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SOME MODELS OF PHYLOGENETIC TREE SHAPE

Arne Ø. Mooers, Luke J. Harmon, Michael G.B. Blum, Dennis H.J. Wong and
Stephen B. Heard

Abstract

As products of diversifying evolution, phylogenetic trees retain signatures of
the evolutionary events and mechanisms that gave rise to them. Researchers
have used a variety of theoretical models to represent different hypotheses about
how diversification might proceed through the evolution of a clade. We outline
two widely-used measures of phylogenetic tree shape, review a number of tree-
generating models, and set out the predictions they make about tree shapes.
The simplest of these models (the “Yule” and “Hey” models) are still used rou-
tinely, sometimes as if they provided good representations of diversification in
Nature; but in fact, they do rather poorly when confronted with real data. More
complex models that incorporate hypothesized macroevolutionary processes can
in some cases provide a better fit to real data. We recommend further develop-
ment of these more complex models - for instance, exploration of models that
treat species as collections of individuals rather than as simple lineages. Much
work remains to be done in estimating trees (especially waiting times), in ex-
ploring tree-generating models and in assessing patterns in the shapes of real
phylogenies.

6.1 Introduction

Phylogenetic trees represent the evolutionary histories of lineages and so bear the
impression of the evolutionary forces that gave rise to those lineages. Advances
in molecular and computational techniques continually increase the number and
size of our phylogenetic estimates. In the 1990’s, both we [41] and Purvis [52]
surveyed the two main aspects of phylogenetic tree pattern: variation in realized
diversification rate among contemporaneous lineages, and changes in realized
diversification rates through time. The techniques highlighted in these reviews
have been used very successfully (see, e.g. [4, 10,11,62,63]).

In parallel, researchers have continued to present generating process models
for phylogenetic trees, in the hopes of being able to compare these with the
real things. We offer a biological perspective on some of these models here. Our
general thesis is that these models should do more than mimic reasonable tree
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shapes: they should offer clear hypotheses that can be tested with the data as
they become available. It is likely that real trees will be shaped by many factors
and so these models should not be seen as mutually exclusive. All the models
we survey are extensions of the simple birth-death process, in that evolving
lineages have defined probabilities per unit time of giving birth to new lineages
(causing a bifurcation) or terminating, and differ only in how these probabilities
are assigned. We try to consider the strengths and problems of the models we
survey and direct readers to some that we feel might show promise.

6.2 Background

We use the term tree shape to refer generically to both the distribution of sizes
of the groups defined by nodes (called ‘clades’ by evolutionary biologists) and
the distribution of edge weights (called ‘branch lengths’ by evolutionary biolo-
gists) on a directional bifurcating acyclic graph (Fig. 6.1). Our choice of graph
structure is motivated by the fact that evolution is directional and primarily di-
versifying, and that events leading to multifurcations (i.e. vertices of degree > 3)
are rare [29]. We recognize that our formulation overlooks other interesting graph
structures relevant to evolution (e.g. cycles produced by recombination in gene
trees or by hybrid species formation in species trees; uncertainty expressed in
unrooted trees or in graphs with multifurcations). We further restrict ourselves
to ultrametric trees, and refer to edge lengths and waiting times using time units.
This is because we are interested in the actual diversification process through
time, rather than in the inference process. This glosses over some painful facts -
very few inferred trees have a robust timeline, and rooting trees is very difficult.

We concentrate on two aspects of tree shape. The first is the variation in
subgroup size, captured very efficiently (see [2,36]) by Colless’ measure of imbal-
ance [9,23]. Colless’ index Ic considers the number of leaves in the two partitions
defined by each internal node (L and R) and is the sum of |L − R| over all the
n − 1 nodes in the tree, often normalized by the maximum possible value for
a tree of size n (Fig. 6.1). Besides being the most commonly-used metric for
bifurcating trees, it has a clear biological interpretation as an average measure
of the realized differences in diversification rate of sister groups. Though E(Ic)
scales with n [23,58], its distribution has been characterized under the pure birth
model [5]. Ic also has the property of being most sensitive to variation in clade
size nearest the root of the tree [2, 23].

The second aspect of tree shape is a measure of the distribution of nodes
from the root to the leaves, or ‘waiting times’ (Fig.6.1), as captured in lineage-
through-time plots [46, 47]. Indices designed to summarize nodal distribution
include stemminess [59] and γ [53] (or the closely related δ [54]). We return to
these measures below.

