
B=mH=mnyNl = 125.7 | Tesl as.

The current required to saturate the core is

= 2.39%x10-3 Amps = 2.39 mAnps.

Upon saturation, the B-field increases only very slowy with the

current because Mrenmins fixed at the saturation val ue:

B=nmM+ npyH = 0. 3 Tesl as

since pH is relatively small. At I= 0.1 Anps (~40x the current

required to saturate the core) npyH= 0. 013 Tesl as, an increase of

only 3%in B
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(b) For a small current m= 1000 and so for an anplitude of 1

mA the field varies as

B = 0.126 Sinwt Tesl as.

The flux through the secondary coil is given by

—n
]

(103) (pR2) (B) = 0.158 Sinwt Wbers.

df

e = - at = 59.6 Coswt Volts,

since w= 2p(60) = 377 radi ans/ sec.

(c) The dc current of 10 mAnps woul d bias the core of the
solenoid into the region where the relative perneability is only

M= 1.0. The vol tage induced in the secondary coil would
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decrease by a factor of 1000: the output signal would fall to

~60 nV fromits initial value of ~60 Volts.

Probl en(5.2). Along straight thin wire carries a current of 5 Anps;
it runs parallel with the interface between vacuum and a
super conducting plane for which the relative perneability is
M= 0. Calculate the force on the wire due to its inmage if the
wire is a distance z=1 cmfromthe plane. In a superconductor

the field Bis zero.

Answer (5.2). The inmage current |I' has the sanme magnitude as the
driving current |, but is opposite in sign, and is |ocated z

fromthe interface, but in the superconductor

The current plus its image generate the nagnetic field in the
regi on outside the superconductor. The normal conponent of B is
zero at the superconducting surface as is required by divB=0
plus the condition B=0 in the superconductor. The conponent of B
or of Hparallel with the interface does not matter since
surface currents flow in the superconductor to shield its
interior so that H=0.

The field generated by |I' at the wire carrying the current | is

gi ven by

R I O
IH = 2p(2z) = 4pz -



The force on the wire per unit length is given by

F = Myl 2 (25) (4px10-7)
T 4pz T (4p)(10°9)

= 25x10-° Newt ons/ m

The direction of the force is such as to repell the wire from
the interface. The above force is sufficient to lift a weight of
approximately 25 mligrans per nmeter. This is pretty feeble;
however, the force increases with the square of the current so

that for 500 Anps the force woul d support ~0.25 kg/ neter.

Probl en{5.3). A pernmanent magnetic dipole, m is brought up to the

pl ane interface between vacuum m=1, and a superconductor,
M=0. The dipole is located a distance z in front of the
interface.

(a) Show that the inage nagnetic charge induced in the

super conduct or by the magnetic charge gm a distance z in front
of the interface is equal to qnand is |located a distance z
behind the interface. The inage charge is required in order to
satisfy the condition divB=0 and al so the condition B=0 in the

super conduct or .

(b) Use the results of part (a) in order to calculate the force
exerted on a nagnetic dipole by its i mage when the dipole is

oriented parallel with the interface.
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(c) Calculate the force on the dipole when it is oriented norna

to the interface.

(d) Gven 1 cc of permanently nmagnetized material, estimate the
hei ghth at which it would fl oat above a superconducti ng pl ane.
Let the density of the material be 4.5 gmcc, and let its
magneti zation density be M= 1.59x10° Anps/neter ( these
paranmeters are appropriate for Bariumferrite BaO 6Fe;O3 - this

is a coomon ferromagnetic insulator called Ferroxdure).

Answer (5.3). The field in the vacuum which is generated by a point

magneti c charge and its image nust be such that the norna
conponent of B vani shes on the superconducting surface (see the

figure).
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In this way the conditions divB=0 and B=0 can both be satisfi ed.

The tangential conponent of B need not be zero; surface currents
flowin a very thin surface layer (~ 10-8 meters thick) which

shield the interior of the superconductor.

(b) D pole nonent parallel with the Interface.

The conponent of force nornmal to the surface is the same for
each charge on the dipole, therefore there is no torque acting

on the dipole. The two forces acting on a given charge are:

F le< 2z >|Clm
2 - - — —F— = =09
: 1
F1 D
‘ \ l
-Um -Um
I nterface
an attractive force
2
- Md,, Cosq
T o4p (4z2+D2)

and a repul sive force



The net repul sive force on the dipole is given by

_ mnméifl i 2z 0
4p §422 (422+D2) 3/2% '

or
2
F__znb%n&BDZQ
T dp &3274%

But M= q,D so that the repul sive force can be witten

_ up 3n?

