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Abstra
tAn important 
hallenge of portfolio allo
ation arises when the (true) 
hara
teristi
sof returns' distribution are repla
ed by sample estimates. Su
h substitutions introdu
eestimation risk, whi
h adds to traditional �nan
ial risk. I develop a new frameworkto provide a feasible optimal investment rule that a

ounts for estimation risk. Inborrowing from pra
titioners, I evaluate funds' allo
ations through their probability ofdefeating a 
hosen ben
hmark. More pre
isely, the P-value investment rule maximizesthe p-value of a one-sided test, ensuring that the portfolio performan
e is above thegiven threshold. When the portfolio performan
e is measured by the Markowitz' mean-varian
e 
riterion and when the estimation risk of the varian
e is ignored, the optimalinvestment rule is known in 
losed-form. The P-value investment rule is a two-fund rulewhen the ben
hmark is �xed and a three-fund rule when the ben
hmark is estimated.In addition, ten investment strategies are 
ompared on simulated and empiri
al data.Key words: Portfolio theory; Estimation risk; Ben
hmark performan
e; MV e�
ien
y;Test.JEL Classi�
ation: C4, D8, G0.The optimal portfolio is the best allo
ation of funds a
ross available assets, a

ording toa well-
hosen performan
e measure. Markowitz (1959) o�ers the 
lassi
 de�nition of port-folio e�
ien
y: a portfolio is e�
ient if it has the largest expe
ted return for a given riskmeasured by the varian
e. This mean-varian
e e�
ien
y provides a single-period frame-work1 that still remains among the most important ben
hmark models used by pra
titioners(Mi
haud (1998); Meu

i (2005)). In pra
ti
e, however, Markowitz' optimal investment ruledepends on unknown parameters, the mean and the varian
e of returns' distribution. Toget a feasible version of this optimal rule, the unknown parameters are simply repla
ed bysample estimates. Su
h substitutions, also known as plug-in methods, give rise to severalissues. First, the estimation risk is overlooked: in pra
ti
e, samples are �nite; 
onsequently,estimates are di�erent from their respe
tive true (unknown) values. This new sour
e of riskeven appears in well-spe
i�ed parametri
 models and adds to traditional �nan
ial risk.2 Se
-ond, by performing these two steps, is this feasible rule optimal? Markowitz' approa
h 
an2



only be motivated when one believes that the estimated rule is not too far from the trueoptimal one.In response to su
h limitations, one must develop an alternate framework to provide afeasible optimal investment rule that a

ounts for estimation risk. My framework relies ona somewhat more 
onservative de�nition of optimality. In borrowing from pra
titioners,I evaluate funds' allo
ations through their probability of defeating a 
hosen ben
hmark.Several industries are a
tually interested in su
h a goal. For instan
e, institutional moneymanagers, de�ned bene�ts pension plans and endowment plans, among others, are devotedto guarantee a (
hosen) minimal performan
e. For the 
hosen ben
hmark, the asso
iatedoptimal investment rule naturally in
orporates the estimation risk. In addition, it is dire
tlyappli
able without requiring any additional (suboptimal) substitution step. More pre
isely,the P-value investment rule maximizes the probability-value (hereafter p-value) of a one-sided test, ensuring that the portfolio performan
e is above the given threshold. The P-valueinvestment rule is optimal be
ause it is asso
iated with the highest probability of defeatingthe 
hosen ben
hmark. It also o�ers two main advantages. First, testing is an appropriatestatisti
al tool for making de
isions in random environments, while dire
tly a

ounting forthe un
ertainty of su
h environments. Testing is a
tually 
ru
ial to get a feasible (true)optimal investment rule that does not require any additional substitution step. Se
ond,maximizing the p-value in
reases the likelihood of defeating the 
hosen ben
hmark. Clearly,defeating the target (set by her boss) 
an be seen as the main 
hallenge fa
ed by the investorwho wants to keep her job.The P-value investment rule is quite general and �exible, allowing for any performan
e mea-sure and any referen
e ben
hmark. The main 
ontribution of this paper is to derive a 
losed-form formula for the P-value investment rule under two simplifying assumptions: 1) theperforman
e is measured by the Markowitz' mean-varian
e 
riterion; and 2) the estimationrisk of the varian
e is ignored.3 In fa
t, this optimization problem amounts to maximizing aninformation ratio4, whi
h is a well-known performan
e measure. With a �xed ben
hmark,the P-value investment rule belongs to the 
lass of two-fund investment rules. Two-fund3



