CHAPTER 12 PROBLEMS and SCLUTI ONS

Probl en(12.1). Mcrowave power of 1 Watt at a frequency of 24 GHz is
transmtted through a piece of rectangul ar wavegui de whose
inside dinmensions are 1 cmx 0.5 cm Let the z-axis lie parall el
with the wavegui de axis, and |l et the m crowaves be propagating
inthe +z direction. Use €& € and N m,.

(a) Wite expressions for the electric and magnetic fields in
the waveguide if the tine variation is éi

(b) Calculate the anplitudes of the electric and nagnetic field
conponents.

(c) Calculate the tinme-averaged energy density contained in the
fields.

(d) Wth what velocity is the above energy density transported
al ong the wavegui de?

(e) Show that the magnetic field vector rotates with tine at

poi nts which are part way across the width of the wavegui de.
Show that for points near x=a/4 the rotation is cl ockwi se when
viewed froma point on the plus y-axis and | ooking towards the
x-z plane, whereas the rortation is counter-clockw se near

x=3al 4.



Answer (12.1).
(a) For a frequency F= 24 GHz, w= 2pF= 1.508x1011

radi ans/ sec. For the TEjp node (all other nodes are cut-off)

= B Sin(g) d (kgz-ot)

where the wavegui de walls are at x=0,a and at y=0,b: there is
no spatial variation along the narrow di nensi on of the guide.

The field conponents nust satisfy the wave equation: in

particul ar,
_ 1°Ey
N2E, = ey Q2
from whi ch
G2
+ k
%g T &
For the present case,g = 314.2 ml
w
wo_ 1
c 502.7 m
so that

kg = 392.4 m1l
Fromcurl E= i wnpH, using the fact that E has only a y-

conponent, one finds
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4o e s g 4o



: _ 15, _ a®0 pXx, 1 (kgz-wt)
and i wnpH; X g Eo Cos( a) e ,
or
_-im X, 1(Kgz-wt)
HZ—MOaEOOos(a)e :
&w o
Note that Ey= - Zg Hc where Zg = - %ERQB Zo , and
Zo= hpc= 377 Chns.
(b) S; = - EyH¢ Watts/n?.

_ 1 *) _ 1 |Ep? o o PX
<SZ>_'§ ReaI(EyI—L() —i |Zg| Slnz(?.

The average across the guide is given by

where Eg is the electric field anplitude. Now Zg =

®eW 0 _ _
ZO%EREB = 482.9 Ohns, and <<Sy>>ab= 1 Watt,

therefore <<S,>> = 2x104 Watts/ n¥,

so thatEg = 6216 Volts/nmeter, or 31.1 Volts across the
narrow di mensi on of the wavegui de. The x-conponent of the

magnetic field anplitude is | Hy| = 12.87 Amps/m The anplitude
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of the |ongitudinal magnetic field conponent is | H|= 10.31

Anps/ m

(c) The tinme-averaged energy density contained in the fields

is given by

<V$:<Q)E§/2>+<nbk§/2>+<nbk|§/2>,

or

2 .
Si n2( px/
_ @ESin(px/a)

<Wp 4

&2 2 0
L 2 g n2(px/a) + P 2 Cbsz(px/a);

Aver aged over the guide cross-section, this expression gives

[,

<W> = g Joul es/ n¥® = 85.4x10°6 J/ nd.

(d) The group velocity is the rate of energy transport down

t he gui de;

<<G>> = Vg <<Wb>,

It follows fromthis that

Kk

=c (ﬁf%j': 0.781 ¢ = 2.34x108 nisec.

Vg

The group velocity is also given by Vg = %&; .



- kg Ep siwt
= = —
(e) Near x=a/l4 Hy mw 2 e
_p Ep -(iwt- p/2)
H = M/Q§ e ,
. -kg Eo
- -7 =
therefore if Hy mow |3 Coswt ,
t hen
N
= amw «/‘ Si nwt.

These expressions describe an elliptically polarized wave

(nearly circularly polarized because (Bf%7 = 1.25) rotating
inthe direction fromz to -x, i.e. clockw se | ooking from +y
towards the x-z pl ane.
Simlarly, near x=3a/4 Hy = - A%L 59 Coswt , and

H, :an'%w\/E% Si nwt

corresponding to a counter-clockw se rotation | ooking from +y

towards the xz pl ane.

