CHAPTER 10 PROBLEMS and SCLUTI ONS

Probl en(10. 1).

(a) Use Stokes' theoremto show that the Maxwel | equation

curl E = - %? can be witten in the form
OEdL = - J 5 B.ds (1)
C It surface s

where the surface S is bounded by the closed curve c.
(b) Apply the above equation to a | oop which straddles the
boundary between two materials to show that the

tangenti al conponent of E nust be continuous across the

boundary.
Answer (10.1).
__ 1B
(a) curl E=- Tt

Integrate over a surface S bounded by a curve c:

@url EdS = - & @ ds
S Mt s

But from Stokes' theorem

§CurIE-dS = gE{ﬂ., and the result foll ows.

(b) Apply the above to a loop dL I ong and of negligible
wi dt h, dd.



Then OEdL = E) LangdL - E1) Langdl

- . ﬂlt (Bperp, didd) b 0O
therefore

E2) tangenti al = El) tangenti al

Probl en( 10. 2).

(a)Use Stokes' theoremto transformthe Maxwel|l equation

_ 1D
curl H = Jf +ﬂt

into

Shdl = 8 1D
O H dL _SB(Jf + qi) - dS

where the surface S is bounded by the closed curve, c.



(b)Use the above equation to show that at the surface of
di scontinuity between two materials the tangential conponent

of H must be conti nuous.

Answer ( 10. 2) .

(a) Qrl H = (J + 1)

\ SCCurIH-dS:é)]f.dS+ﬂt

®- dS .
S
But by Stokes' theorem

@urlHdS = oH.dL

S c

fromwhich the result foll ows.

(b) Apply the above theoremto a | oop straddling the
boundary. The loop is dL |ong and dd wi de.

#2




gH-dL = I—b) tangdL - H1) tangdL + terns 2nd order in dd

it 7 nor mal

8( 9 + ) ~ds = (3 +{ dldd b 0 as dd ® 0.
S

\ Hz)tang = Hl) t ang

Probl en{10. 3) .
(a)Fromdiv B = 0 show that the normal conponent of B is
conti nuous across the boundary between two different
mat eri al s.
(b)Fromdiv D =rf show that there will be a surface charge
density on the surface of discontinuity between two
materials. Show that the magnitude of this surface charge

density is given by

and D_L) normal 27 € the normal conponents of the

wher e Dz)

nor nmal

vector D.

Answer ( 10. 3) .

(a) divB=0
\ @livBdt =0
\Y

But by Gauss' theorem (ylivB dt = SCB ds
Vv

where S is the surface bounding the closed vol une V.



Therefore éB dS =0

Apply this to a pill box of area dA and thickness dL
whi ch straddl es the boundary between material (1) and

material (2)

#2 ~

p1108,dS = [ B2) normal B1) norrra|] dA

+ terns of 2nd order in dL

(As shown, By-U2 nmkes a positive contribution and Bl'al makes

a negative contribution).

Therefore [Bz) Bl) nomal] dA =0 for arbitrary dA

nor nal

and

\

BZ) nor nmal Bl) nor mal

(b) div D=rg
\ for any closed volunme V bounded by a surface S

@i vD dt = @yf dt
\Y \%



But by Gauss' theorem
O(div D d = @&ds
\' S

\ @ ds = (¢ dt

S v
Apply this to a pill-box which straddles material (1)
and material (2):

Then ®ds=[Dp) . dA- D) dA|

nor mal

+ hi gher order corrections of order dLdA.
\ [Dz) normal Dl) nor mal ] dA =r¢ dA dL

So [ D) D) ] =reL=rs

nor nal nor mal

where (r¢ dL) does not depend upon the length dL and
therefore represents a surface charge rs
A discontinuity in the normal conponent of D neans that

there exists a surface charge density.

Probl en{10. 4) .
A plane wave falls at normal incidence on the plane surface
of a large, deep, body of water. The real and inmagi nary
parts of the index of refraction for water are n = 4/ 3 and
kK = 108 corresponding to a time dependence ~ e'iwﬂ. The

anplitude of the electric field in the incident wave is 1

Vim Let the z-axis be directed into the water, and |let the



X,

7

y axes lie in the surface of the water. Let the electric

field be polarized along x. The index of refraction of air

isn=1 k =0.

(a)

(b)

(c)

(d)

(e)

(f)

(9)

(h)

Wite an equation for the space and tinme variation of the
electric field in the incident wave.

Wite an equation for the space and tinme variations of
B,Hin the incident wave. What is the anplitude, Ho, of
the Hfield?

Wite expressions for the space and tinme variation of the
reflected wave. Let the reflected electric field
anplitude be ER. Wite the reflected nagnetic field
anplitude in terns of Egr

Wite expressions for the space and tinme variations of
the electric and nmagnetic field waves (H field)
transmtted into the water. Let the electric field
anplitude at the water surface, at z = 0, be Ef. Wite
the magnetic field anplitude in terns of Er.

State the boundary conditions which E, H nust satisfy at
the surface of the water.

Apply the boundary conditions of part (e) to obtain the
reflected electric field anplitude, Er, and the
transmtted wave electric field anplitude, Er.

What is the intensity of the incident wave? i.e. At what
rate, in Watts/n?, is energy transported to the water
surface?

At what rate is energy absorbed by the water?



(i) What will be the electric field anplitude at a depth of

2 mif the wavelength of the light is 1/2 mcron?

Answer (10. 4) .
(a)
. X
Alr A Wat er
Ex = 1V/n
A
| -
>z
E, _é(kz-vvt)
() g, = Bx _ 1 i (kz-w)

H = %é = Clllo ol (kz-wt) _ 1210p el (KZ-WU) Apnsim

, 1 1
An‘plltude=TOp=ﬁArrpslm

(c) Let the reflected electric field be

£, = g e - (Kzut)

(note change in sign of k).

