CHAPTER 7 PROBLEMS and ANSWERS

Problem(7.1). In his original experinents on radi o waves Hertz used
two spheres approximately 0.5 nmeters in dianeter and separat ed
by approximately 0.5 neters. These spheres were charged to a
potential difference of 2x10° Volts; as a result one sphere
carried a charge of Q= +Q 5.56x10-6 Coul onbs, and the ot her
sphere carried Q= -Q Coul onbs. The two spheres were suddenly
connected together electrically by neans of a spark gap (ionized
air is an excellent conductor), and the charge oscillated forth
and back between the spheres at a frequency which was determ ned
by the geonetry but which was of the order of 100 MHz. You may
nodel this systemas a point electric dipole oscillating at 100
MHz, where the dipole anplitude is Pg= 2.78x10-6 Coul onb-neters.
(a) Calculate and conpare the terns in the expressions for the
electric and nagnetic fields generated by an oscillating
electric dipole as nmeasured at a point in the equatorial plane 1
neter fromthe dipole (g= p/2).

(b) Calculate and conpare the terns in the expressions for the
electric and nagnetic fields generated by an oscillating
electric dipole as nmeasured at a point in the equatorial plane 1

km fromthe dipole.

Answer (7. 1).



_ 1 o ®P, P, P, 0
Eq = p S'nq%R3+cR2+czRfa’

At q:g Er= 0. For R= 1 neter, f= 108 Hz, w= 6.28x108

radi ans/ sec

(1) Pz 2.5x104 Vol ts/ neter.
4pey RS
P, .
(2) —=—— = 5.2ix104 Vol ts/neter.
4pey cR2
P,
(3) —*5—- = - 1.1x10° Vol ts/neter.
4pey c2R

Even at R= 1 neter the field is domnated by the radiation term

Br = - (3.7 - 1.7i)x10°4 Teslas, i.e. approximtely four tines

the earth's magnetic field.



(b) R= 1 km= 103 neters.

P
(1) —%— = 2.5x10-5 Vol ts/ neter.
4pey RS
P, .
(2) —*5— = 5.2ix10"2 Vol ts/neter.
4pey cR2
P,
(3) — = ,-=- 110 Volts/neter.
4pey c2R
B = - 3.67x10°7 Tesl as.

Notice that the radiation field is now nuch |arger than the near

field conmponents.

Problem( 7. 2).

Consider a small current loop of radius b. It carries a

current I1(t) = 1o sinwt. Calculate the electric and nmagnetic
fields observed at a point P located at Rrelative to the
center of the current | oop. There is no net charge density
anywhere on the loop i.e. rf © 0. Calculate A for the
observer at R(X, Y,Z t) and keep only the terns to | owest

order in (b/R) both in the distance froman elenment dL on the

R

current loop and in the retarded tine tp=1t - c



YA

I=I0 Si nwt

> X

Show that to first order in (b/R) the conponents of the

vector potential are given by

A = - 2"3 (pbzlo)(%) zési nw(éz-R/c) N WCOSW((;EQ_R/C)E

A = Zﬁ (pb2l o)(é) ga§i nw(éz-R/c) N WCOSW((;::Q-R/C)%
or

A = ZE (pb2l0) Sing ?i nW(Rt)Z_R/C) + WCOSWEtR_R/C)g
and

Ay = AR =0. Also V = 0 because divA = 0.

Show that for very large Rthe fields are given by



By = (42 (002 o (55
g o= (52) 02 SR (5

where tr = (t - ?)

Answer (7. 2) .

Start fromthe general expression for the vector potential:
J(r)dt

AR) =50 OlR- .

In carrying out the integral the integrand vani shes except on

the wire.
| (tR)dl
\ AR =h° QI(RI-?)H
Now dl = bdf [- sinfly + cosfly]

and |R - r|2 = (X - bcosf)2 + (Y - bsinf)2 + 72

= X2 + Y2 + Z2 - 2bX cosf - 2bsinf Y + b2

_ chosf bYsi nf
\ |[R-r] =R[1 - )

h ¢ _ Mol o Z\pb i df[ bXcosf bYsi nf]
Therefore A¢ = 74pR 0(3 sin 1 + R2 + R2
: ( R | bXcosf  DbYsinf
x sinw(t - ~+ —  + R

But sin[ w(t - ER) +wd]

= coswd sinw(t - ER) + sinwdcosw(t - ER)



bXcosf bYsi nf

Here d = cR + R
and wd << 1 i.e. of order % << 1
t hus coswd @1

sinwd = wd

\osinfw(t - 5 +wd = sinw(t - ER) + wdcosw(t - ER)

So

2p .
ob bXcosf bYsi nf
AX:-“*? (gifS|nf{(1+ R TR )