I:_E16z4'

(c) D pole nonent normal to the Interface.

|<D>|<z>< z>|<D>

- Om Um Om - Om

I nterface

The net repul sive force on the dipole is given by



2
o Mme 1, 1 . 2 0
4p & 422 472(1+Df z) 2 472(1+D/ 22)2 g

) B
Now ai +499 1 - 2D + 3¢ +
% Zg z @
Dé2 _ D, 3
and gi + 275 1 - = + 455 +
so t hat

2
.M % 8 6 _ o 3m
4p 472 & 725 4w 8z4 -

This repul sive force is twice as |large as the repul sive force
when the dipole is oriented so that it is parallel with the

i nterface.

(d) The weight of 1 cc of Ferroxdure is 4.5 gmor 4.5x10-3 kg.
The gravitational force is Fg= 4.41x10-2 Newtons. The total

magneti c nonent for this piece of material is
m= W = (1.59x10%) (10-6) = 0.159 Anp. n?.

The repul sive force when the nonent is parallel with the plane

(the stable configuration) will be

2
F = (10°7) (1) 2109 = 4 a0z N

or
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z = 1.02x10-2 neters.

The magnet woul d fl oat approximately 1 cm above the

super conducti ng pl ane.

Probl en{5.4). A short solenoid is constructed of 100 turns wound
evenly on a cylindrical form The length of the windings is L=
10 cm and the nean radius of the coil is R= 5 cm Find an
expansion in Legendre polynomals for the magnetic potential in
the interior of the solenoid, and estinate the radius of the
region around the solenoid center within which the field is
uniformto better than 1% In the expansion of the field al ong
the sol enoid axis you may discard ternms of order z4 and hi gher

power s.

Answer (5.4). The field along the axis of a short solenoid is given

by
B, = m)ZNI % .(.L/2:Z) + .(.L/2*:z) 8 eqn(3. 25) .
c O O 0%

Note that the termin the brackets is a di nensionl ess nunber so
that one can use z, R L neasured in cmrather than neters.

For our case N= 1000 turns/neter, so that for a current of 1 Anp

Bo= "0 = 6.283x10-4 Tesl as,

and
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& (5+z) 4 (5-z) 0
N z38)2+25 U 2°5)2+255

Bz(z) = Bo

where z is neasured in cm The idea is to expand this function

in powers of z.

At z=0  B,(0) = Bot2
dB;| _
dz o ~ 0
d?B;| _  3Bpd2 _
E = S1d = -0.042438,.
d3B; _
dz3 o 0
d4B; 3Bg
"Bz . = - 0.0021213B,.
dz4 o 100002 Bo
etc.
But
" 1 d2B 1 d4B
Bz(z) = Bo02 + 5 dz; o 22+, dzf o z4 +
Thus
- 2 322 z4 0
B.(2) = Bo02 ¢'1 - 560 * 15000 * - AZ%) 3

This field can be obtained froma potential function

Bz:'%,

wher e
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V(z) = -Bot2 gez i 22030 + O(z5) g (1)

V(z) nust satisfy N2v=0, therefore

V(z) = A anr"Py(Cosq);
n=1

the terns in must be omtted because they blow up at r=0.

rn+1
_ apr 2
V(r,q) = airCosq + 4 (1+3Cos2q) +
azr3 agr4
+ g (3Cosqgt5Cos3qg) + 64 (9+20Co0s2g+35Cos4q) +

At g=0 the radius r beconmes equal to the cylindrical co-ordinate

z, and since Cosg=1 this series becones

V(z) = a1z + apz? + agz3 + azz4 + .. (2)

from whi ch by conparison with eqn. (1) one finds

a; = - BpO2
a» =0

BoO2
a3 = 200
ag = 0,

and so on. Thus to terns of order z% one has
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I - r3 o)
V(r,0) = - B2 grOose - m(3(b88+5(:0838) 5
V ) 3r2 )
B = - %r = B2 g%osq - m( 3003q+50053q)5,
’ y
By = - ﬂ%’ = BO2 & Sing + 1agp (Sing+5Sin3g) s .

The first two terns, i.e. Br= BpOp Cosq and By= -BpO2 Sing ,
correspond to a uniformfield B,= B2 Teslas. The correction to

the axial field conmponent, B,, is given by

BAOB& = - fegozo (1 +2Cos26 + 5C0s6Cos36 + 5Si n6Si n30)
since B;= B-Cosq - BgSing. The termin the brackets varies

bet ween -4 and +8.