As summary statistics, Ic and γ (or δ) do not capture all the variation within a
sample of rooted trees [36]: for instance, two trees of size n with different topolo-
gies can nevertheless share the same Ic score [58]. They do, however, capture
both differences in diversification rate among contemporaneous clades (Ic) and
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Fig. 6.1. A simple bifurcating tree highlighting the measures taken to summa-
rize topology and waiting times. The sum of |L−R| is used to give a measure
of tree balance, while the waiting times g are used to create a measure of the
relative placement of nodes between the root and the tips.

differences in diversification rate as one proceeds through time (γ). Importantly,
the two axes are not expected to vary independently [2, 41, 17]; unfortunately,
there is still little work that considers how reasonable diversification processes
affect both aspects simultaneously.

6.3 Yule and Hey models

The simplest possible model of diversification also has the oldest pedigree, devel-
oping from a simple model of diversification presented in 1924 [77]. Though the
original model had two parameters (one for the birth of species within genera
and one for the birth of genera), the “Yule Process” refers to a model where
there is no death, and diversification is modeled as a Markov process with a
single parameter λ, the instantaneous rate of birth [3]. The parameter λ can be
thought of as the average number of speciation events that occur in one lineage
per unit of time. The topologies of trees produced by this pure birth model can be
described recursively. At a node that subtends n species, the number of species
of the “left” subtree is chosen uniformly over {1, . . . , n − 1} and this process is
continued in the left and right subtrees until the tips are reached [21, 70]. Blum
and colleagues [5] have recently derived the asymptotic distribution of Ic un-
der this model. The times during which there are i lineages, in the Yule model,
are exponential random variables with parameter λi [28,47] and the conditional
probability distributions of the branching times given that n lineages are found
after t units of time can be found in [44] and [76]. Pybus and Harvey [53] took
advantage of constant λ to produce a standardized statistic γ such that γ > 0
with an increasing λ from the root to the tips, and γ < 0 with a slowdown in
diversification through time.
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The expression for γ is obtained after modifications of a test statistic introduced
by Cox [12] in the context of Poisson processes (see Appendix).

The Yule model was extended to include a constant death rate (µ) by Raup
and colleagues in the early 1970’s [56]. Because the rates are invariant across
lineages, this addition does not change the expected distribution of topologies.
However, because we will now sample lineages in the present time that are des-
tined to go extinct [22], there are “too many” lineages near the present, and
γ > 0.

Another simple model for generating tree shapes was presented by Hey [28].
This model assumes that the total number of species N is fixed and that each
lineage bifurcates at rate λN . More precisely, the time before speciation in each
lineage is an exponential random variable with parameter λN . Furthermore, at
each speciation event a lineage chosen uniformly among all lineages goes extinct,
insuring that the total number of species remains constant. The same model is
known in population genetics as the Moran model [42] [13, page 18-23]. What
is usually called the Hey model, though, is not the forward-in-time model that
is described above but the backward-in-time model that corresponds to the ge-
nealogy of n species sampled among the N extant species. Therefore it should
be emphasized that Yule trees describe the genealogies of entire monophyletic
groups whereas Hey trees describe, within a monophyletic group, the genealogies
of samples of species (n ≤ N). The genealogy in the Hey model is equivalent to
a well-characterized model known in population genetics as the coalescent [27]
[Felsenstein, this volume]. The topology of the Hey (coalescent) process is simply
described as follows: starting with n lineages, two pairs of lineages are chosen
uniformly among all the possible pairs to coalesce and this coalescence process
is continued until there is only one remaining lineage. The topologies of the Hey
trees (and so its measure, Ic) are distributed identically to the topologies of the
Yule trees [47] . In the Hey model, the time during which there are exactly i lin-
eages is an exponential random variable with parameter λi(i − 1) [28, 47]. Note
that the expected values of coalescence times 1/i(i − 1) (when λ = 1 as it is
usually assumed in the Moran model) in the Hey model differ by a factor 2 to
the expected values of coalescence times 2/i(i − 1) in the coalescent model as it
is usually used in population genetics [13, page 23]. Under the Hey model, the
statistic γ is expected to be large, with more nodes found nearer the leaves than
under the Yule model. Pybus and colleagues [54] took advantage of the known
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waiting times for events under the coalescent to produce a new standardized
measure denoted δ

δ =
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The expression of δ given by Pybus et al. [54, equation (6.2)] results from our
equation (6.2) after dividing the numerator and the denominator of our equa-
tion (6.2) by 2. The derivation of the statistic δ is given in the Appendix. We
note that Pybus did not apply δ to species trees.

Importantly, both these models do a remarkably poor job of capturing the
distribution of tree shapes reported in the literature [41, 2, 6, 30, 69]: published
trees are much more imbalanced (have higher Ic values) than expected. This is
an important and perhaps still underappreciated finding: if our published trees
are unbiased with respect to shape, there are strong macroevolutionary forces at
work that demand explanation. However, perhaps because of their convenience,
these null models are still often used either explicitly [45, 44, 78] or implicitly
(see, e.g. [7]).

