CHAPTER 9 PROBLEMS and ANSWERS

Probl en(9.1).
A plane wave is polarized with its electric vector along z.
The wave propagates along the y-axis. The electric field is

gi ven by
E,(y,t) = E, el (ky-wt) Vol t s/ met er .

This wave is propagating in vacuum its anplitude is

Eo = 5V mand its wavelength is 0.10 neters.

a) Wiat is the frequency of the wave?

b) How large is the magnetic field associated with

this wave and in what direction is it oriented?

c) Wiat is the average rate at which energy is transported by
this wave (per square neter)?

d) This wave encounters an electron. At what rate does the
el ectron renove energy fromthe wave?

e) The wave propagates through an el ectron gas whose density
is 1015 per cubic centinmeter. |If each electron acts
i ke an independent scattering center estimate the
di stance the wave will travel before its anplitude has

been reduced to (1/e) of its initial val ue.

Answer (9. 1).

a) w = ck in free space
\ f={=3x109H =3 G



b) B is along x:

%A
=
A
‘ » K
|
y

B, = 50 ei (ky-wt)

c

\ Ho= £o el (ky-wt) =y el (ky-wt)

0

B 5 5 5

T CHo  (3x108)(4px10-7) ~ 120p ~ 377

H, = 13.26 x 10-3 Anps/neter.

c) Sy = EH = (5)(13.3 x 10-3) cos2(ky-wt)
<s,> = (%) (5)(13.3) x 10-3 Watts/n? = 33.16 x 10-3

WAt t s/ n?.

d)  For the electron m = - |e|] Epe-iw



The energy scattered by an accel erated charge and

integrated over all angles is given by

dt = 2) ( 4pe, liLZ aZ

Ti me Aver age 4p€b c3
AW _ 5. 8g x 10-32 E2 since € = 9.80 x 10-50.
dt n?c4

Eo =5 Vminitially so in this case
< = 22,05 x 1031 watts.

dw _ 2
Novvdt = a EO for 1 electron.

There are 1015 el ectrons/cc = 1021 el ectrons/n¥ =
Consi der a section of the wave having an area of 1 n?
and | ook at the energy change in traversing a distance
dy:
The energy change in dy is

DW= - (aE2)(N dy) = - Nady E2

But the Poynting vector is given by (tine average)

= =
<S> = cu T 240p
\ <S> (y +dy) - <S(y)> =- NaE? dy
<dS> _ >
or dy dy = - NaEs dy
<dS>

= - NaE2.



E2
But <S> = T()p

d<s> _ E dE
dy = 120p dy

E dE _ )
\ 120p dy =~ MeE
dE _ _
or g, = - Na(120p)E = - 377 NaE

Watts
V2

where a= 0.88 x 10-31 and N = 1021 el ectrons/ nd.

\ E=E, e YL

where 1/L = (377)(N) a = 0.33 x 1007 m!

or L = 3.01 x 107 neters = 3.01 x 104 km

So the wave can travel ~ 30,000 km before its anplitude

has dropped to el of its initial val ue.

Probl en( 9. 2).
A plane wave is propagating thru enpty space with a wave-
vector given by
V2 P |

The el ectric vector has a strength of f% Vol t s/ neter.

k = 6.283

(a) Calculate the frequency and wavel ength of this radiation.
(b) How large is the magnetic field B associated with this

wave.



(c) At what average rate is energy being transported by this

wave (Watts/neter?).

(d) WWhat

is the av

(Joul es/ nd)

(e) What

is the av

(Joul es/ md) .

Answer (9. 2).

erage stored electrical energy in the wave?

erage stored nagnetic energy in the wave?

Assune that the wave is polarized with E along z - this wll

ensure that k-E = 0. Then

E
2p
where ky = ==
X T\2
__ 1B
But curlE = it
O Oy, 0
curle= | 1T 1 1
x Ty 9z
0 0 E
\ iwBx =1 ky E
iw By = -i kx E
w
NOWE—Zp \
and | = 1 neter.