Probl en(12.2). An attenpt is nmade to propagate a 10 GHz m crowave
signal along a rectangular air-filled wavegui de whose internal
dimensions are 1 cmx 0.50 cm Use € and nmy for the dielectric
constant and the perneability.

(a) Wite expressions for the electric and nagnetic fields
associ ated with the non-propagati ng TE;jg node.
(b) Over what distance is the anplitude of the mcrowave fields

attenuated by 1/e?
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(c) Calculate the z-conponent of the Poynting vector and show

that it corresponds to a periodic flow of energy across the

wavegui de section whose time average i s zero.

Answer (12. 2) .
(a) F= 10 GHz w= 6.28x1010 rad./sec. va = 2.094x102 m1.
P = 3.141x102 m1,
2 PR 02
For the TE k2 + &2 = &=
or the 10 hode 9 gg gﬂ ,
f r om whi ch ki = -5.4831x104, and kg= #i 2.342x102 m1,
a pure inmaginary nunber. Let kg= ia.
. - -1 mt
E = B Sun(%) e*¢g'?®
o . mX, -oaz -iot
H"_'mTLoEOS'n(?)e e
. & T 9§ X, -oaz -iowt
= - | = Cos(—-) e e )
H, S onios B0 Q0s()
1 10-2

(b) The attenuation length is 3 =575, = 4. 27x10-3 neters, or

1/a = 4.27 mm

(c) S; = - EyHx, where for this problem



E = B sin() €% coswt,

and
®a § . pX, -az _
= - = Sin(*;) e Si nwt .
Hy Svmyg © SIn(3)
_ _a 2 o px, -2az _.

Therefore, S; = - EjH = W E; Si nz(z) e Si nwt Coswt
or S; = 1.483x10°3 E2 Sin2(%) 6 %% g oot

since Si nwt Coswt = Si n2wt .

N[~



Probl en{12. 3).

(a) Design a rectangular air-filled cavity to operate at 24 G&
in the TEip3z node. The cavity is to be constructed froma |ength
of rectangul ar wavegui de whose internal dinmensions are 1 x 0.50
cm Use € and npy for the dielectric constant and the
permeability.

(b) Wite expressions for the fields in the cavity at resonance.

Answer (12. 3) .
(a) At 24 GHz w= 1.508x1011 rad./sec %!: 502.7 m1l,

For the TEip node the gui de wave- nunber can be cal cul ated from

k

e P
2 2

2

g

where a= 0.01 mis the broad di nension of the guide:
kg = 3.925x102 m1.

The gui de wavel ength is | g= 2p/kg = 1.60x102 m = 1.60 cm

The length of the cavity should be L= §%9 for the TEjp3z node;

L = 2.40x1002 m = 2.40 cm



(b) For the forward propagati ng wave and a TE;g node

- B sin(%) d¥07 '™,

For the backward propagati ng wave

EoS|n( ) |kgz e—ivvt.

In the cavity one nust set up a standing wave al ong z which has

I .
nodes at z=0 and at z= L= 3% . e.

Ey = B Si n(—) Sin ( ) Cosmt .

Fromthis electric field one can calculate the other field

conmponents using curl E= - m)m_l . For the TEjp node the electric

field has only one conmponent, E;, and
By _ pp Tk
ﬂZ - m) ﬂt (1)

W= m (2)

From (1)
aen:o
—fegu— EoS|n()Oo(L)S|noot
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From (2)
_ &1 ¢ a0 X, o . NTZ ,
H = %ng& Q)S(a) Sln(—l_) Si nomt .

For resonance kg: 31/2 and therefore L= 2.40 cm

Probl en(12.4). A rectangul ar waveguide is filled with materi al

characterized by a relative dielectric constant €= 9.00. The

i nsi de di mensi ons of the waveguide are a= 1 cm b= 0.50 cm

(a) Over what frequency interval would this guide support only
t he TE1jp node?

(b) Calculate the time-averaged energy density for the TEjig
node, and average the resulting expression over the guide cross-
section. Let the anplitude of the electric field be E, = Ep.
(c) Calculate the tinme-averaged val ue of the Poynting vector,
and average the resulting expression over the guide cross-
section. Let the anplitude of the electric field be E, = Ep.
(d) A signal having an average power of 1 Watt is transmtted
down the guide at a frequency of 7.5 GHz. Calculate (i) the
wavel ength along the guide, |4, (ii) the ratio of the guide
wavel ength to the free space wavel ength for a 7.5 Gz pl ane
wave; (iii) the group velocity, i.e. the velocity with which
information can be transmtted down the guide; (iv) the

anplitude of the electric field.
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Answer (12. 4) .