rules invest in the sample tangen
y portfolio and in the riskless asset. Only the share ofwealth invested in the risky assets (vs in the riskless asset) varies among two-fund rules,and not the repartition of wealth between risky assets, whi
h is 
ontrolled by the sampletangen
y portfolio. The (feasible) Markowitz' optimal mean-varian
e rule is the two-fundrule where the share of wealth invested in the (sample) tangen
y portfolio is 
ontrolled bythe risk aversion parameter. The optimal P-value investment rule 
an be reinterpreted as a(feasible) mean-varian
e optimal rule asso
iated with a 
orre
ted risk aversion parameter.5Its 
orre
ted risk aversion parameter is sample-dependent. It tends to be higher in pro�table�nan
ial environments where the portfolio performan
e is expe
ted to be high, and lower inless favorable �nan
ial environments. This result 
an be linked to the 
onventional wisdomsuggesting that (prior to the 
alendar year-end) high performing investors moderate risk to"lo
k in" their leads, while poor performing ones gamble to "
at
h up" (see the empiri
alstudies of Brown, Harlow and Starks (1996) and Goriaev, Palomino and Prat (2003)).With an estimated (or random) ben
hmark, the P-value investment rule is a three-fund ruleinvesting in the riskless asset, in the sample tangen
y portfolio, and in a portfolio that a
-
ounts for the 
orrelations between the ben
hmark portfolio and the ex
ess returns. Therelative weights invested in the three funds depend on the 
orrelation between these twoportfolios and on their risk-return trade-o�s.The issue of estimation risk in portfolio allo
ation is not new.6 One of the earliest so-lutions proposed in the literature is Bayesian. Sin
e the parameters are treated as randomvariables, it provides a general framework where estimation risk is naturally a

ounted for.The study by Bawa, Brown and Klein (1979) surveys the early literature. Many others fol-lowed, in
luding Jorion (1986), Bla
k and Litterman (1992), Pastor and Stambaugh (2000).Be
ause the optimal investment rule depends on unknown parameters, interest has grown indeveloping more feasible pro
edures that fo
us dire
tly on the expe
ted �nan
ial loss. Thesemore re
ent approa
hes are very appealing as the emphasis is set on the �nan
ial 
ost ofimplementing infeasible optimal investment rules. However, in order to ta
kle the asso
iatedoptimization problem, simplifying assumptions are required. For instan
e, ter Horst, de4



Roon, and Werker (2006) and Kan and Zhou (2007) restri
t their attentions to the 
lass oftwo-fund investment rules. While ter Horst et al. (2006) ignore the estimation risk of thevarian
e, Kan and Zhou (2007) (under the normality assumption of the returns) provide a
losed-form optimal investment rule. However, both rules depend on nuisan
e parameters.So, in order to implement them, an additional suboptimal plug-in step is required.7 Moregenerally, when one maximizes some expe
ted quantity, the asso
iated optimal rule alwaysdepends on some of the (unknown) 
hara
teristi
s of the underlying distribution of thereturns. Instead of maximizing the expe
ted performan
e, I maximize the likelihood ofdefeating the target.8Previous studies have also fo
used on defeating a ben
hmark (see Stutzer (2003) and ref-eren
es therein). However, to my knowledge, it has not been related to estimation risk.Moreover, these studies 
onsider a 
ontinuous time framework instead.Finally, ten investment strategies are 
ompared on simulated and empiri
al data with respe
tto their out-of-sample performan
es, as measured by the Sharpe ratio and the 
ertaintyequivalent. Their stabilities over time, as measured by the turnover, are 
ompared as well.Overall, the P-value investment rule performs very well, espe
ially for smaller sample sizes.More spe
i�
ally, both simulated and empiri
al data seem to favor P-value rules asso
iatedwith smaller ben
hmarks. These strategies perform 
onsistently well and are both stableand a�ordable.The rest of the paper is stru
tured as follows. Se
tion 2 de�nes the framework andintrodu
es the P-value investment rule with �xed ben
hmark. In se
tion 3, 
ompeting two-fund investment rules are dis
ussed and I 
ompare them a