= E ei(kxx + kyy).e -iwt

and ky = \2/% nmet ers-1.

i wB
TE.
Ty
= . 1&
ix
0
- (ky
or Bx = (W) &
k
By = -(V§) E

f =3 x 108 H, i.e. 300 M.



- Bx - Bo Ji(keX F Kkyy - wt)
Hy Ho = coV? e \ "X y

_By _ B0 _i(kex + Kkyy - wt)
VT ezt

where cpo = (3 x 108)(4p x 10-7) = 120 p = 377 Chns.
The Poynting Vector is S=E x Hand it is directed al ong k.

Since E and H are perpendicul ar

E
|Ex H = Cllo cos2(kyx + kyy - wt)
2
Time Average <S> = -0 = -0l 1 356 % 105 varts/n?
J T 20~ ((377) T T
. _ 2 _E_ 10-1 _ -10
Anpl i tude |B| = BX+B§_ S =3, 108 = 3-333 x 10°10 Tesla
-1
Anplitude |H| :“i! :A%%7f: 2.652 x 10-4 Anps/m

(d) Energy density stored in the electric field is given by

E2
We = 6‘0T
CY =
WE = 5 cos? (kxx + kyy - wt)
&E> ES

VAV M = T2 S (4 (36p) (109)

= 2.21 x 10-14 Joul es/ n¥.

(e) The average energy stored in the nmagnetic field is given



2
by <Wg> = [Bol = % E% = 2.21 x 1014 Joul es/ n#.

Probl en{ 9. 3).

The electric field of an el ectronagneti c wave

E = By cos[ 108p(t - é) + q] VI m

is the sum of
£ = 0.03 Oy sin 108p( t - é) Vi'm

and Ep = 0.04 Uy cos[ 1O8p(t - (Z;) - g] VI m

Find E; and q.

Answer (9. 3).

The electric field can be witten

z

: : z
Ex = B cosqcoleSp(t - c) - Eo singsinl08p(t - E)

Al so Eix = 0.03 [ sin108p(t - i)]

and Epx = 0.04 [ cos( g) coleSp(t - i)

+sin(g) sin 108p(t - é)

z z

\ Eix + Box = 0.02 coleSp(t - c) + 0. 0646 si n108p(t - c)



\ conpare with above. E; cos q = 0.02
-Eo sin g = 0.06464

\ tan q = - 9??%%§ﬂ = - 3.232 \ 6 =-72.81° = -1.271n.
and Ey = 2625 0. 06766 V/m
Probl en(9. 4).

An optical device called a |/2-plate (half-wave plate) is
characterized by two axes which can be | abelled x and y. The
velocity of a plane wave polarized along y is different from
the velocity of a plane wave pol arized along x. The plate

t hi ckness is such that a phase shift of p is introduced

bet ween waves pol ari zed al ong x and al ong y. Consider an

i ncident plane polarized beamof |ight such that the electric
vector nmakes an angle f with the x-axis. Show that the plane
of polarization of the exit beamw || be rotated through 2f.
This mechanismis used in experinent to nake fine adjustnents
to the plane of polarization.

(H nt: Deconpose the electric field vector of the incident

pl ane wave into the sumof two plane waves; one having the

el ectric vector polarized along x, Ex= Egcosf, the other
having the electric vector polarized along y, Ey= Epsinf).

Answer (9. 4).



This can be witten as the sumof two pl ane waves:

Ex E, cos(kz-w) cos f Eo cosf coswt (at z=0)

Ey Eo cos(kz-wt) sin f Eo sinf coswt (at z=0).

If the y-axis is slowthen the exit waves will have the form

Ex = By cosf cos(kyd-wt)
Ey = Eo sinf cos(kyd-wt).
However, vy= %i and vy= ;; , where nyx, ny are the indeces of

refraction for propagation of light along the x and y axes.
One has
w = vxkx and w = vyky so that if y is a slow axis

Ky > Kx.