_ ER _-i(kz+wt
Then Hy—- Tope ( )



(d) I'n the water the propagation vector is given by
k=2 (n+ik

W . nw
\ Ex:EI'e-kEZ e'(f: - wt)
Now cur | E:-%B:iWB:iwuoH
Ux Uy Vs 0
1E
iwo H=10 0 ﬂiz @
Exk 0 O 0

L otg _ HQHREC (neik

VRS, e T i Wi HoC
and
Wz W<z
n+i k -k— i(n-wt
H = (Cpc) Bre ¢ d(me-wt)

(e) At the interface the required boundary conditions are
(1) Tangential components of E nust be conti nuous.

(2) Tangential components of H nust be conti nuous.

(f) A z =0
| nci dent \Wave Ex = (1) S
H),:Cl“oe-iwt
Ref | ect ed Wave Ex = ERe'th
b= CELIFO e’ ™
Transm tted Wave E = Er e-ivvt
= (TR g i
Continuity of Ex: 1+ Egr=F& (1)

i nui 1 E n+ik
Continuity of H: e CL?O _ Cuo)




or

Sol ve eqns.

1 -

Er = (n+ik) Er

10
(2)

(1) and (2) to obtain:

£ = 2 _ 2[(n+1)-i K]
T 7 (1+n)+ik = (n+1)2 + k2
But k = 0 so Er = (#?232
Al so
-, 2

Er = (7
and

ER = Er - 1

6

=2 = 0.86 Volts/ m

- 0.143 Volts/ m

(NOTI CE THE PHASE CHANCGE I N THE ELECTRI C FI ELD! I')

(9)

(h) The rate of energy

<S,5n :% (Ep (ER - (0.143)2

Clo

754

Rate of transport of energy to the water surface is

— EXH)/
1 1 1
= 1.33 nWn?.

reflected fromthe surface is

= 0.027 MmN n? = 27 pyWn?.

\ Energy absorbed in HO = 1.30 mN n?.

(i) At z = 2m
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(B = Er e K4/l _ g o 0.251 _ 29

\ @2mthe electric field strength = 0.67 V/m

Probl en{10. 5).

X
A
vacuun copper
Ex= Ey So= 6.45x107/ Chmn
A
D .
l_{y

A wave having an electric field anplitude Eg = 1 Vimfalls at

normal incidence on a plane copper surface as shown in the

above sketch. Its frequency is 106 H,.

(a) Wite expressions for the electric and magnetic fields in
the incident wave. How big is H?

(b) Cal cul ate the magni tude of the vacuum wave-vector.

(c) Calculate the wave-vector in the nmetal (kmin the

expr essi ons
E = Er ei(kn;-wt)
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W = Hy el (Knzowt)
(d) Calculate the anplitude of the electric field at the
surface of the netal i.e. Er.
(e) Calculate the magnetic field anplitude at the surface of
the netal i.e. Hr.
(f) Calculate the tinme average Poynting vector for the
i nci dent wave i.e. <S>
(g) Calculate the tinme average Poynting vector for the energy
flowinto the netal i.e. <Syr
(h) From (f) and (g) calculate the absorption coefficient a =
<SSyl <S>
(i) Calculate the average rate of energy dissipation as Joule
heat in the netal. Show that the integral of this

quantity fromz = o to ¥ is just equal to <S> from(g)

above.
Answer (10. 5) .
W _ 2px 106 _ 2 1
(a) k =¢ =3 1o = 2094 x 102 m
Ex = E el (kz-wt) _ ol (kz-wt) i pce Eo =1V m
H, =§ge'(kz'v"t) = (2.653 x 10-3) ¢ (kz-wt)

since Zg = 377 Chns.
(b) See above. k = 2.094 x 10-2 /neter.

(c) I'n the netal:

~ ~

Ux Uy Uy 0

- T = TE
curl E 0 0 W 1z iwnpH ,

Exk 0 O 0



Ux Uy Uy 5%
= ﬂ = ﬂZ =S E
curlH=109 o W 0
0 H O 0
E;
\ %—lwuo I—g,—lkkmEX
or W:(TLT;) X
and %g% = - s Ex
\ |km|_g/-:'SEx
io
or H = (RE? Ex
s Km 2 _
So Wn—mor km—l WS
k2 = i(2p x 106)(4p x 10-7)(6.45 x 107)
=i (5.093 x 108)
1+

Km = (—:ﬁi—)(2.257 x 104) = (1.596 x 104)(1 + i).

N. B.

Kmis
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very large c.f. k = w/c. Approx. 106 |arger!!



X\
vacuurn copper
Ex= Ey So= 6.45x107/ Chm n
A
D .
_Eo
Hy - Zo AEF
EX = ER
! o
- O— Fr
K - _ ERr
"3’ - Zo
|
Z
I_ly

or

\ 2B = (Er + Z
2B = (Er - Zo HY)
But Hr = (1) Er

1 i SZo

v ERo T Kn

Eo i SZg
L+

m

Continuity of Ey: Eo+t ER = Er

Continuity of H)/: TO-TO:HF

Eo - ER = Zo Hr
i Z
H) = [1+ 0 &
i sZ
=[1- 2% Er
Er . 2
Eo 1+|sZO'
Km
1 5 x 10-5

(137 = Cisee ) (1-1)

14



(e)

()

15
=3.133 (1 - i) x 10°5
\ () =(3.133 x 10°5) (1 + ).

So -km = (3.133)(10-5)(6.45 x 107)(377) (1 + i)

= (7.618 x 109) (1 +i).

This is nmuch larger than 1.

Er . 2 _ -i 2km_ -6 ,
\Eo_isZo_ sZo =1.313 x 10-°% (1 - i).
Km
i K
Er _ 11+ 57, = (1 o+ 2iKkm =y
Eo (1 - ikn] sZy
sZp
to approxi matelyl part in 106!
F t = (5 g \ = 1s
rompart (c) Hy—(km) X Hr—_km) Er
_ s, . 2k 2
and H'|':(km(-| Sizg) :To.

2 k

N.B. To first order in (S Zg) the magnetic field

anplitude in the nmetal is | NDEPENDENT of s,w !!