6.4 λ = function(trait)

The core assumption of the models presented above, that all species have equal
speciation rates at a given time, is an assumption that most evolutionary ecolo-
gists would always have rejected. Instead, at least since Darwin’s time, an enor-
mous amount of attention has been paid to the notion that some lineages might
experience higher speciation rates (or lower extinction rates) than others, either
due to intrinsic properties of the species, extrinsic factors having to do with the
environment, or the interaction of the two [43, 25, 62]. Differences in diversifica-
tion rates among related lineages have in fact been documented for a variety of
clades (e.g. [7, 38, 67]), and analyses of branch-length distributions in phyloge-
nies [61] have established that differences in diversification rate not only exist,
but tend to be propagated along evolving lineages (such that high or low rates are
‘heritable’ from ancestral to descendent species). An important class of generat-
ing models [24] seeks to incorporate some of this biology by considering the case
where the speciation rate λ is a (perhaps nonlinear) function of some variable x,
where x takes on a value for each species that is determined by an evolutionary
model over the phylogeny of an evolving clade. Most simply, x can be interpreted
as any evolving trait (simple or complex) of the organisms, such as body size,
dispersal rate, feeding strategy or pollination syndrome [24], but it could equally
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represent a characteristic of the environment, so long as restricted dispersal by
the organisms constrained the value of x for one species to resemble the value of
x for its ancestor. In either case, λ varies among species in an evolving clade, but
does so with nonzero heritability (there is a resemblance between ancestor and
descendent) such that whole lineages are typified by higher or lower speciation
rates.

Heard [24] explored a model belonging to this class, in which a trait value x
evolved in a clade by a random walk, with changes either gradual (continuous
in time) or punctuated (occurring only at speciation events). In this model, λ
for each species was a simple function of the trait value x, plus a ‘noise’ term
ǫ representing other influences on speciation rate. Heard [24] found that this
model produced phylogenies with high Ic compared to the ERM, and that Ic

values typical of real phylogenies could be produced—albeit with high rates of
evolution in the trait value x (or, more generally, in the rate of evolution of the
diversification rate parameter itself). Furthermore, speciation-rate variation aris-
ing through the addition of the ‘noise’ term increased Ic, but only when values
of ǫ were persistent through time (that is, when ǫ changed only at speciation
events, rather than continuously through time). This model drew attention to
the importance of differences in diversification rates that are maintained by lin-
eages through time (either through trait heritability or through other temporally
persistent effects on λ) in generating phylogenies with high Ic. Efforts to demon-
strate the existence of heritable diversification-rate variation [61] and to devise
tests for correlates of diversification rate (see, e.g. [50]) were inspired directly by
this generating model.

Heard [24] did not consider the nodal height distribution property of the trees
produced by his model. Because clades in Heard’s model become dominated by
high-diversification-rate lineages [24] via species sorting [74], we would expect
their phylogenies to have γ > 0 as more speciation events occur closer to the
present. However, whether models of this type can produce trees with realistic
values of γ (and do so for the same parameter values that produce realistic Ic)
remains unknown.

6.5 λ = function(age)

In this class of generating models, λ varies among species only as a function of
the time elapsed since a species’s last speciation event (its age). One can imagine
biological circumstances under which speciation rates might be either higher or
lower for young species, and both cases have been modeled.

Models in which young species have smaller λ are biologically plausible when
young species tend to have small population sizes or small geographic ranges.
This is, in fact, a prediction of most models of speciation, most notably of the
peripheral-isolate model [39]. Two slightly different models have been proposed.
Losos and Adler [35] described a model in which speciation rate λ = c for all lin-
eages, except that following speciation, one daughter lineage has λ = 0 during a
refractory period of length a∗. As an alternative, Chan and Moore [8] modeled λ
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as increasing linearly from zero to c over a period a∗ for both daughters following
a split. In either case, with a∗ small to moderate compared to total tree height,
these models produce phylogenies more balanced (lower Ic) than does the pure-
birth model. (When a∗ is a substantial fraction of total tree height, the resulting
phylogenies have higher Ic than pure-birth, but such large values of a∗ are prob-
ably not plausible in the biological context that inspired the models). Because
these models, then, produce phylogenies even more unrealistic than the pure-
birth model (“real” trees have higher Ic than pure-birth, not lower), they have
not attracted much recent attention. Our preliminary work (SBH and DHJW)
suggests that reasonable values of a∗ have no effect on γ. Moderate refractory
periods lower the effective speciation rate, but do not change the relative distri-
bution of speciation events over the height of the tree. Much longer refractory
periods do give rise to trees with negative γ, but again, such long a∗ are probably
unrealistic.