Ep si nf cos(kyxd-wt +p),

therefore Ey

- Eo sinf cos(kyd-wt).

or Ey

But Ex Egcosf cos(kxd-wt), so these electric field
conponents correspond to a plane wave in which the direction
of polarization has been rotated through 2f (cl ockw se).

A simlar argunment also gives 2f clockwise if x is the slow

axis: the phase of the resulting wave is just shifted by 180°.
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Probl en(9.5).
A gquarter wave plate is simlar to the half-wave plate of
probl em (9.4) except that the thickness is adjusted so that
inits passage through the plate |ight polarized parallel
with one principle axis is shifted by p/2 in phase relative
to light polarized with its electric vector parallel with the

ot her axis. (See the sketch).

yA(sI ow)

Let light be incident on the % - plate which is polarized so
that its electric vector nakes an angle f with the fast axis.
Show that the transmtted light will be elliptically

pol arized. For what angle f will the transmtted |ight be

circularly polarized?

Answer (9. 5).
At z =0 EX

Ey, cosf coswt

Ey Ey, sinf coswt,

Pl ane pol ari zed incident |ight.
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At exit where z = d
Ex = Eo cosf cos(kyd-wt)
Eo sinf cos(kyd-wt)

Ey
= Eo sinf cos(kyd-wt+5)

since y is the slow axis for which ky > ky. This follows from
. _ _,cC _ _,C
the relations W = vxkyx = (n—x) kx and w = vyky = (n—y) Ky ,

. _ (Ny
ie. ky (nx).
Thus E, = - Eo sinf sin(kyd-wt).

These conponents can be witten
Ex= Ep cosf cos(wt - kyd)
Ey= Ep sinf sin(wt-kyd).



(wt - kxd)
0
p/ 2
p/ 4
P
3p
2
-pl 4
The light will
0.5
0]
-0.5

Eo cosf

0
Eo cosf

V2
-Ey cosf

0

Eo cosf
V2

Elliptically polarized

y

Ey
0
+ Ey sinf

Eo sinf
e

0
- By sinf

Eo sinf
V2

becone circularly polarized for f= p/4.

f=30

12
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Probl en(9.6). A charged particle noves in a circular orbit of radius

b neters centered on the origin and lying in the x-y plane. The
co-ordinates of the particle can be described by the relations

bCoswt

X

bSi nwt

y
where w= 2pf = 3x1015 radi ans/second. The notion is equival ent
to the superposition of two point dipoles

px = po Coswt = Qb Coswt
po Sinwt = Qo Si nwt

Py
where po= 10 30 Coul onb- neters.
(a) An observer is located at x=0, y=0, z=1 meter. How will the
electric field at the observer vary in tinme? Wat intensity of
radiation will be observed?
(b) An observer is |ocated at x=0, y=0.707, z=0.707 neters. How
will the electric field at the observer vary in tine? Wuat
intensity of radiation will be observed?
(c) An observer is located at x=0, y=1, z=0 nmeters. How will the
electric field at the observer vary in tinme? Wat intensity of

radi ation will be observed?

Answer (9. 6).

(a) The observer is at right angles to both dipoles. The
radiation fields are given by (R=1 neter, Sing=1)

-1 e ]
Ex = 4pey 5 po Cos(wt-R/ c)

1 po Sin(wt-R/ c).
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The electric field is right hand circularly polarized. The

intensity of the radiation will just be given by

1 zepo ? WA
Zo &peyy &g

i ndependent of tine because cos?2(w[t-R/c])+sin?(w[t-R/c])= 1.
Zo= 377 Ohns, thus S; = 2.149x10-15 Wwatts/n?. Notice that the
intensity does not fluctuate with time for a circularly

pol ari zed wave.