The factor 2 cones fromthe sumHr = H + Hy, where

E
=2 &=l

But Ec =1 VmM&ER=-1v/im(to 1 part in 106)

\ Hr = ZZO = 5.305 x 10-3 Anps/m

For the incident wave <Sy> :% Real {EXH;}
2
o 1

= = = -3
2 Zo 2 Zo 1.326 x 10 Vat t s/ n?.
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(g) At the nmetal surface (z = 0)

<Sw =5 Real {Er Hr*}

Real { (1.313 x 10°6)(1 - i) (220)}

- (123013 x 10°6) = 3.48 x 10-9 Watts/n?.

-

=N

N

= = 2 -6 = -6
(h)a—<Sm>/<So>_1_326x10 = 2.627 x 10-°.

(1) I'n the metal the current density is given by
Jx=s B = s g &kmW)

The Joul e heat/volune (tinme averaged) is

dicg §R€‘61|{JXEX*}
Knz- Wt x i (k z-wt
1 peal (s g 4K g ()
= 3 real { s|Eqf2 (MR 7
But km= (1 + i) and k= o1 - i) \ km- k. = 2ig

and g = 1.596 x 104 frompart (c)

& i(km- k) = - Zg
d -
\ §o= g B2 &P
2 ¥ 2
Total rate of heat production = S| Erl © Oézgz dz = S| Erl .
2 0 49
7

\ Orotal =, \8:45 X 10°) 1y 59ay2y 10-12 )(2) = 3.48 x 10-9

"~ (4)(1.596 x 10%)

Vat t s/ n?.
= <Sy» (from (9)).
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Probl en{10.6). Light having a wavel ength of 5145 A (0.5145 mm
falls upon a plane copper surface at normal incidence. The
intensity of the light is 10° Watts/n? (i.e. 100 mWin a | aser
beam 1x1 mmin cross-section). The conpl ex index of
refraction for copper at 5145 A is VE; = (1.19+2.60i) for a
ti me dependence of éimn.

(a) Calculate the anplitudes of the electric and nagnetic

fields in the incident wave.

(b) Calculate the anplitudes of the electric and nagnetic

fields in the refl ected wave.

(c) Calculate the intensity of the reflected wave;i.e.

calculate the tinme-averaged val ue of the Poynting vector.

(d) Calculate the wave-vector of the light in the copper.

What is the phase velocity associated with the wave in the

copper ?

(e) Calculate the anplitudes of the electric and nagnetic

fields in the copper but near the surface at z=0.

(f) Calculate the time averaged val ue of the Poynting vector

i nside the copper but near the surface at z=0.

(g) How far into the copper does the light penetrate before

its intensity has decreased to 1% of its intensity at the

surface?

(h) Calculate the time averaged energy density, <W-, stored

inthe electric and nmagnetic fields in the copper but at the
surface z=0. Show that <S,>= % <Wt \Watts/n?.
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Answer ( 10. 6) .
(a) Incident wave:
E. = E é(kz-mn)
I (kz-wt
= B0 dlkzm)

where k= w/c and Zg= nmpc = 377 Chns.

2
_1 " — EO — — 5
<5;> = 2 Real ( EXW) = 2720 =1lg =10 Vat t s/ n?.

Ther ef or e, Eg = 75.4x106 , and Ep= 8.683x103 Vol ts/m

and H,= 23.03 Amps/m

(b) Fromthe boundary val ue probl em

_1+e  (1-n)-ik
B 1+/e — lin+ik

E

Py

g

For this problemn=1.19 and k=2. 60;

r = -0.621- 0.45i, and therefore r= - Reif where R=0. 767,
and Tanf= 0.725 so that f= 35.93° = 0.627 radians. The
m nus sign nmeans that the direction of the reflected wave
anplitude is reversed relative to the anplitude in the

i nci dent wave.

|ERl = R |Eg| = 6.66x103 V/m
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and

|H]l = R|H| = 17.66 Amps/m
(c) The intensity of the reflected wave is given by

IR = Rlg = 0.588x105 Watts/n¥.

2 _ o W
(d) I'n the copper k. = e(gfa
=1 =L 221x107 m1,

km= (n+i k)¢ = (1.453+ 3.175)x107 m1,

In the copper the fields are proportional to

W, . w
ck(Q)z §(ndz-ut)

The phase velocity is % = 2.52x108 ni sec.

=1e9=-2_ = 2

E
(e) ET h B 1+\/‘e T o (n+l)+ik

169 = (0.379-10. 450),
and
T= 0.588 and g= - 49.9° = - 0.871 radi ans.
|Erf] = T Eg = 5.11x103 V/m
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H = "7, Er = (37.33+10.36i);

\/n2+k2 2. 859
|Hl =Yz~ Er = %575 Er = 38.75 Anps/m

phase=0. 271 rad= 15.51°.
(f) I'n the netal

. W
- e—k( )z |(nEz-vvt)

k(D) z i(nVEVz-vvt)

_ (k) g

Zy

so at z=0 these becone

and

_ 1 * _ (n |k) *0
<SZ>—§ReaI(EXI—g/) -<Sz>-§ a% Z Tﬁ
nE? ]
<SZ> = TZO = 0.4119x10°> WAtts/ m?
<S,> <S,> = 1. 0x105 Watt s/ n?.
Sz ‘Reflected Sz ‘Transrritted Ox10> vatts/

(g) The electric and nmagnetic field anplitudes are
k(Q)z

nmul tiplied byé and therefore the intensity is

mul tiplied by
W,
éZK(E)Z_
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W,
& 2k(¢) 2

| f = 0.01 then 2k%" z = 4.605.

But w/c= 1.221x107 m1 , therefore z= 0.725x10-7 neters, or
z= 72.5 nm or z= 0.0725 mMm

The free space wavel ength of the light is 0.5145 mm so
. el o :
that the |ight penetrates 7. 15 approximately 1/10 of a

free space wavel engt h.

(h) At the surface of the copper the electric and nmagnetic

field anplitudes are given by

<> :% Real (ExDx) = <S> :% Real ( € E%( (n2- k2)-2nk)) ,
<W> = % (n2-k2) E% :

m ) _ My (n2+k?
<V‘é>:TRea|("‘y"k/) :4(22)E$'
0

But Zgznﬁczzgg, and

<W> = % (n2+k2) E%.



Wb = <W> + <W> = % n2 E% = 1. 63x10-4 Joul es/ n?.