ording to their 
orre
ted risk-aversion parameters. Se
tion 4 presents the results of the 
omparative study 
ondu
ted bothon simulated and empiri
al data. In se
tion 5, several extensions, in
luding the introdu
tionof random ben
hmarks and more elaborate performan
e measures, are examined. Se
tion 6
on
ludes. Proofs, tables and graphs are provided in the Appendix.
5



1 P-value investment ruleI will �rst introdu
e the framework and then address the 
lassi
al mean-varian
e problem.Next, I will de�ne the P-value investment rule for a given �xed ben
hmark and dis
uss its
hoi
e.1.1 Framework and 
lassi
al Mean-Varian
e problemConsider an investor who 
hooses a portfolio among N �nan
ial risky assets and the risklessasset. At time t, Rt denotes the ve
tor of rates of ex
ess returns on the N risky assetswith respe
t to the riskless asset Rft. The portfolio is built after investing the ve
tor ofweights θ into the risky assets and (1 − θ′ι) in the riskless asset where ι is the 
onformableve
tor of ones. Ea
h ve
tor θ de�nes a di�erent investment rule and the asso
iated portfolioex
ess return, at time t, is rPt (θ) ≡ θ′Rt. Markowitz' optimal investment rule maximizes thefollowing mean-varian
e obje
tive fun
tion
max
θ∈RN

{E [rPt (θ)]− η

2
Var [rPt (θ)]} ,where η is the 
oe�
ient of relative risk aversion. Assuming stationarity, the optimal ve
torof weights and asso
iated maximal performan
e are respe
tively

θ0MV =
1

η
Σ−1

0 µ0 and Q0
MV =

1

2η
µ′
0Σ

−1
0 µ0 where µ0 ≡ E(Rt) and Σ0 ≡ Var(Rt) . (1)In pra
ti
e, parameters µ0 and Σ0 are unknown: the optimal mean-varian
e investmentrule θ0MV is therefore infeasible. Markowitz (1959) provides a 
onvenient feasible version ofthe above optimal rule by simply repla
ing the unknown parameters by sample estimates.Consider an investor who has observed returns over T periods and 
hooses a portfolio forperiod (T+1). For the sample estimates µ̂ and Σ̂ of the (unknown) parameters µ0 and Σ0, thefeasible (random) investment rule and its asso
iated (random) performan
e are respe
tively

θMV =
1

η
Σ̂−1µ̂ and QMV =

1

2η
µ̂′Σ̂−1µ̂ , (2)6



where µ̂ and Σ̂ are, for instan
e, the maximum likelihood estimators,
µ̂ =

1

T

T∑

t=1

Rt and Σ̂ =
1

T

T∑

t=1

(Rt − µ̂)(Rt − µ̂)′ . (3)Applying this plug-in method 
omes at a pri
e. First, estimation risk is overlooked. Inpra
ti
e, the sample size T is always �nite; 
onsequently, µ̂ and Σ̂ are di�erent from theirrespe
tive true values. Se
ond, be
ause the feasible rule θMV is numeri
ally di�erent fromthe true optimal one, its optimality 
annot be guaranteed.Sin
e the performan
e QMV given in (2) is a random variable, it is natural to 
onsider itsexpe
ted value, whi
h represents the out-of-sample performan
e an investor 
an a
hieve onaverage under parameter un
ertainty. Under the assumption that the ex
ess returns {Rt}t areidenti
ally distributed over time a

ording to a multivariate normal distribution with mean
µ0 and 
ovarian
e matrix Σ0, Kan and Zhou (2007) show that the expe
ted performan
e isalways smaller than the true optimum Q0