(b) For the observer at (0,0.707,0.707) the electric fields wll

be given by
- 1 ]
EX - 4pa) gﬂ pO Q)S(W[t R/C])
_ 1 o Sin(wlt-R c])
0= apey & PO NG
Therefore
_ 1 awe Sin(wlt-R c])
B = Zpeo & 2
_ 1 awvR Sin(wlt-R c])
52 = 1pey &3 2

This electric field corresponds to right hand elliptically

pol ari zed radi ati on.
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In a co-ordinate systemrotated so that the new Z-axis is

pointed along the line joining the observer to the origin one

has
-1 e _
Ex = dpey 5 po Cos(w[t-R/c])
and
E, = 1 a2 Sin(w[t-R c])

dpen &€ Po \2

The tine averaged intensity is given by

£ B
<S> - 7)( + -
279 270

where Zg= 377 Chns, and Ex, Eh are the electric field anplitudes.
In this case En= Ex/V2 , so that

<S> = §§ (2.15x10-15) = 1.611x10-15 Watts/ n?.

(c) An observer at (0,1,0) sees a radiation field due entirely
to the dipole oriented along the x-axis. The electric field wll

be linearly polarized and

=1 i
Ex = 4pey &5 po Cos(wt-R/c).

The corresponding intensity will be just half the intensity

nmeasured by the observer on the z-axis:
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<S> = 1.074x10-15 watts/ n?.

Probl en{9.7).

Consi der the sum of 5 phasors:

This is the sumof 5 waves: the phase shift between each pair

of waves is f.

(a) Calculate the sumfor f =0
(b) Calculate the sumfor f :%

(c) Calculate the sumfor f
(d) Calculate the sumfor f

p/ 5
2p
5

(e) Make a sketch of S as a function of f.

A graphical construction is useful for summ ng phasors.

Notice that one has to do with a geonetrical series.

Answer (9. 7).
(a) S=5.0
(b) Szeif (1 +eif + e2if + e3if + e4if)
_ eif(e5|if - 1)
(e'f - 1)
S = 2.657 + 3.657i
| S| = 4.520

Angl e = 54.00°



.
Real
_ b _ °
(c) f —5—36
S =-1.00 + 3.078i
Angl e = 108. 00°
| S| = 3.236
InA
r_‘\
b
AN
y|
'
Real
_ 2P _ 550
(d) f = 5 = 72
S=0
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(Y

N
\ e

Real

(e) (i) Weenf is a multiple of 2p S =5.0
(ii1) The sumis a geonetric progression

Scelf (1rel +e2if o 3if , G4l

if(GSif - 1)
e TOf
1)

(e -

1 - cos5f
2 — — = ° bUsOIl
| S| Ss* 1 - cosf
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Absolute Value of the sum of 5 phasors

S|
H ol
D

S BVAVAY;

0 1 2 3 4 5 6 7 8
Phase Angl e (radi ans)

Noti ce that for N phasors

ISI2:1-cost

1- cosf
So when f = 0 or 2p |S|2 = N .

These hi gh peaks drop to zero when
Nf = 2p or f=2—|\ﬁ) and | S|2 =0 for nmultiples of Z—I\ﬂ)
There are peaks at f = (odd integer33) x% = (g)(%).

2p2
(8 =1- 25

r
However cos O\

AN
92p?
as .045, .0162, etc. and |S|2 drops off rapidly with phase

\ |92 @ ~ ('9421) N2, so these subsidiary peaks drop off

angl e.
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Absolute VValue of the Sum of 100 Phasors

120

100

60 E \
405\
205\ ;
OE \//\/\ /\—\/\

0 0.1 0.2 0.3 0.4 0.5
Phase Angle (radians)

| S|

Probl en(9.8). Eight atons are |ocated on the corners of a cube whose

sides are @ long. One corner of the cube is located at the

origin of co-ordinates, and the sides of the cube are parallel

with the co-ordinate axes. The polarizability of each atomis a,

i.e. in the presence of an electric field the atom devel opes a

di pol e nonent given by p= aE. Let an incident free space plane
wave of the form

E, = B e|(kx-wt)
fall on the group of 8 atons, where k= 2p/a.

(a) Wite an expression for the electric field which would be

nmeasured by an observer whose spherical polar co-ordinates are
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(R g, f). Your answer should be in the formof the electric field

anplitude generated by an atomat the origin multiplied by the

structure factor, S.