The correction to the transverse magnetic field conponent, By,

where By= B Sing + ByCosq i s given by

By _ 3z
Bot2 1600

( 2Si n6CosH + 5Si n6Cos 36- 5C0SHS n36) .
The termin the brackets varies from-4 to +4.
It is clear fromthese expressions that the deviations DB, B

. . 38r20 . .
will be |less than BOOZ%TOOBfor all angles. The field will be

uniformto better than 1% w thin a sphere of radius r= 0.816 cm
and uniformto better than 10%w thin a sphere of radius

r= 2.582 cmaround the center of the sol enoid.
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Probl en{5.5). A magnetic shield is made of a permeable material in

the formof a long cylinder having an inner radius Ry and an
outer radius Ry. The relative perneability of the cylinder
material is m. If this shield is placed in a uniform nmagnetic
field, Bp, that is directed transverse to the cylinder axis what
will be the field inside the cylinder?

You may treat the cylinder as if it were infinitely Iong. Inside

and outside the cylinder the relative perneability is m=1.

Answer (5.5). There are clearly three regions involved in this
pr obl em
(1) the region inside the cylinder, m=1,
(2) the region inside the cylinder walls, m;
(3) the region outside the cylinder, m=1.
In each of these three regions N2v=0, where H= - gradV.
Therefore, in each region the potential can be expanded in a

series of the form

V(r,g) = A &anrn + " 2 cosng .
b & rn g

It proves not to be necessary to use terns for n>1.

| nsi de the cylinder: V1 = ar Cosq

boCosq

agr Cosq + : ,

In the cylinder walls: V,
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one nust use both terns because neither

term becones singular in the cylinder

wal | s;

Qutside the cylinder: V3 = -HprCosq + bCosq .

r

Boundary Conditi ons.

At r=R; (the inner wall)

Vi = W
dvy V2
dr T Mg
or a:ao+¥ (1)
b
a= mag - meo (2)
At r=Ry (the outer wall)
Vo = V3
V2 _ Vs
M 4r = dr
or
%+%=-%+% (3)
b
mao - 0=ty D (4)

These 4 equations can be solved for the 4 unknowns a, ag, bg, and

b. The result is
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4 = - dmH
& a2 0
g(m+1)2 - (m'l)Z%B 5

The ratio of the field inside the cylinder to the field outside

the cylinder is given by

Bin _ 4am
Bout = & B2 0O’
+1)2 - -1)2¢5-+ =
g (m+1) (m-1) Ry &
or

Bin _~ 4

Bout a0

Mowd - &g

The rel ative perneability for Supermalloy is m~ 105 for B< 0.7

Teslas. In a typical application for shielding a photonultiplier

t ube one would have Ri= 2.5 cmand Ry= 2.6 cm or E%: 0.962. For

such a case
Bin _ 4x10-°

- 4
Boyt _ 0.0754 = °-3x107%.
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Probl en{5.6). A magnetic shield is constructed of a perneabl e

material in the formof a long cylinder of length L and having
an inner radius Ry and an outer radius Rp. The relative
pernmeability of the shield material is m. Let this shield be
placed in a field By parallel with the cylinder axis. Estinate
the field at the center of the shield if L is nmuch greater than
the radii Ry and Ro.

Thi s probl em cannot be easily solved in closed form however
one can argue as follows:

(1) Most of the field inside the cylinder will be sucked
into the perneable material of the cylinder walls. One can
estimate the strength of B inside the cylinder wall from
conservation of flux.

(2) Assuming that Bis constant within the cylinder walls
then the magnetization Mwll also be uniform The
discontinuities in Mat the cylinder ends will act as field
sources. These sources can be used to estimate the field at the
center of the cylinder. As a crude first approxi mati on one can
assune that all of the magnetic charges on the cylinder ends are

the sanme distance fromits center because L>>R

Answer (5.6). The region inside the cylinder originally contained the
flux f= Bopr . This flux beconmes concentrated in the cylinder

wall. The resulting B-field in the wall nust be such that

E’wp(Ré- Rf) = BopR .
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_ Bo
Therefore By = aad%g?_l 9.
& &Ry b
But Bw = My(HM = mpM
. . B
since for a ver erneable naterial H= ~ 0.
y P mm
_By _ Bodmy
Consequently, M = m 5§§§£?j1§7 , Anps/ m
19 @