X [ Si nw(t-% + cosw(t-ER) (Wb)éi\?Sf WbYSI nf) ] }

The only terns which survive the integration over the angl es

are

sinw(t-D

Y. c w
Ax = - Zl;(lopr)(R)[Rz + cT?COSW( R)] = - a(YR.
Simlarly
2p .
Ho lob bXcosf bYsi nf
Ay—4pR@Ifcosf[1+ R2 + R2]
: R | bXcosf  DbYsinf

x5|nw(t-c+ cR T R

But sinw(t - ER+ d = coswd sinw(t - 5 + sinwd cosw(t - ER)

= (Wbﬁ(;OSf + WbZSRi, nf) cosw(t - ER) + sinw(t - ER)



| ob bXcosf bYsi nf

\ ( ) (R) @lf cosf {[1 + ot lsiw(t -
wacosf wbYsi nf R)
( cR + cR sw(t - ¢
bXcosf wbXcosf wbYsi nf R)
+ o (T or * cor ) coswt - ¢

bYsi nf bXcosf bYsi nf
+ ;Izn (W CCI.QOS + Wi CSF;n) COSW(t i ER)}

The only terns which survive the integration are

( ) (1 opb?) (R) [si nW(tRZ- R/ c) +%Cosw(t ] ER)] _
a(X'R).
But é = sing cosf
% = sing sinf
and Ax = - a singsinf
Ay = a sinqcosf
A, =0
Si nce Ur = (sinqcosf, si ngsi nf, cosq)
Gq = (cosqcosf, cosqgsi nf, -si nq)
Uf = (-sinf, cosf, 0),
t hen

AUy =0, A-Uq=0, and A.U;= asing.

By conparison with the above one finds

sinw(t - ER) W
( ) (1opb2) sing[ R + R Cosw(t -

Qo

y



and Ar = Aq = 0.
Also V =0. Let My = |opb?
Ur rlq rsingQs
_ 1 T 1 Al
curlA = ' 2si ng T f
0 0 rsinghs
1 9(singA)
rsing fq
) 1 9CrA)
-
0
_ 1 1 .
vBs rsing Yq (sing 4)
2my, cos sinw(t - —R) W
:(%B) R q[ R2 ¢ +ﬁcosw(t-ER)]
o _ sind(t - )y
Ba = (4p) M sing [ 3 + cge COSW(t - 25
w2
- ﬁ{m nw(t - ER)]
Br =0
: w w2
Ef-"qﬁ\f:- (%B) m)smq[@cosw(t ER) - oS nw(t ER)]

For large Ronly the ternms in 1/R are inportant.

By = (%B) pb2 sing (- (YZZFQ | oSi nW(t - ER)



B pb2 sing / d2|
Bg = ( 2R 2) tR

Simlarly

Ef = - (“0 pbz S'nq (dzl)

dt 2 ie. B = -cBy

Problem(7.3). A magnetic dipole transmtter consists of 10 turns of
wire wound on a formwhose radius is 10 cm An alternating
current whose anplitude is 100 Anps and whose frequency is 100
MHz i s passed through the coil

(a) What is the maxi mum nagnetic nonent of the above coil ?

(b) Assum ng that the above coil can be approxi mated by a point
magneti c di pole, calculate and conpare the terns in the
expressions for the electric and nmagnetic fields generated by an
oscillating magnetic di pole as neasured at a point in the
equatorial plane 1 meter fromthe dipole (g= p/2).

(c) Calculate and conpare the terns in the expressions for the
electric and nmagnetic fields generated by an oscillating
magnetic di pole as neasured at a point in the equatorial plane 1

km fromthe dipole.

Answer (7.3). (a) The maxi num magnetic nonent is m= 1A, or in this

case M= (1000) (.01p)= 31.4 Anp.n?.



10

(b) The fields generated by an oscillating nagnetic dipole are

gi ven by

Br :nﬁzmsq§¥+ggzg

B =0

Ef =- ¢ gazs Sinqgaggé + J?E Zfz,
E = K =0.

For this problemg= p/2, Cosq=0 and Si ng=L1.

Also R= 1 neter and w= 2pf = 6.28x108 radi ans/ sec.

(1)

(2)

(3)

m
4p
m
4p

m
4p

since N}

% = 3.14x10-6 Tesl as.
% = 6.58i x10-6 Tesl as,
- mo_iwn -
si nce c T ¢ “ 65. 80i .
% = - 13.78x10-6 Tesl as,

- w2 m = - 1.24x1019 |

and
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Ef = (4134 - 1970i) Volts/neter.

(c) For R= 1 km= 103 neters

m N
1 = 3.14x10-15 Tesl as.
m m . 12
(2) 74p R T 6. 58i x10 Tesl as,
m m _ 9
(3) ap 2R = 13. 78x10-9 Tesl as, and

Er = (4.13 - 1.97ix10-3) Volts/neter.

Problem 7. 4).
An electron is at rest at the origin of co-ordinates. It is

1.76 x 1017 misec? for

suddenly given an acel eration of a

10-14 seconds after which it continues with a uniform

velocity. This acceleration, which is directed along the z-

axi s, was produced by a 1000 V pul se applied across a gap of

1 mmat t = 0. An observer is located at X = 1 neter,

Y= 7= 0 m

(a) Make a sketch showi ng how t he x-conponent of the
electric field neasured by the observer varies with tine
(observer's time--his clock is synchronized with that at
the origin).