Models in which young species have larger λ are biologically plausible when
speciation events are likely to occur in bursts—for instance, because lineages that
are speciating have colonized a new region, and a new region with many open
niches favours multiple speciation events [70]. Agapow and Purvis [2] considered
a discrete time model in which λ increases after speciation, followed by decay
back to c : λ(a) = c + Ka−0.5, where a is age (time post speciation, with both
daughters of a speciation event beginning with age a = 0). Steel and McKenzie
[70] examined a general class of models in which λ decreases monotonically with
a (the Agapow and Purvis model is a special case), but developed in particular
a subclass in which λ(a) = 0 for a > m, where m is a constant speciation
window. A simple version of this model, essentially the converse of the Losos-
Adler refractory period model, would have λ(a) = c for a ≤ m, and λ(a) = 0
for a > m. Both the Agapow-Purvis and the Steel-McKenzie models produce
imbalanced phylogenies (high Ic, which is realistic), and distributions of nodal
heights with more speciation events towards the root of the tree (γ < 0). However
these models generally have been explored only by simulation; formal results
establishing distributions of Ic or γ are known for only a few special cases (see,
e.g. [5]).

There are (at least) two interesting questions one could ask about Agapow-
Purvis Steel-McKenzie models. The first of these is statistical, and concerns the
ability of the models to produce trees with any given distribution of shapes.
The second question is more biological, and concerns the fit of model results to
real-world trees.

The Steel-McKenzie model was motivated by the Uniform distribution of
phylogenies, a natural distribution of interest to many mathematicians whereby
all labeled cladograms (rooted trees where the branch lengths are not considered)
are equally likely. Under this distribution, trees are random guesses [68]. This
model might be useful as a prior for Bayesian tree inference. However, despite
its mathematical attractiveness, evolutionary biologists have largely failed to
imagine plausible process models that produce such a distribution. Steel and
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McKenzie [70] proved that their model does produce the Uniform distribution
when λ(a) = 0 for a > m, m < T

n
, where T is an arbitrary time horizon. However,

upon closer examination this result appears to be of primarily mathematical
interest because the trees produced under these conditions are not biologically
plausible. To see this, consider that any lineage that fails to speciate before a
time m since its birth is a spinster that can never speciate again; and a tree in
which all lineages are spinster lineages is a spinster clade that can never increase
in size. But the condition for producing the Uniform distribution is m < T

n
,

or T > mn. Since each lineage must speciate within an interval m or become
a spinster, after a period T > mn the only trees of n lineages that can exist
are spinster trees. We do not believe that many (if any) real clades are spinster
clades in which the origin of new lineages is no longer possible; on the contrary,
available evidence suggests that speciation continues today in many if not all
clades (e.g. [62,71]).

This does not mean, however, that the model should be discarded. Instead,
one can ask the second question about the model: can it produce realistic tree
shapes with plausible parameter values? Using the same approach we have de-
scribed for other model classes, one could compare Steel-McKenzie model trees
with collections of real estimated phylogenies, asking whether plausible values
of model parameters (c, K, m, or others in more complex models of the class)
can produce phylogenies with realistic Ic and γ. This is an open question, in
part because what constitutes “realistic” γ values is not well established, and in
part because the biological or palaeontological data needed to assess plausibility
of a particular choice of K or a∗ are not obviously available. Analysis of this
sort (as in [24]) is logically straightforward, at least, and could establish whether
‘speciation-burst’ biology is a good candidate as a contributor to the shapes of
real trees.

6.6 λ = function(time)

There are several verbal models that make λ a declining function of absolute
time rather than the age of the lineage; for instance, key innovations or new bio-
geographic opportunities may allow for an initial flourish of speciation that then
settles down. However, the model that has received the most attention is that
of adaptive radiation (AR [62]). Adaptive radiation is the evolution of pheno-
typic divergence in a rapidly multiplying lineage [62]; indeed, it is primarily the
emphasis on phenotypic divergence that separates AR models from the models
considered in the previous section. Some claim that adaptive radiation may ac-
count for much or even most of present day diversity (D. Schluter, pers. comm.).
One expectation from AR theory is that speciation is rapid in its initial stages
and then slows down (so, e.g., γ < 0; [62, 19]). This seems to be the case for
some fossil [18] and some extant clades [46,51,60,66]. One presumed underlying
pattern has clades growing rapidly and then, as birth rates decline below extinc-
tion rates, shrinking. We note that this particular trajectory has been formally
modeled for species numbers by Raup and colleagues [56] and Strathman and
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Slatkin [72] and presented as an example for waiting times on trees by Nee and
colleagues [47].