_ n_ 2 _ceén > _in’e o _ xb
<SZ>_2m)cET_ 5 ET_%B 5 ET_§Q<W>’

where for this case c/n= 2.52x108 ni sec.

22
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Probl en( 10. 7).

N

An s-pol ari zed el ectromagneti c wave is incident on a plane
interface at the angle g (see the sketch). Theanplitude of
the incident electric field is Ey, that of the reflected
electric field is ErR, and the transmtted electric field is
Er. The material for z > 0 is characterized by a rel ative
dielectric constant, &, which is real (no losses in the
medi un). The material is characterized by the magnetic
pernmeability of free space.

(a)Wite expressions for the conponents of E and Hin the

i nci dent wave e.qg.
E = B ei[(ksi ng)x + (kcosqg)z - wt]
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etc. where k = w/c.

(b) Wite expressions for the conponents of E, Hin the
refl ected wave.
(c) Wite expressions for the conponents of E, Hin the

transmtted wave.

Er _ cosqg - n cosf
(d) Show t hat Ey - [COSq+ N COSf]
where n = VE; and sin f = SIQ g

Er _ 2 cos q
and Eo [cos g + n cos f]'

(e) Show that the normal conmponent of B, B,, is continuous

across the boundary at z = 0.

(f) Construct a graph of (ES) vs the angle of incidence, q,

for & = 4.

Answer (10. 7).

(a) Incident Wave:

E = E ei[(ksinq)x + (kcosqQ)z - wt]
y =
H = -Zfb cosq ei[(ksinq)x + (kcosqQ)z - wt]
_ gg sing ei[(ksinq)x + (kcosQ)z - wt]
0

where Zo = 377 W = Cl.

(b) Reflected Wave:

E = Er ei[(ksinq)x - (kcosqg)z - wt]
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H = %R cosq ol [(ksing)x - (kcosg)z - wt]
H, = Eg si ng ei[(ksi ng)x - (kcosqg)z - wt]
0]

(c) Transmtted Wave:

Ey = EI- el[(kS| HQ)X + (kn{IOSf)Z _ Wt]
'r‘ESSf Er o [(ksinadx + (koposf)z - wt]

H = sizgq Er of [(ksina)x + (kyposf)z - wt]

Since curl E = iwgH or = -1 WHoH

=]
ﬁLrn

and Ty - I WloH;

X
and Qurl H= -iweeE or 1%':" 1I&;(Izziwe(eoEy
ey , TPEy _ w2
\ ﬂsz + ."721 =- & ()" B
or k2 sin2q + k2 = E(Q)°
2 w, W, W,
or km=& (2 \ km=+e (5 =n(g)

Km si nf :ksinq:(VEV) si ng

\ sin¢ =sin 6/n

At z =0 Ec + ER = Er (1)



or

(d)

(e)

26

Eo, cosq N Er cosq _ n cosf
) Zo Z, T o
n cosf
2ER _ n cosf
Er T (1- cosq )
n cosf
Er cosO - ncoso

B [coso + ncosq)] where n = \/a

Er 2 cosf B / si n2q
E, [cose T ncosc|>] , where cosf = 1 - B

At z =0

on the left: I—Iz:(Eo+ER)SIZ:OI
on the right: HZ:ErSIZ:q

Theref ore, because of eqn (1), the normal conponent of

B = UWH; is continuous across the interface.
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(f)
Refl ectivity vs angle of incidenc
for S-polarized ligh =4
o
g -0.2
m
>-04 s
h T
> o,
o,
= -0.6 S
o So,
e
?5-{18 e,
X
-1 0
0 p/ 4 p/ 2
Angl e of incidenc

The ratio EE is plotted in the figure. Notice that

(1) The phase of the electric field is reversed in the
reflected wave i.e. the total electric field at the
interface is smaller than the incident electric field
anpl i t ude;

(2) The reflectivity approaches 1 at |arge angl es of
incidence i.e. as the beam becones parallel with the
interface plane. It is a combn experience that
surfaces appear nore reflecting at shall ow angl es.

Probl en(10.8). Let p-polarized radiation, = 0.50 nm be incident from

vacuum on gl ass at an angle of incidence of 45°. The index of
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refraction of the glass is 1.5 and the glass is |ossless. Let

t he pl ane of incidence be the x-z plane, and |l et the surface of
the glass be parallel with the x-y plane and | ocated at z=0.
(a) Wite expressions for the incident fields (E, H assumng a
ti me dependence e'th. Let the incident electric field anplitude
be Ep= 1 VIm

(b) Wite expressions for the reflected fields. Let the
reflected electric field anplitude be Er

(c) Wite expressions for the transmtted fields. Let the
transmtted electric field anplitude be Er.

(d) Solve the appropriate boundary val ue problemto obtain the
conpl ex rati os Er/ Eg and Ey/ Ep.

(e) Calculate all of the conponents of the tinme averaged
Poynting vectors for each of the incident, reflected, and

transm tted waves.

Answer ( 10. 8) .
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Vacuum X A d ass
w ~ 7
: 4 n=1.5
H= Hr 4
4 k=0
“
ZoHr 45° %
74 ™z
“
“
“
“
“
“
“

w _2p _ _ 7 1.
c-T = 4px106 rad/sec = 1.2566x107 m1;
t he conponent along x is
q= \/15 < = 0.889x107 m1;

the conponent along z is

k= g= 0.889x107 m1l,

(a)lncident Wave:

- B
o = 7,
E, = \/E% el qxe| qze-|wt
E, = - Eo ei qxei qze-iwt

=



_ Ep Liax_igz _-iwt
W—Toe e e

(b) Reflected Wave:

_ MR
R =z
igx_-iqz_-iwt
E = - 5; eque |qze iw
igx_-iqz_-iwt
E, = - 5; eque |qze iw

igx _-iqz _-iwt
Er X g™ 10z

H =z €

2 4 K2 = P
(c) In the glass g + k| ngb,

> _ 1, & 1
therefore ke, = (nz-é) S; @ Since qz—é( w/ ¢) 2,
- RO _ 7 mi
and Km= 1. 3229gb 1.6624x107 mi.