(b) Dtto showing how E; varies with tine.
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Answer (7. 4).

Think of putting both a stationary charge of +1.6x10-19 C. and
a statonary charge of - 1.6x10-19 C. at the origin: the net
charge is zero so that these together add nothing to the
fields. However, the + charge and the noving el ectron
together forma dipole p,= - gz(t) where g= 1.6x10-19 C. The

time varying dipole generates the fields

_ 1 Pz | Pz
E = 4pey 2cosq ( R3+CR2)
-1 Pz . Pz | Pz
B gpep ST R YR TR )

The left over static charge at the origin generates the
static field

£ L1 -9

4pey R

at R= (1,0,0).
The time scale Tg for this problemis the tine required for
light to travel 1 m Tp= 3.33x10-9 seconds. The velocity of
the el ectron after the acceleration is V= 1.76x103 ni sec.
Therefore on the time scale of interest here the el ectron has
nmoved only VTp= 5.9x10-6 neters, thus the change in position
is negligible conpared with the observer distance of 1 m

over the tine scales of interest here (~10-8 secs.,

z= 1.76x10°°> n), one finds
pz= -(1.6x10-19)(1.76x10-5) = - 2.82x10-24 Cm
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P2 = . 0.9ax1024 C
%% = - 3.13x10°19 U m during the accel eration.

These fields are directed along +z for an observer at
R=(1,0,0). It is clear therefore that the accel eration spike
in EE wll be very large conpared with the other two ternms in
Eq.
The observer at (1,0,0) will see a steady field of
Ex= - 14.4x10-10 V/m An electric field spike will be observed
begi nning at Tp= 3.33x10-9 secs after the inpulse: this spike
E,= 28.2x10-10 V/ymwi Il last for 10-14 secs. After the spike
has passed the conponent E; will remain at the | evel of
8.46x10°15 V/m over the tinme scale of interest here. It is
clear that this residual conponent is very small conpared
with the radiation spike.
In summary: the acceleration field of 282 x 10-9 V/m
which lasts 10-14 seconds is directed al ong -{q because
the charge is negative. Therefore for an observer at
P(1,0,0) the electric field is directed along z. The
accel eration begins at t=0. However, the tine required
for the field to reach the observer is %*z 3.33 x 109
seconds (a distance of 1 neter at the velocity of
light). Therefore at t = 3.33 x 10-9 seconds the

observer will see a transverse pul se which lasts 10-14



secs. This is superposed on a steady electric field of

Ex = -14.4x10-10 V/m (Steady on the tinme-scal e of

i nterest here.)

EA
282 nvim
-14
<«—— 10 secs.
-
b T L T 1 T Tim
(nanoseconds)
Problem( 7.5).
Yi
W
q
b

<V

14
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A particle carrying a charge q revolves in a circle at a

constant speed v = bw. This notion can be deconposed into two

coupl ed noti ons

b coswt

X

b sinwt

y
Let b be very small conpared with the distance to the
observer so that this radiation source can be treated |ike

two orthogonal point dipoles gx and qy.

(a) Consider an observer at P = (R 0,0).
Show that this observer will see a radiation field

pol ari zed along y and gi ven by

_ gbw?2 sinw(t - R/c)

By 4pe, c2R

Vol t s/ m

(b) Consider an observer at P = (0,R0). Showthat this
observer wll see a radiation field polarized al ong x

and given by

_ gbw? cosw(t - RO
- 4p€, c2R

Ex Vol ts/ m

(c) Consider an observer at P = (0,0,R. Showthat this
observer will see circularly polarized |ight whose

electric field conponents are given by

_ gbw?2 cosw(t - R c)
- 4pe, c2R

Ex Vol ts/ m
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_ gbw? sinw(t - Rc)

ape, c2R Vol t s/ m

Ey

Answer (7. 5).
This notion can be regarded as a superposition of two |inear
notions. The electric field (radiation field) anplitude

produced by an accel erated charge is given by

‘Eq
r
g
q a
_ 1 gasing _ 1 p sing B
Eq - 4peO C2r' - 4pa) CZr , a eval uat ed at tR_t - Rc

For each of the above cases q = p/2

B ga
\ B = 4pey c2r’

The above results follow imediately since

ay = -bw2 coswt and ay = - bw2 sinwt. The observer at
(R0,0) will see radiation only due to py. The observer at
(0,R0) will see radiation only due to px. The observer at

(0,0,R will see radiation fromboth px and py. The observer
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| ocated along the z-axis will see circularly polarized

radi ati on because if

Ex= Ep cosw(t ER) ,

and

Ey= Ep si nw(t-ER),

these two fields together forma vector of fixed magnitude Eg

rotating at the angul ar frequency w.