(b) Explicitly evaluate the structure factor for this problem
for an observer confined to the x-y plane (g= p/2). Mke a plot
of the absolute square of the structure factor as a function of

the angle f ( a quantity proportional to the intensity of the

scattered radiation).

Answer (9.8). The electric field conponent Eq at the position of the

observer due to the atomat rpis given by

_ -Sing awee A -iw(t-Ric) i[(ki-Ki) rn]
Em= 4pey &5 R © €

wher e
Ki :\(I:VGXZZ;GX,
and
k¢ _VEVGr

But Uy = SingCosflyx + SingSinfly + CosqU; ,

so that
(ki-k) = ¢ ((1-SingCosf)ly - Singsinfly - Cosql )

or
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2p . A _ . A A~
(ki-k) =3 ( (1-SinqCosf)Ux - SingSinfly - Cosqlz ) .

The total electric field anplitude nmeasured by the observer is
the sumof the fields scattered by each atom it will be

proportional to the structure factor

oo B dki-kn)

mel

wher e ri{ =0
rzzaﬁx

rg = a (Ux + Qy)
r4:aﬁy

rs = a (Uy + Uy)

re = a (Ux + Uy + Uy)

rz = a (Uy + Uy)

rgzaﬁz.

aw, . aw, . o
s =1+ doc(1-Singosft) 1°7(1-SingCost-Singsinf)

. aw, _. . . aw .
N e—IT( Si ngSi nf) N éT( 1- Si ngCosf - Cosq)

. aw . . . . aw, . .
N éT( 1- Si nqCosf - Si ngSi nf - Cosq) ‘6 | ?( Si ngSi nf +Cosq)
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For the case g= p/2 the structure factor becones

S _iwaSi nf iwa( 1- Cosf) iwa( 1- Cosf-sSinf) ¢
S=281+¢€ C + € C + € C 2}
W 2p wa
But k'E'E’ thereforeT—Zp, and
g = 2( 1+ e—2p| Sinf | e2p|(1-Cosf) N eZpl(l-Cosf-Sl nf) ) .

Alittle tedious algebra (no gain without pain!) can be used to

put the absolute square of Sinto the form

SS' = 16( 1 + Cos(2pSinf) + Cos(2pCosf) + Cos(2pSi nf)Cos(ZpCosf)) :

A polar plot of the quantity SS* shows the way in which the
intensity varies with angle for an observer in the x-y plane. In

this plot SS'Sinf is plotted agai nst SS*Cosf.
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INTENSITY
Y
80.T

-80.

-80.—~

Probl en(9.9).

k= wic

A pl ane wave whose electric field is given by
E, = ei(kx-wt)
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is incident upon 5 hydrogen atons which are spaced a di stance

a =15 x 1010 neters along the y-axis as shown in the
sketch. The frequency associated with the electric field is
1018 H,.

An observer in the x-y plane is |located very far away in a
position specified by the angle q shown in the sketch.

(a) Calculate the structure factor for the scattered
radi ati on.

(b) Make a sketch of the angular variation of the intensity

nmeasured by P as g ranges fromO to p/2.

Answer (9. 9).
The electric field anplitude at R due to a single atomis
i ndependent of g and the electric field is polarized along z.
However, the fields fromthe 5 atons interfere because for
fixed tinme of observation, the phase of each wave is shifted.

The structure factor is given by

s=1+e'9T1 4+ ! 4. o 4e!Ts

where g = (ks - Kkj).
In this problem ki =

~

Ux

ojls0|s

ki = - [cosq Ux + sing Uy]

\ g = %![(cosq - 1) Ux + sing Uy].

The atom c positions are given by
rn =n a Uy
aw

\ qQ:-rn =N

sing =n f.
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Thus S=1 + e T + 2T 4 of | Q201
(the first termcorresponds to n = 0),

or S

1 + 2 cosf + 2cos 2f,

a . 2a .
or S=1+2 cos(TW sinqg + 2 cos(TW si nQ)

In this problem W - 2P, 1010 and a =

c~ 3
aw
\?—pand

x 10-10 m

Nl w

S=1+ 2 cos(msinB) + 2 cos(2rnsi no)

(See the figure bel ow).