The angl e of refraction is such that Tanf= %n = 0. 534,

f= 28.13°.
ZoHr

In the gl ass ET:T:

0 igx ik -iwt
e T qemze

O |
U

30



E, = g\?vg Er el qxe| kae-IW'[
co
_ nEr jiax ikpz -iwt
H =7 €& e e :
Km _ q _
wher e nwlic - 0.882 and nwic - 0.4714.
(d) Boundary Val ue Problem
(i) Continuity of Hy:
Eo , ER _ NEr
Zo 2o Zg
(i1) Continuity of Ex:
Eo ErR _
— - ——= = (0.882) E
Therefore Eo + Er = 1.5 Et
Eo - BER = 1.247 Et
fr om whi ch E(F; = 0.0920 and Eg — 0. 7280.

(e) Time averaged Poynting Vectors.

(1) Incident Wave.

<S> = - % Real ( EZI—C)

31
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2
B
<S,> = = 9.38x10-4 Watts/n?.
S Zo2\2
B
<S,> = = 9.38x10-4 Watts/n?.
> Zo2\2
(i1) Reflected Wave.
2
R 7.94x10-6 Watts/n?
< > = = . X -
S Zo2\2
2
R 7.94x10-6 \atts/n?
<S,> = - = -7. - .
> Zo2\2

(iti1) Transmtted Wave.

2
_1 9 n_ K
<Sx> = 2n W ¢ Zp ET - ZOZV§
<S> = 4.97x10" 4 Watts/n?.
2
_ 1 km n 2 _ 4§L
<Sz>_2nW/CZO ET—1.323 270
<S,> = 9.30x10- 4 watts/n?.

Probl en{10.9). Reverse the configuration of Problen(10.8); i.e. let p-
pol ari zed radi ation be incident on a gl ass-vacuuminterface

frominside the glass. The interface is parallel with the

x-y plane and it is located at z=0: the glass is on the
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left in the half-space z<0. Let the index of the glass be

n=1.5 (the imaginary part of the index may be set equal to
zero, k=0). The vacuum wavel ength of the light is |= 0.50
mm and the angle of incidence is 45°. The nmagnetic vector
of the incident light is polarized along the y-direction.
(a) Calculate the z-conponent of the Poynting vector in the
vacuum at z=0.

(b) Calculate the anplitude of the vacuum wave at z=0 if

the incident wave electric field anplitude is Egp= 1 V/m

Answer (10.9) .

(a) The wave-vector in the glass is given by

k2 = n2 2C
)

or
k = nawg
&g
. a0
For this problen1gEEf 1.2566x107 m1

and k= 1.8849x107 m1.

The wave-vector conponent along the interface (along x) is

g = kSin45° = = 1.3328x107 m1,

Nl

On the vacuumside of the interface the fields are

proportional to

igx ikyz -iwt
g X d¥vz ¢
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2 4 K2 = WP
wher e qs + k|, = 5
therefore
K2 = &% 2 - . 0.1974x1014 m2.

v kB

Noti ce t hat ks I's negative. This neans that the square root

iS pure inmagi nary.

k= (4.443x108)i ml =ia = ig \V(n22)-1.
The wave in the vacuumis a pure exponential, it does not

oscillate in space. The fields are confined to a di stance

of the order of 1/a near the interface, i.e ~ 1 1.

In the vacuum

H, = Hr é(p(egaz élmn
where a= 4.443x106 ml. In the vacuumcurlH = -iwey E,
t herefore
: H _
-iwey B¢ = - 7%¥ =aH
iy S L AR
iwep Bz = - ‘g =1iqH,
or
_a®@ao
B = Gvegy
®q 0
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The tine averaged Poynting vector at the interface is

<S,> = % Real ( EXI—C,)
SO

20

<S> = F«ealfécéw%0 | Hrl % e 0.

N[~

There is no energy flow fromthe glass to the vacuum The

light is totally reflected.

(b) Fromthe continuity of the tangential conponents of E

and H one finds

Ho + HR = Hr

nZoHy nZpHr _ @ao

Nz V2 Swegp T T 1 0w gy

i . a 1
or I—b-l—h:ﬁl—h-, S|nceW/C:2\/§.
Consequent | y, H)o + HR = Hr

Ho - He = 3 H,
from whi ch
Hr 6

o = (3+f) = (1.80 - 0.60i) = 1.897e"if,

where f= 18.43°,

and
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EtF)% - %(34) m = (0.8 - 0.6i)= e-iq
where g= 36.87°.
HR|2

NB. || © 1 as expected.
Ho P

The electric field anplitude in the glass is given by

f Ep= 1 VVm then Hy= 3.98x10-3 Anps/m The vacuum wave

SO

anplitude is given by
Hr = (1.897€ ') Hp = 7.548x10°3 € ''  Anps/m
and

-if
Er = Zp Hr = 2. 846 e VIm where f= 18.43°.
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Probl en(10. 10). Light of wavelength = 0.50 nmfalls fromvacuumon a

pl ane gl ass interface; the angle of incidence is 60°. Let

t he pl ane of incidence be the x-z plane, and let z be
directed into the glass; the interface is |ocated at z=0.
The conpl ex index of refraction of the glass, n+ik, has
conponents n=1.5, k=0. The incident light is plane

pol ari zed but the electric vector has equal anplitudes, Ep,
for the conmponent perpendicular to the plane of incidence
(the s-polarized conponent), and for the conponent parall el
with the plane of incidence (the p-polarized conponent).
Calculate the reflected electric field anplitudes and show
that the electric field in the reflected light is plane

pol ari zed, but that the plane of polarization has been

rotated relative to that of the incident |ight.

Answer (10.10). From Snell's | aw

Sing = n Sinf

where g= 60°. Thus
Sinf = 0.5774

f = 35.26°
Cosf = 0.8165
Cosq = 1/ 2.

For the s-pol arized conponent
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_ Er _ Cosq - nCosf _
Rs = Egp ~ Cosq + nCosf ~ ~ 0. 4202.
For the p-pol arized conponent
_Hsr _ ER _ nCosq - Cosf _
Ro = Ho ~ Ep ~ nCosq + Cosf ~— ~ 0.0425.