The discontinuities in Mgive two rings of nmagnetic charge, each
of average radius R= (Ri+R))/2, and of total strength
e aR @
Q= M(R - R) = MR £ -

> 12

19 a

If the length of the cylinder is much longer than its radii,
then crudely speaking, the field at the center of the cylinder
nmust be given approxi mately by two point charges, +Q and -Q

| ocated a distance L/2 fromthe center of the cylinder: thus

L. 29 _ 28R
4p(L/2)2 ~ myL2

or
B oy (2
Bo - “ 6Ly

I

Notice that this expression is independent of m, but m nust be

| arge enough so that Hinside the shield material can be
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negl ected when conpared with M In order to obtain effective

shielding the field By in the cylinder walls nust be | ess than
the saturation field. For an iron based shielding material the
field B at saturation is typically ~ 1 Tesla. If the driving
field Bgp is the earth's magnetic field, ~10-4 Tesla, the ratio
of the inner radius Rito the shield thickness d nmust be | ess

than 5000. This condition is easily net since for typical values
Ri= 2.5 cmand Ro= 2.6 cmthe ratio 5} = 25.

Probl en(5.7). A solenoid is constructed of N=100 turns of wire. The
mean di aneter of the windings is D=5 cmand the length of the
windings is L= 10 cm This coil is to be used to generate a
field of 10 Tesla in vacuum In the follow ng cal cul ati ons the
coil may be approximated as an infinitely |ong sol enoid.

(a) What current would be required to generate a field of 10
Tesl as?

(b) Estimate the magnetic force acting to change the | ength of
t he sol enoid windings. Do these forces tend to lengthen or to

shorten the w ndi ngs?

(c) Estimate the tension in the wire of which the coil is wound.
o myNI
Answer (5.7). (a)For a long solenoid in vacuum B= L where N= 100

is the total nunber of turns, and L is the length. For the

present exanple, L= 0.10 m and

5 - (4px10°7) (109)1
= 0.1

= 4px10-4 | Tesl as.
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In order to generate 10 Teslas the current required is

= 7.96x103 Anps.

(b) The energy stored in the solenoid is approximtely given by

B2 _ aD?0 mpN2| 2
R

U =V 2m = 5 L , Joul es.
Us _ 2pD20 MN2I2 _ pD?
Therefore =" &85 Z - sm B2.

The solenoid will tend to contract along its Iength. The force
on the windings is given by
_ (p)(25)(10-4) (102

= e _ - 4
F =] ﬂLl (32px10-7) 7. 8x104 Newt ons.

This force woul d suspend a wei ght of 8000 kg! The turns of the

sol enoid nust be very securely held in place.

(c) The field B is independent of the solenoid dianmeter. One can

wite
5=l
so that

| f the mean di aneter increases by dD the length of the solenoid

wire increases by dS= Np dD, therefore



21

fUs _ 1 fUs _ DLR?
1S " No D T aNm -

The tension on the wire will be given by

£ = (50x10°4) (102

- _ ,
(4)(4p) (102) (10-7) _ O 995x10° Newtons.

This force is approxi mately the equival ent of a 100 kg wei ght.

Probl en(5.8). Arigid |loop of wire has the formof a triangle, The
base of the triangle is 5 cmlong and the height of the triangle
is 5cm This object is placed in a uniformmagnetic field of
B= 1 Tesla such that its area enbraces no flux. What will be the

torque on the triangle if it carries a current of 1 Anmp?
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Answer (5.8). The magnetic energy of the systemcontains three terns:

1 1
U =5 Lial § 5 Lol 5 + Lial1l 2.

The first two terns are the self-energy of the sources of the
uniformfield and the self-energy of the triangle: these terns
do not change when the triangle is rotated. The last termis
dependent on the angle between the plane of the triangle and the

applied magnetic field. The flux through the triangle is given

by
fo = BASing = (KASIing) |1

where |1 is the current associated with the source field B. This

expression gives the nutual inductance coefficient Ljip:

L12 = KASI nq,

and

1]"L(J]B = 111 KACosq = (I2BA) Cosq.

The torque on the triangle is just

T = % = | 2BACosO = 25x10-4 Newton neters at

6=0.
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Probl en{5.9). A charged particle noves in a uniformnmagnetic field B

whi ch changes slowy with tine. ( Slowy here neans that the
rate of change is slow conmpared with the cyclotron frequency).
(a) Show that the radius R of the particle orbit nust change in

such a way t hat

This change in radius is the consequence of the changi ng
magnetic field that creates an electric field that exerts a

force on the particle.