More quantitative work on AR tree shape is needed. Gavrilets and Vose [19]
have made a start with an individual-based simulation approach to AR, where
sexual diploid individuals with complex genomes evolve on discrete patches ar-
ranged on an initially empty but heterogeneous grid. These individuals migrate,
undergo selection and eventually form populations that speciate. They found that
speciation was vastly more common during the early stages of the diversification;
resulting trees would have low γ values. They also often observed ‘overshooting’,
where the clade size at the end of a run was smaller than the maximum reached
during a run. Though they do not look at tree balance, Gavrilets and Vose [19]
interpret some of their simulation results in light of a verbal model of a few gen-
eralist lineages rapidly speciating into slower-evolving specialists, which might
give rise to imbalanced trees. The generalist to specialist pattern is, however, not
strongly supported by available comparative data [49,62].

6.7 The Neutral model

Another rich if controversial approach to explaining biodiversity production is
Hubbell’s “Unified Neutral Theory” or UNT [31]. The UNT has at its core a
metacommunity landscape saturated with competitively identical individuals.
This landscape is made up of patches that can be occupied by only one indi-
vidual, regardless of its species. In this model, individuals in the metacommu-
nity compete for space, with patches vacated by death filled by migration of a
new individual from surrounding patches. This feature makes the UNT a null
model for community organization and evolution, and it is widely agreed that
at least some communities deviate strongly from the UNT. However, the extent
to which this is true is currently under intensive debate (e.g., [20,40]). Although
much of the focus of this debate has been placed on the ability of this theory
to explain relative abundances within communities (e.g. [16, 73]), the UNT also
makes predictions about the shapes of phylogenetic trees. In the context of di-
versification, Hubbell’s model has an unchanging per individual speciation rate
over the entire metacommunity, while extinction occurs whenever the population
size of any species reaches zero individuals. As a consequence, per-species spe-
ciation and extinction rates are a function of population size. Critically, under
the UNT extant lineages differ in a predictable fashion in relative abundance,
collectively approximating a truncated log-normal distribution. This means that
at any time, extant lineages differ predictably in their propensities to speciate
and to go extinct. Hubbell [31] was able to demonstrate by simulation that the
UNT produces trees with a concentration of short branches near the tips (high
γ values), because extinction is highest when there are many species at small
population size.

The UNT is qualitatively different from AR in that lineages do not evolve to
take advantage of heterogeneous resources. Also, because speciation is conceived
of as a point mutation in one individual, its behaviour in terms of population
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size is punctuational [15]—the parent species is very similar in size before and
after the speciation event while the daughter lineage is made up of a single
individual and so it initially has a very low probability of speciating and a very
high probability of going extinct.

In order to address what sorts of trees this explicitly ecological model pro-
duces, we modeled the UNT for a metacommunity composed of 441 local com-
munities arranged in a 21 × 21 grid. Each local community was made up of 100
individuals for a total metacommunity size (Jm) of 44,100. Hubbell [31] defines a
“fundamental biodiversity number” θ = 4*Jm*v, where v is the per-capita speci-
ation rate. For our simulations, we used a value of θ = 10. Following Hubbell [31],
we ran simulations in discrete time and allowed one individual per local com-
munity to die and be replaced by a birth, migration, or speciation event in each
generation. We limited migration to communities that were immediate neighbors
in the grid [31]. We then simulated community drift and diversification under a
range of migration rates. We started each simulation with a metacommunity com-
pletely filled with individuals of a single species, and ran them until both species
abundance distributions and phylogenetic tree shape reached a dynamic equi-
librium. For this set of parameter values, tree shape equilibrium was reached at
around 100,000 generations, but to ensure that our results represent tree shapes
at metacommunity equilibrium, we ran simulations for 500,000 generations to
produce phylogenetic trees. Increasing migration rates had a negative impact
on metacommunity species richness (Fig.6.2; [31]). As stated by Hubbell [31], we
found that phylogenetic trees generated from these simulations show a concentra-
tion of short branches near the tips; as a consequence, γ values were consistently
high over a range of migration rates. In fact, for most sets of simulations, over
half of the produced phylogenies had γ > 2, and would constitute a significant
deviation from the pure birth expectation. This effect was most pronounced for
very low migration rates, but that may be influenced by higher power of the γ
statistic [53] for the larger trees such simulations produce. Phylogenies produced
by this model were highly imbalanced; in fact, most phylogenies were completely
pectinate trees (Fig.6.2). The percentage of completely pectinate trees increased
with higher migration rates. This is because under Hubbell’s model, metacom-
munities with high migration rates have a steeper rank abundance curve [31].
Since variation in speciation rate in a metacommunity is related to the slope of
the rank abundance distribution, communities dominated by a single abundant
species will have more imbalanced phylogenetic trees than communities with a
more even abundance distribution. This prediction is probably robust to many
aspects of Hubbell’s model, and follows from the mode of speciation and rela-
tionship of speciation rates to abundances.