The reflected light is polarized al nost perpendi cular to
t he pl ane of incidence. The angl e which the electric vector

makes with the plane of incidence is a, where

_0.4202 _ o
Tana = 0 0425 @ SO that a = 84.2

The anplitude of the electric vector is 0.422 Ep.

Probl en(10. 11). Light of wavelength | = 0.5145 mmfalls on a pl ane
copper interface; the conplex index of refraction for
copper, \ﬁ; = (n+i k), has conponents n=1.19, and k= 2. 60,
for a time dependence e'th. Let the copper-vacuum
interface lie in the x-y plane at z=0. The pl ane of
incidence is the x-z plane, and the angle of incidence is
60°. The incident wave is plane polarized and its electric
vector is oriented at 45° with respect to the plane of
i nci dence. Take the anplitudes of the s-polarized and p-
pol ari zed conponents to be equal to Eg. Calculate the
reflected wave electric field anplitudes and show t hat the

reflected light is elliptically polarized.
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Answer (10. 11). In the copper one has a spatial variation of the form

wher e

and

Ther ef ore

For copper

or

and

so t hat

éqx ékz

MR
2 2 = =
A+ k° =& gy

= %’9 i ° = %’9
9= &= Si n60 0. 8660 S5

2 - ] Q2
k (a 0. 75) &5
& = (n+ik)2 = (n2-k2) + 2nik,

& = -5.34 +i6. 19,

, R/02
2 = (-6. + . +
k (-6.09 +i6 19)&;2;
2 - i 134.5° aw(2
k 8.686 e Sg
if a0

k = 2.947 e %55 where f= 67.27°.

This can be witten

k = (ng + ikg(g) where ng= 1.139

ke= 2. 718.
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For the s-polarized wave

Er _ Cosq - (ngtikeg) _ -i162. 14°
For the p-polarized wave
Hr _ &Cosq - (nqgtiKkg) - 0.637 ei 69. 59°

Ho = & Cosg + (ngti ko)

The refl ected waves can be described at z=0 by

Si (wt +162. 14°
Ey = 0.880 Ep € ( )

and Ec = - 0.637 B e (W169.59°)

or

-i (wt +110. 41°)
Ex: )

0.637 Ep €
where the x' refers to a co-ordinate systemin which the
X'-axis lies in the plane perpendicular to the reflected
wave wave-vect or.

These expressi ons nean

Ex: = 0.637 Ep Cos(wt+110.41°)

Ey = 0.880 Ep Cos(wt+162.14°).
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The phase shift between these two conponents is

f= 162.14 - 110.41 = 51.73°
Shift the zero of tinme so as to nake the conponent Eyx vary

as Coswt :

Ex' = a. COSVVt

Ey = b Cos(wt+51.73°),

where a= 0.637Eyg and b= 0.880Ep. These rel ations are
plotted below for Ep= 1 V/m

Refl ect ed Li ght

1 T T T T T T T T T T
: ..““.....«\
0.5 [ = i
- ;
[ & g
! a
0.5 | {
[ K-M“’. -~
1 — .

-1 -0.5 0 05 E 1
X

This ellipse can be put in standard formby a co-ordinate

rotation through the angle q
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Ex = ECosq + E/Sinq

En

- ExSing + E/Cosq.

Using these relations the electric field conponents in the

rotated franme can be witten:

Ex = 0.637CosqCoswt + 0.5451Si ngCoswt - 0. 6909Si ngSi nwt

En = -0.637Si ngCoswt + 0.5451CosqCoswt - 0.6909CosqSi nwt .

These have the form

Ex = A Cos(wt+a) = Acosacoswt - Asinasinwt

wher e

ACosa = 0.637Cosq + 0.5451Si nq

ASi na

0. 6909Si nq

and

En = B Sin(wt+a) = cosasinwt + Sinacoswt

wher e
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BCosa - 0. 6909C0sq

BSi na

0. 5451cosq - 0. 637si naq.
These give two expressions for Tana whi ch when equat ed
provi de an equation for the angle of rotation q.

0.637Sinq - 0.5451Cosq _ 0. 6909Si nq
0. 6909Cosq ~ 0.637Cosq + 0.5451Si nq

Solutions are g= -31.01° and g= 58.98°. Use g= -31.01°

so that Cosg= 0.857, Sing= - 0.515.

These can be used to wite

Ex = 0.265Coswt + 0.356Si nwt = 0.444 Cos(wt-53.3°)

Eh = 0.796Coswt - 0.592Sinwt = - 0.992 Sin(wt-53.3°).

The light is elliptically polarized. The ratio of the major
to the mnor axes of the ellipse is 2.23, and one of the
principle axes of the ellipse is rotated 31° fromthe pl ane
of incidence of the light. The electric vector is rotating
count er-cl ockwi se when viewed | ooking into the reflected

beam al ong the +z direction.
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Probl en{10. 12) .

Consider a block of dielectric material of thickness d

i mMmersed in vacuum A wave having an anplitude Ey is

i ncident on the block as shown: the angle of incidence is ¢

= 0.
X
A
AEo Mo, e
—|—>
AET
AFR | -
-
>z

— (| —

z=0 z=d

Cal cul ate the anplitudes of the reflected and transmtted

waves Egr, Er.

H NT: Inside the dielectric block there is both a forward
and a backward noving wave: ie. in the block
E = a e|[kmz - wt + b e-|[knz + wt |

One nust satisfy boundary conditions at both z = 0 and at z =

d.
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Answer ( 10. 12) .

2
In the dielectric block ki = & (%’)

\ km=(n+ik)(3) if e is conplex.