Structure Factor

N

N\
4 \

Nt

/-
/

2 -15 -1 -05 0 05 1 15 2
Angle g (radians)

[
[
(]
(]
L]
L]
L]
L]
L]
L]
L]
L]
Ld
[J
L]
]
[d
(]
i d
s
3

The intensity neasured at P is proportional to |S|2, or to $2

inthis case since Sis real. Note the strong forward

scattering pattern (see the figure bel ow).
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Square of the Structure Factor

N
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Probl en{ 9. 10) .

This is a repeat of the previous problembut the scattering
centers are not equally spaced. A plane wave is incident
fromthe left E; = B el (kx-wt)

The atons are at:

ri =0
_8a - _,16a, ~
r2 = = Uy r3—(7) Uy
4a, ~ 12a, -
rg =- (=) uy rs=- (7)) Uy .

This is a nore or | ess random spaci ng whi ch preserves an

average spacing of a.
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Cal cul ate the dependence upon the angle q of the

intensity of the scattered radiation which woul d be observed

at a distant point P. a = 1.5 x 1010 mand w = 2p x 1018

rad. / sec.

Answer (9. 10) .

~

k| = Uyx

ki =

olsols

[cosq Ux + sing Uy]
w A . A
\a = (ki-ki) = [(cosq - 1) ux + sing uy]
_ _ 8.aw .
\'gr1=0 qgr2=<(.) sing
16 aw, . 4 aw, .
qQ-r3 = (7) () sing qQra =- (3 () sing

- (P (B sing

q-rs =

w 2 3 aw

o = () (1010 a =3 x 1010 R
S =1+ él 8psi ng/ 7 N él 16psi ng/ 7 N é 4psi ng/ 7 N é 12psi ng/ 7
S = [ 1+ cos[(%?)sinq] + cos[(;gg)sinq] + cos[(%?)sinm

12p, _.
+cos[(—79)5|nq)]]
i [-sin((BPysina - sinf(*SPysing + sinPsing
. 12p, _.
+ S|n[(—79)5|nq]]
The structure factor can be witten S =a + ib, then the

intensity required is proportional to

1S|2 = SS* = a2 + b2
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The result of the calculation is shown in the figures. The

main peak at q = 0 persists because all signals remain in
phase no matter where the scatterers are |ocated along the y-
axis. The main effect of the irregular spacing is to reduce

the structure in the "wings" i.e. the oscillations at angl es

| arger than 30°.

Conpl ex Structure Factor

6
n 2 {X
5 3 i1t
S s |
T 2 s
& : :
1 : : .o
) \ i i/
\J \V
-1

-2 -15 -1 -05 O O5 1 15 2
Angl e in radi ans
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Probl en{9. 11).

/)
a(-1, 1) a(1,1)
® ®
R
k= w/ c
_@—>
9 -
X
® ®
a(-1,-1) a(1,-1)

Four scattering centers are arranged on the grid shown above.
A plane wave is incident fromthe |eft:

E, = E e i (kx-wt)
where w = 2p x 1018 rad/sec. The paraneter a = % X 10-10 m

aw
and‘?T = p. Calculate the dependence of the scattered

intensity on the angle of observation gq when the observer is

very far anay (R >> Q).

Answer (9. 11) . o
The structure factor is given by S =a exp(-iq-rp)
n

where g = ks - k;j
In this case q = %![ (cosq - 1) Uy + sing Gy]

\
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wa wa
_ -i—[(cosq -1)+sinq -i— [(cosq -1)-sing]
S=¢€ c +e .
. wa . . wa .
+ e C[-(cosq -1)+sinq] e+|?[(cosq - 1) + sinq

aw
or for < - P

S = 2 cosp [cosqgtsing - 1] + 2 cosp [cosQ-sing-1].
This is real because of the symetry around the origin. S2 is

plotted in the figure bel ow
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