Formal comparisons of UNT tree-shape predictions with the shapes of real
phylogenies have not been conducted, but it seems fairly clear that the UNT
as we implement it above produces trees that are much too imbalanced to be
realistic (it is more difficult to assess predictions for γ, since the distribution of
γ for real trees is not known). This is an interesting result, since other modeling
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Fig. 6.2. The behaviour of diversification under the Hubbell’s Unified Neutral
Model. (A) the average size of trees with increasing migration rate among
patches in the metacommunity. (B) The proportion of fully pectinate trees
at equilibrium for communities with different migration rates among patches
in the metacommunity. Because many of the trees at high migration rates
are small, this is a better measure of tree shape than standardized Ic. For all
runs, Jm = 44, 100 and θ = 10.

efforts have found it difficult to produce trees that are imbalanced enough for
realism [24]. It is unknown whether elements of the UNT assumptions (such
as population-size dependence), might in a more sophisticated model be able
to produce realistic distributions of Ic and γ; this is an area for further study.
Hubbell [31] shows, in addition, that species abundance distributions are much
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more even under a “fission” model of speciation, where speciation events involve
randomly dividing the ancestral population into two parts; we predict that this
mode of speciation will result in more balanced phylogenetic trees than those
produced in our implementation (Fig. 6.2). However, there will still be some
relationship between ancestral and daughter population sizes, and trees will likely
be more imbalanced than those produced under the Yule model.

6.8 λ = function(N)

One feature missing from all models discussed so far is any tendency for diversity
to be limited—that is, for diversity to reach an equilibrium N∗ analogous to car-
rying capacity in the logistic model of population growth. Such an equilibrium
will result if per-capita extinction rates increase, or per-capita speciation rates
decrease, with standing diversity. Such effects are plausible for a variety of bio-
logical reasons—for instance, if high diversity means smaller population sizes for
each species, raising extinction risk. However, whether such limits to diversity
are ever reached in Nature is an open question. Paleontologists have modeled di-
versity in the marine fossil record with logistic-like functions that assume limits
to diversity, with some success for Paleozoic faunas but more debatable results
for Mesozoic and Quaternary faunas [64,65]. Ecologists have also devoted consid-
erable theoretical and empirical attention to the idea of “limiting similarity” in
communities (and by extension, clades), which would impose limits to diversity
by setting a maximum number of niches available for occupation [1, 32, 34, 37].
A half-century of research, though, has produced no consensus on whether such
models explain much about real communities. Indeed, some models of diversifi-
cation either assume or imply that diversification is more likely to proceed with
positive feedback than with negative: for instance, escape-and-radiation [14] and
cascading host-race formation [71].

Surprisingly, little is known about tree shapes under models of limited diver-
sification. Harvey et al. [22] considered a model in which extinction rate increases
with diversity, but speciation rate is constant. However, they did not report bal-
ance for their model, and (considering only the extant species) only report that
nodal height distributions are similar to those from a mass-extinction model.
More complex models, with both speciation and extinction rates responding to
diversity, show more complex behaviour (DHJW and SBH, unpublished data),
for instance with γ depending strongly on the ratio of speciation to extinction
rates at half of N∗. Few studies have yet asked whether limited-diversity models
produce tree shapes typical of real clades, although Nee et al. [46] interpreted
the shape of a compound bird phylogeny as consistent with niche-filling model
(though one with diversification rate decreasing to zero only as N∗ approaches
infinity).

A rather different approach to modeling limited diversity is implicit in the
simple Hey model [28]. In Hey’s model, a clade reaches size N∗ and subsequently
each speciation event (as speciation continues with constant rate) is balanced by
a randomly imposed extinction event. Notably, the Hey model is mute with
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Fig. 6.3. Approach to stationary γ distribution for trees grown to size n un-
der a Yule model, followed by balanced speciation and extinction under
Hey’s [28] model. The length of the Hey phase is measured as number of
speciation/extinction events (e) as a multiple of the number of species in the
tree (n), and γ expressed as a percentage of that expected under the Hey
model.

regard to how a clade reaches size N∗ [47]. So, for instance, Zhaxybayeva and
Gogarten [78], who recently used the model to simulate the early tree of life,
simply start with N∗ unrelated lineages and allow the model to run until all
the extant individuals have a single common ancestor (all other N∗ − 1 lineages
having died out). Another approach that better mimics radiations is to consider
a two-phase process: a tree first grows to size N∗ (“growth phase”), followed by
some time spent at size N∗ (“Hey phase”). So long as the tree’s Hey phase is
long enough to reach the stationary distribution of tree shapes (that is, for any
signature of the growth phase to be erased), the growth phase model doesn’t
matter. But how long a Hey phase might be required to reach the stationary
distribution, and is this plausible for real trees?