W require curl E = iwy H

\ since there is only an x-conponent of E

iwuol—l),:%:ikm[ aei[kmz -l be-i[kmz +Wt]]

| nci dent \Wave:

EX:EOei[W/cz-wt]
H),=§gel[W/CZ_Wt]
Refl ected Wave:
EX:ERe-i[W/cz+vvt]
Hy:_?je-i[wlcz+vvt]
Boundary Conditions at z = 0
(1) Continuity of Ex Ec + ER=a+b (1)
(2) Continuity of Hy Eg-z:\?\g;‘[a-b]
or Eo - Er = S [a - b] (2)

Now at z = d one can wite the transmtted fields as

EX:Erei[wlc(z-d)-vvt]
Er i[wc (z - d - wt]

H =7 e

\'at z=d E =E and H = E/Z,

But in the dielectric at z = d one has

Ex:( aeikrrd+be-iknrd) e-ivvt



By (o )

Therefore fromcontinuity of Ex one obtains

I kmd -i kmd

and fromcontinuity of H,

ck i knd - i knd E
rig(ae - be ) :T-IO-
or
I kmd I kmd )
ae b e = (64}? Er

From (3) and (4) one has

a elkmd - p e-ikmd = (%) [ a eikm + b eikm]

(e

\ b _ g2i kmd [ Ckn>]

a 1

and from (1) and (2)

26, =a{[1+ (k)] +[1-(C\,lf,m)](g)}

or

2( 1+ E%E)

a _
= [ ( 2+ ck

m

W)+ (2 g - Sm) exiin]

(3)

(4)

46



2(1_ Ciokjm) e2i kmd

b
Eo [(2+00k3m+00k3rn)+(2_c‘l*(’m_00‘§m) eZikmd]

- [ (o) - (] [2- eoiem]

EO_[(2+Cc|:)m+C(Il()m) +(20(l*<’m(30k)m) ezikmd]

Er .
(2l v v (2o 2 k) eaikm]

If ¢ is real k;m = nw/c and

(ER) _ (1_n2)[1_ezikrrd]

K [(n+1)2-(n-1)2e2ikmj]
(E) =[(n+1)2- (n-1)2 ezikmd]

The above two equations are oscillatory functions of the

wavel engt h.

if 2kpd = 2p, 4p, 6p, etc.

t hen E(F::O

I
I+
|_\

&

If 2knd = p, 3p, 5p, etc.

Er _ (1 - n?)

t hen E - (1+n2) i.e. a maxi mum

47
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Er _ £2ni
% (2 + 1)

The variation with frequency of the reflectivity and the
transm ssion coefficient are plotted bel ow for a real

dielectric constant = 2.25 (n= 1.5).

Real Part of the Reflectivity REB

g . n=1. E
R\VAVAVAYAVS

O 2 4 6 8 10 12 14 16
1. 5(wd/c) =knd



| m{ B~/ Eo)

| magi nary Part of the ReflectivityrEE

1

n=1.

-0.5

o\

\V

Absol ute Val ue of the ReflectivityrEB

0.5

0.25

2 4

6

8

10 12 14 16
1.5(wd/c)= knd

n=1.

n

[\

\/

\

8

10 12 14 16
1. 5(wd/ c)

kedl
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N
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|
\ /]
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0.92
0.9
O 2 4 6 8 10 12 14
k d
m

Probl en{10.13). Let a nmaterial be described by electric and

magnetic |inear response: i.e.
D =¢w E
and
B=mMw H

where both € w) and mM{w) are conpl ex nunbers. These are

usual ly witten

ew) =& =€ +ie
and

mw) =mm =m + m .
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For a tine dependence eIWt the imagi nary parts of the

response functions, €(w) and np(w), are greater than zero.

(a) According to Poynting's theoremthe rate of increase of

energy stored in the fields is given by

Show that for a tine dependence élWt the imagi nary parts

of € and mMnust be greater than zero for any finite

frequency. This conclusion follows fromthe restriction

that the tinme average of g%vnust be greater than or equal

to zero according to the second | aw of thernodynam cs.

(b) Show that for a tinme dependence eIWt a pl ane wave

solution of Maxwell's equations can be found in the form

o (Knz-wt)

EX:EO (1)

Hy = Km g d , (2)

wher e k

and km = \J&m g’%o (l\H—iK)%%, where K>0
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for a wave danped towards the interior of a sem-infinite

sl ab.

(c) Calculate the tinme averaged val ue of the Poynting
vector corresponding to the fields of eqgns. (1) and (2).

Show t hat

<> = 5 (TR g2 g

2c (nfng

2Kk )z (3)

Notice that for a passive nmedium <S,;> nust be greater than,
or equal, to zero; this neans that (NM+Knm)3 0. For a non-
magnetic material m= Ny and M=0; thus for a non-magnetic

material eqn.(3) states that n3® 0 (for this case Ne=n).

(d) Calculate the tinme averaged energy densities

corresponding to the waves of eqns.(1) and (2). Show that

gezgz IE0I2-2K( )Z (4)

<W> =

N \

and

1

<W> = R9a|g 5 % 2K( )Z

%nf %NZ+K2)|E0|2e (5)

Expressions (4) and (5) do not appear to have much in

2K( )

common except the factor | Ep|?2 e However, fromthe

definition
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(er+i &) (M+inp) ° (N+iK)2epny

pl us sone tedious algebra, it can be shown that

N2-K2)m + 2NKH}Q

%
e = T ey, (6)
£ (nfend)
and )
ezngKm' (- KO MY o, (7)
(Mg
These can be used to wite
.. WwW.
(nf+ng) 3

(e) Calculate the total tinme averaged energy density
associated with the electric and magnetic fields of
eqns. (1) and (2). Show that since <W = <W> + <W8> it

foll ows that

_ @M N(NM+K) [ 2Kz

| Eol 2 €
2 (nf+nd)

<W&

(9)

If this energy density is to be non-negative, it follows
fromeqn.(3) for <S,> which nust be greater than or equal
to zero, that Ne0O. By conparison of eqns.(3) and (9) one

finds al so that
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<S,> = g&g <W\b.

| know of no fundamental m croscopic reason why the rea
part of the index of refraction should be confined to
positive values. It is true, however, that for the netals
that | have checked, Fe, Co, N, Cu, Ag, Au, and A, the real
part of the index of refraction, n, is greater than zero
over the energy range 0.1 to 100 eV. For exanpl e,

(i) Qu: nis amninumat 1.80 eV where n=0.21 and k=4. 25;
the index then increases with energy but becones |ess than
1 for energies greater than 9.0 eV.