(b) Show that the change in radius of part (a) corresponds to a
change in the orbit area in such a way as to keep the fl ux

t hrough the orbit constant.

(c) Show that the orbital magnetic nonment associated with the

particle notion remains constant as the field changes.

Answer (5. 9).
(a) The force on a charged particle in a nagnetic field is given
by qvB where v is the transverse conponent of velocity. One can
ignore any notion along the magnetic field for this problem

From nechanics, and for a particle of mass m

2

so t hat vV =
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If B changes with tine there is induced an electric field since

1B

curl E= - [ In cylindrical polar co-ordinates there will be

only a conponent Eg because the field is uniformand has only a

Z- conponent :

1d - 15
r dr("Bd = - it -
But since B, is independent of position Eq = - 5%3 al ong the

particle orbit. A nonents thought will reveal that the direction

of Eqis such as to cause the particle velocity to increase,

therefore
dv _ _gR dB
t - q |EQ| _7T y
or
_ 8RO
dv %dB (2)

However, from (1) dv = %(BdR +RdB)

so that from (2) g—rF;dB:ﬁdR+ﬁdB
and so %BdR:- gidB
or BR = - "B (3)

(b) The flux through the particle orbit is
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f = pRZB.
df =p (2RBdR + R2dB) .
But from (3) above
df = p( -R:dB + R2dB) = 0.
In other words, the flux through the orbit is conserved.
(c) The magnetic nmonent associated with the orbit is given by

m = (pR%) I,

where the current | is given by | = 20R - Thus

. . . _ ,gR ,q _ 0?
Using eqn. (1) this can be witten m = (%(Q(BR) = mq).

Since the flux is conserved so is the nagnetic nonent.
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Probl en{5.10). An electron in an atomc n=1 state can be descri bed

by the wave function

2 & (@B2 e-ZI’/ao

y = Eup 05
— h2 — -10 .
wher e ap = Zﬁfﬁéi = 0.53x10 net ers;

Z is the nuclear charge. The above wave function corresponds to
an s-state which possesses zero angul ar nonmentum The el ectron,
however, carries a spin magnetic nonent of 1 Bohr nagneton

M= 9. 27x10-24 Joul es/ Tesl a oriented along the z direction. I|f
this magnetic nonent is snmeared out over the above charge

distribution it corresponds to a nmagnetization density

M(r) = NMByy*.

(a) Calculate the effective current density Jy curl M caused by
the spatial variation of the above magnetization density. Use
spherical co-ordinates. (Hnt: do not be in a rush to eval uate

M (r) in terns of yy*).

(b) Show that the magnetic field at the nucleus, i.e. at r=0,
due to the spatial variation of the above magneti zation density
is given by

2Mpd

B,(0) = & 53 M(0).
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This field at the nucleus is responsible for the hyperfine

coupl i ng between the nuclear spin and the el ectron spin.

(c) Evaluate the hyperfine field at the nucl eus of a hydrogen

atom Z=1.

Answer (5.10). (a) The magneti zation density in spherical polar co-

ordinates is given by

M = M Cosq
My=- M Sing.

Nei t her of these conponents depends upon the angle f:

curlM, =0

curlMqg =0

Curll\/)f=|:,I'§_:'Mr -%%2 Jt,
or

1 1 1 ™M

Jf—rl\/h+MrP-rﬂq.
But My=- M Sing

M - g g MO

r Sind gqr 5

q T M Sinq,

and so
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Jf = - Sinq?%&%.

Fromthe | aw of Bi ot-Savard one has:

_mpy Jgdt
de—TprTSIn

wher e dt = (r2dr)(Singdq) (df).

I nserting the expression for Jf one obtains

dB, :-(2& g%%drsnﬁquf

The integrals over g, f give %;, and the integral over r sinply

gi ves the val ue of the nmagnetization density at r=0:
2
B,(0) = “5° M(0).

The field at the nucleus is given by

&

ﬂ;
&0

2 1
B.(0) = MgMB P

(b) When the expression for B;(0) is evaluated for Z=1 the

result is

_ (8)(10°7)(9.27x10" 24)
B2(0) =" 3)(0.53)3( 10 30)

= 16.6 Tesl as.
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This is a very large nmagnetic field: a typical iron core

| aborat ory magnet produces approximately 1 Tesl a.