This question has not been addressed for any growth phase model, but we can
make a start by examining one simple possibility: growth phase diversification
under the Yule model. We implemented a simulation model (following [23, 24])
of tree growth under the Yule model, followed by speciation and extinction (still
at a constant rate for all lineages) in a Hey phase of variable length. We measure
the length of a Hey phase in terms of species turnover: if there are N∗ species
when the Hey phase begins, then a Hey phase of length 1 has N∗ speciation
(and N∗ extinction) events; the average species is replaced in the phylogeny
once. We generated 500 replicate trees of N∗ = 10, 20, 50, 100 and 500, with
Hey phases of length 1, 5, 10, 25, and 50. We consider a Hey phase of even
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length 10 to be extraordinarily long, as it implies that since the clade reached its
equilibrium diversity N∗, each species has (on average) been replaced 10 times
over; or alternatively, over 90% of the history of the clade has been spent at
equilibrium diversity. Since our Yule trees start with the same distribution of Ic

as expected following the Hey phase [47], there is no change in this attribute of
tree shape (as there might be under other growth-phase generating models). The
nodal height distribution does, however, change: the Yule trees that enter the
Hey phase have growth-phase γ = 0 [53], (we confirm this in our simulations),
whereas Hey trees will have large, positive γ. Importantly, for trees of moderate
to large size, the approach to stationary Hey-phase γ is quite slow (Fig. 6.3):
for instance, a Hey phase of length 10 brings trees of n = 50 and n = 500 trees
just 58% and 43% respectively of the way from the growth-phase γ to stationary
Hey-phase γ.

Since we have little evidence that modern clades are at an equilibrium diver-
sity (N∗) at all, let alone that clades spend much time at N∗, we conclude that
the Hey model is probably not very relevant to the shapes of real phylogenies.
Of course, our use of the Yule model for the growth phase can (and should) be
criticized, but we do not expect this changes the overall picture much. Indeed,
because the Hey model produces trees with the Yule distribution of topologies,
it does not mimic the trees we infer from Nature.

6.9 Concluding Remarks

Since the 1980’s, we have known that the simplest models do a poor job of mod-
eling the shapes of published phylogenetic trees. Tree reconstruction methods
may be biased with respect to shape [41], but current surveys suggest the prob-
lem may not be grave for trees <∼ 50 tips [69], which is good news. However,
Wilkinson et al. [75] point to some clear biases with supertree construction meth-
ods, and now that we are routinely reconstructing very large trees (N ≫ 100
tips) using heuristic methods, we continue to urge caution. A related problem
is taxon choice: sampling methods that inadvertently lead to unbalanced trees
are easy to conceive of, but little empirical or theoretical work has been done
in this area. However, our intuition is that the tree of life is very imbalanced
at all levels. There may be different processes occurring at different temporal
scales; if so, we must be careful what we infer from our biologically-motivated
models. Even at any one scale, different processes likely co-occur in Nature, and
at different times during the history of a lineage. Also, the same model applied
at different scales can produce different patterns. For instance, the last two sec-
tions above consider two models (UNT and Hey) that are each based on the
coalescent. However, the expected shapes are very different because the first ap-
plies the coalescent to individuals that are then aggregated into species, and the
second applies the coalescent to the species themselves. This scale issue may be
interesting to pursue.

We know of no general survey of waiting times (e.g. looking at γ or δ) for
ultrametric trees; Hey [28] considered eight small trees but could reject neither
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the Yule nor the Hey models for any, suggesting very low power. Getting branch
lengths that are proportional to time is very difficult (see, e.g. [60]), and advances
in this area are needed. However, from the modeling perspective, there is room for
much more work. As an example, the Adaptive Radiation and Hey models both
have aspects of diversity-dependent cladogenesis [56], but they make strongly
contrasting predictions about waiting time: AR models should produce many
longer terminal branches than the Hey model.

Our approach in this chapter has been to consider simple tree measures as
reflections of the underlying macroevolutionary models and to compare these to
expectations under various null models. A more powerful approach would use
maximum likelihood and information criteria to select among alternative models
directly. Building on the pioneering work on birth-death models by Nee and
colleagues [47], such tools have been created [55], but more work is needed to
confront a wider range of possible models of diversification [54].