(i1) Ag: nis amninumat 3.5 eV where n=0.21 and k=1. 42,
the index then increases with energy and becones again | ess
than 1 for energies greater than 25 eV.

(iii) Au: nis a mninmnumat 1.40 eV where n=0.08 and
k=5.44; the index then increases with energy but becones
less than 1 for energies greater than 22 eV.

(iv) Al: nis a mnimumat 12.0 eV where n=0.033 and
k=5.44; the index then increases with energy but drops

below 1 for energies greater than 95 eV.

Answer ( 10. 13) .
(a) Let B = By '™ = By Coswt

t hen D = (e+ie) Ep 6 ™

or



Dy = e EpCoswt + &EpSi nwt .

aVve = EX%—?( = EgCoswt ( - eWEgSi nwt  + eszOCoswt) ,

AV = weiE2 SinwtCoswt + WesE2 CosZwt.

d 5
Therefore <dit\é> = wez7 .

. dW¢ o
It follows that if <dt > 30 then &30 for any finite
frequency.
o -iwt
Simlarly, H =H e = H Coswt,

and By= mH, = mH Coswt + MpHy Si nwt

%& = wHy (-mLSi nwt + n‘gcoswt),

therefore

%Lt\é _ WH(% (-m_Si nwt Coswt + I’TtCOSZWt) ,
and

dv H

It follows that if <%Lt\é> 30 then m30 for any finite

frequency.

56
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(b) Maxwel|l's equations for a tine dependence eIWt can be

witten

curlE = iwnmH=iwmny H (i)

curlH=-iwe E =-iwege E (i)
where from (i) divH=0 and from (ii) di vE=0O because the
di vergence of any curl nust vanish. The fields E H

therefore satisfy

N2E = - em &F E
N2H = - em ggz H.

Let E be polarized along x and H be pol arized along y. Then

pl ane wave sol utions of the above equations are

E = E g (Knz-wt)
and
H = kb g (Knz-wt)
or
H = %nEO ei(k”Z'Wt) , fromegn. (i),

2 _ 2
wher e km—am gé’
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or Km = (N K) g’g
wher e I\HiK:\/e(m .

It is necessary to use the branch of the square root for
whi ch K30, since this branch corresponds to a di sturbance

whi ch dies away with increasing z.

<S,> = % Real ( Exr(/) ,

L E ke K oo ik
<s,> :2% Realgwumr%wny) B2 62K 22
1 (NM+KNY) _2K(D) 7
<§>=5. 5 |EBl2e” "¢
(nf+ng)
(d)  <w> = <> =7 Real (D) , or
e i _ . i * _ O
<V\é>:%Rea|gEoel(ka VVt) (e]_'lez) Eoel(kmz VVt) B
=S . * 0
> = 1 Real Yer-iey) B2 &LKTHM7G

But (km - k;) = 2i K%%, therefore
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Q1O

But = (N2 + KZ)%E‘

and mi = (nf + ni)

so t hat
1 M(Ne+K2)

4¢c? ( n«i+n§)

| Eo| 2 e2K()z

<W> =

where c2 = 1/ ghy.

(e) Just add together <W> and <Ws> and use eqn. (6) above

to get

_ €Ny NCNM+KIp)

T (e

2K()z

|Eol2 € (9)

Probl en{10. 14). Radi ation having a frequency of 1 M&z falls at nornal
i nci dence from vacuum upon a thick copper sheet. The copper

sheet is parallel with the x-y plane and the surface of the
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sheet lies at z=0. The resistivity of copper is r= 2.0x10-8

Ohmneters at roomtenperature.

(a) How nuch energy is absorbed per square neter by the
copper sheet if the electric field strength in the incident
wave is 1 V/n®

(b) What will be the energy absorbed per n? if the incident
radiation falls on the surface at an angle of incidence of

45°7? Let the incident radiation be p-polarized.

Answer ( 10. 14) .

X
-

Copper

AT NN

In the netal
curlE = iwmp H
curlH=s E
divE = 0
divH = 0
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t herefore

curlcurlH = iwsnpy H,
and curlcurl E = iwsny E,
wher e

kﬁ]: I wsnp,
or
km = A" (1+) = (1)

Al so % = iwm H,
or

BNHO

.
== kg v " fep e o) A

For this problem w= 2px106 radi ans/ sec
o =0.0209 /m
d= - 0.71x10°4 m= 71 nmm
\/ Wips
and de = 1.49x10- 6.

In the incident wave Egp= 1 V/m and Hy= Eg = 2.65x10-3

Anps/ m
Just inside the netal surface Hr= 2Hy= 5.31x10-3 Anps/m

Ther ef or e Ex = (1.49x10-6) (377) {131) (5. 31x10-9)

Ex = (1.49x10-6)(1-i) V/m

<S>
<S>

3 Real (H/E))
Real ( (2. 65x10-3) (1. 49x10-6) (1+i))
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<Sy> = 3.95x10- 9 watts/n?.

(b) The incident wave is given by

igx _ikz _-iwt
> e e

o= e
ZoHy . iax _ikz _-iwt

Ex = —= € e e

N2

E, = - Z\(;El—b eiqx eikz e-iwt

The refl ected wave i s given by

Hyque-ikz e-iwt
ZoHr .ioax _-ikz _-iwt
Ex = - —(= € e e
g V2
ZoHr .ioax _-ikz _-iwt
E, =- —(—=— ¢ e e
‘ V2
In the netal -N2H = iwsny H
therefore
q2 + ki = iwsny
i -7 6
5 2 _ i (4px10-7) (2px10°) _ . 8
9% + ki 2x10- 8 3. 95i x108 / n?
and
w
= —= =0.0148 / i.e. g2 = 2.18x10° 4/ n?.
q 2 m q
In other words, g2 is conpletely negligible conpared with
kﬁf This is, for all intents and purposes, the sane probl em

as part (a). The energy absorbed fromthe incident wave

will be 3.95x10-9 watts/n?. For conpl eteness, if



=

n

Hr eiax eik,z & then Ey

2/ Zg, and Zp= chy.
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Km Hr eiax eik.z where