(a) For the TEpg node the fields have the form

: o pXy d (kgz-wt)
Ey—EoS|n(a) e )
X, 1(kgz-wt
o= - Ehel g siny ™),
@i o o i (Kgz-wt)
= - C:OS e ’
e = - G i 0 @s(a)
2amy = K2 4 PP
wher e WZEI kg +gz
e _ 2 PR
or & &5 Kot &y
If a= 1 cm= 0.01 m g?z = 9.870x104 m2.
a
_ 0 awo_ p
The cut-off frequency corresponds to kg= 0O; i.e. erg;f a At
cut-of f o = 31%2 = 1047 m1,
Ver
or F = 5.00 Gt.

For the higher order nodes, cut-off corresponds to the condition

kg= 0, so that



12

wher e P=3142m1 and | =628.4 ml
For m~0 n=1 Fo1 = 10.00 G+

m=1l n=1 Fi1 = 11.18 Chz

mel n=2 Fi1o = 20.62 GHz

m=2 n=0 Foo = 10. 00 GHz.

Thi s wavegui de wi ||l support only the TEjg node for frequencies

in the interval 5.00 to 10.00 GHz.

(b) The tine-averaged energy density is given by

<W = <eE§/2> + <nbkﬁ/2> + <an§/2>,

e = D2 g () +
1 2 22 o oy PX 1 P& 2 2 PX
+4an2 kgEOS'n(a)+4m)W2gb By Cosa(73)-

Take the spatial average over the cross-section of the

wavegui de:
1 BDRED 90E<2>
_ 2 0200 Vo
<<Wt> = ga + mﬂebnb % g + %aggﬁ 8 )
<<Wb> = EZfO Eg Joul es/ n?.
(C) SZ - - Eyl_i)(1
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The average over the x co-ordinate gives

k 2
_ kg
<<S, >> Zoli E, Watts/n?.

(d) The group velocity is such that <<§;>>= Vg <<Ws>, therefore

c kg O

VoS g Ewo)ge

At 7.5 Gtz ko = = 157.1 m1l, and the free space wavel ength

ols

is lp=4.00 cm The wavegui de wave-vector is given by

2 _ 2 8992 — 4
kg = 9k0 gb = 12. 337x104,

and

3.513x102 m1,

Kg

Fromthis, the guide wavelength is

: _2m
(1) Ag = RE = 1.788 cm and
(i) hg 0. 447,
Ao
(iii) Vg = % g?:g%ig = 0. 745x108 net ers/ sec.

(iv) <<S;>> :Ai%g— Eg = £B = 2x104 Watts/ n?.
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(V\ii/gc) (377) ( 2X104) = 1. 349)(107,

Fromthis ES = 4

so that Eg

3673 Vol ts/ m

Problen(12.5). It is desired to construct a cylindrical air-filled
cavity which will resonate at 10 GHz in the TEps doughnut node
(this is a very low |l oss node which is often used to construct
frequency neters). If the radius of the cavity is chosen to be

R= 2.50 cm how | ong should the cavity be nade?

Answer (12.5). For the TEp; node the tangential conponent of the
electric field, Eg is proportional to the Bessel function

Jo(ker)= - Ji(ker) where

2 _ a2
kc—erga kg,
see eqn. (10. 90b).
The conponent Eg nust be zero at the waveguide wall in order

that the tangential conponent of the electric field be zero:

J1(keR) = 0,
or kcR = 3.8317 for the | owest node.
Thus ke = 3.832 _ 153.3 m1l.

0.025 ~
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For an air-filled waveguide =1, so

k2 = 2.0373x104 m2 since ¥ = 209.44 ml at 10 GHz.

g C
Consequently, kg = 142.7 m1 and the guide wavel ength is
2 . :
l g :AEE = 4.40 cm But Eqg nust vanish at the cavity end walls
g

and therefore Eq nust be proportional to Sin(Egz). Thus kg = %?

and the cavity length nust be an integral nunber of half-

wavel engt hs I ong. A conveni ent choice would be L= 4.40 cm