In the introduction, we stated that tree shape is the record of the tempo and
mode of diversification. For evolutionary biologists, being able to explain these
patterns is a major intellectual goal. However, we would like to end this chapter
by pointing out that the study of tree shape resonates at a more immediate
level. Rauch and Bar-Yam [57] point to the fact that reasonable models of gene
genealogies imply that genetic diversity within species is highly skewed. Non-
random loss of the few individuals bearing divergent genes can greatly decrease
a species’s overall genetic diversity. The same holds true at larger scales: to the
extent that phylogenies are highly imbalanced and have long terminal branches, a
few lineages will represent much of the tree’s total diversity and their extinctions
would represent disproportionate loss to the tree of life [26][Hartmann and Steel,
this volume]. Given the rate at which we are losing species through anthropogenic
extinctions, understanding this may help us in efforts to preserve the products
of evolution for the distant future.
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6.11 Appendix

The statistics γ and δ that have been introduced by Zink and Slowinski [79] and
Pybus and colleagues [53, 54] in order to detect trends in speciation rates have
been derived from a test statistic that can be found in [12]. In [12], the null
model is a simple homogeneous Poisson process and the alternative hypothesis
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Fig. 6.4. An illustration of a Poisson process. The t′is denote the time at which
events occurred. In a homogeneous Poisson process, the (ti+1 − ti)’s are ex-
ponentially distributed with the same parameter λ.

corresponds to a model where the instantaneous rate of occurrence λ is not
constant anymore but varies with time. In a homogeneous Poisson Process, the
times between successive events are exponentially distributed with the same
parameter λ.

An important result concerning homogeneous Poisson processes is that the
joint probability distribution of (t1, . . . , tn) conditional on observing n events
between time 0 and time t0 is the same as the joint probability distribution of
an ordered vector of independent and uniform (over (0, t0)) random variables
(Fig. 6.4).

Thus, because the value of the sum of the ti’s is invariant by permutation,
we have

E[

n
∑

i=1

ti] = n
t0
2

. (6.3)

Here we used the fact that the expected value of a uniform random variable
over (0, t0) is t0/2. Using equation (6.3) and the fact that Var[

∑

ti] = nt20/12,
Cox [12] introduced the following test statistic

S =

n
∑

i=1

ti − n
t0
2

t0
√

n
12

. (6.4)

This statistic captures the fact that the mean of the ti’s should be around t0/2
if there is no trend (i.e. λ = constant), larger than t0/2 if the rate increases with
time (t′is will be nearer t0) and smaller than t0/2 if the rate decreases with time
(t′is nearer to 0) .

Sometimes, events are not observed until a given point of time but until, let’s
say, the nth event. In that case tn = t0 and n should be replaced by n − 1 in
equation (6.4) (see [12])

S =

n−1
∑

i=1

ti − (n − 1)
t0
2

t0

√

n−1
12

. (6.5)

In the Yule process, the inter-speciation times are still exponentially dis-
tributed but the parameter of the exponential random variables varies with the
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number of species. If we denote by gi’s the inter-speciation time corresponding
to the time during which there are exactly i species (see Fig. 6.1), the random
variable gi is exponentially distributed with parameter λi.

In order to build a test statistic, the trick consists of considering the igi’s
rather than the gi’s because the igi’s are exponentially distributed with the
same parameter λ. Equation (6.4) can then be used by first noting that the first
event (at the root) gives no information (i.e. it only defines t = 0). We therefore
have only n − 2 observations. The test statistic is then obtained from equa-

tion (6.4) after replacing n by n − 2, ti by
i+1
∑

j=2

jgj , t0 by
n

∑

j=2

jgj and simplifying

the summands in the first term

γ =

n−1
∑

i=2

i
∑

j=2

jgj −
n − 2

2

n
∑

j=2

jgj

n
∑

j=2

jgj

√

n − 2

12

. (6.6)

In the Hey process, speciation events should be viewed backwards. The gi’s
are exponentially distributed with parameter i(i− 1)λ and the root corresponds
to the last (viewed backward) event. Because the end of the time interval during
which the process is observed corresponds to a speciation event (the first one at
the root), equation (6.5) should be used instead of equation (6.4) and the test
statistic becomes

δ = −

3
∑

i=n

i
∑

j=n

j(j − 1)gj −
n − 2

2

2
∑

j=n

j(j − 1)gj

2
∑

j=n

j(j − 1)gj

√

n − 2

12

. (6.7)

The minus sign is introduced so that that the statistic is positive when nodes
are closer to the tips than expected and negative conversely. The reason why
the sum ranges from n to 2 or 3 is that the speciation process should be viewed
backwards in the Hey (coalescent) process. Thus, the “first” speciation event
occured gn units of time before the present, the “second” speciation event occured
gn−1 units of time before the “first” speciation event, and so on. The statistics
introduced by Pybus [53, 54] (our equations (6.1) and (6.2)) are then given by
equation (6.6) and (6.7) after dividing their numerators and their denominators
by n − 2.
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