MV given in (1) (see the details in their se
tion IIB).This also means that the investor who uses the above plug-in investment rule θMV expe
tsto perform less well, on average, than if she were using the true rule θ0MV .In response to the above issues, the P-value investment rule is introdu
ed next; it naturallyin
orporates estimation risk and does not require any plug-in (suboptimal) step.1.2 P-value investment ruleThe P-value investment rule maximizes the p-value of a one-sided test, ensuring that theportfolio performan
e is above the given threshold. As pointed out earlier, Markowitz'mean-varian
e e�
ien
y is a 
onvenient framework used by pra
titioners. A

ordingly, thefollowing mean-varian
e measure of portfolio performan
e9 is 
onsidered
Q(µP , σ

2
P ) = µP − η

2
σ2
P , (4)where (µP , σ

2
P ) are respe
tively the �rst two moments of the probability distribution of theportfolio ex
ess returns. Formally, the null hypothesis is stated as

H0 : Q(µP , σ
2
P ) > c , (5)7



where c is a given target. c will be 
onsidered, for the time being, as deterministi
 orpredetermined at the time of portfolio formation.10 To 
onstru
t the asso
iated test statisti
,additional assumptions are needed on the probability distribution of the returns.Assumption 1. The ve
tors Rt of the N �nan
ial ex
ess returns at time t, for t=1 to T , arestationary and weakly dependent su
h that a Central Limit Theorem applies. More formally,(i) Rt ∼ F(µ0,Σ0) for any t = 1, · · · , T where F is some smooth distribution fun
tion whose�rst two moments exist.(ii) [ T∑
t=1

Rt

]
/
√
T is asymptoti
ally normally distributed with mean µ0 and varian
e S0.The portfolio ex
ess return at time t is rPt (θ) ≡ θ′Rt. The measure of portfolio perfor-man
e and its estimator are respe
tively

QP (θ) = ErPt (θ)− η

2
Var(rPt (θ)) and Q̂P (θ) = θ′µ̂− η

2
θ′Σ̂θ , (6)with µ̂ and Σ̂ given in (3).11 The appli
ation of the ve
torial 
entral limit theorem providesthe asymptoti
 distribution of the estimated performan
e: √

T
[
Q̂P (θ)−QP (θ)

] is asymp-toti
ally normally distributed with mean 0 and varian
e s2Q. Then, for an estimator ŝQ ofits standard deviation sQ, the test statisti
 and asso
iated p-value are de�ned as follows12
κ(θ) =

Q̂P (θ)− c

ŝQ/
√
T

and P-value(θ) = ∫ κ(θ)

−∞

fT (u)du ,with fT the density fun
tion of a student random variable with (T − 1) degrees of freedom.Sin
e fT does not depend on θ, the maximization problem is 
onveniently rewritten as
max
θ∈RN

[P-value(θ)] ⇐⇒ max
θ∈RN

[κ(θ)] . (7)Obviously, estimation risk is related to the estimation of both the mean and the varian
eof the portfolio. It is 
ommonly a

epted that the estimation error on the sample mean ismu
h larger than on the sample varian
e13 (for a �xed time span). Ignoring the estimationrisk of the varian
e allows us to obtain a 
losed-form investment rule with a meaningfulinterpretation. The simpli�ed maximization problem is now
θp(c) = arg max

θ∈RN

[
θ′µ̂− η/2θ′Σ̂θ − c

(θ′Σ̂θ)1/2/
√
T

]
. (8)8



Proposition 1.1. Let µ̂ and Σ̂ respe
tively be 
onsistent estimators of the �rst two mo-ments of the distribution of the ex
ess returns as in (3). Under Assumption 1, for a given(deterministi
) target c, the optimal P-value investment rule is de�ned as
θp(c) =

√
2ηc

µ̂′Σ̂−1µ̂

1

η
Σ̂−1µ̂ . (9)Several 
omments are worth mentioning.First, fund managers (referred to as investors in this paper) usually have a ben
hmark todefeat, whi
h is set by the �nan
ial institution they represent. In the literature (see Starks(1987), Brown, Harlow and Starks (1996) and referen
es therein), the relationship between afund manager and her institution has been modeled as a prin
ipal-agent relationship wherethe investor's (agent) main 
on
ern is to defeat a ben
hmark, as in se
uring one's job forexample. In su
h 
ases, the one-sided test (5) makes sense be
ause it fo
uses on defeatinga predetermined target. In addition, my investment rule maximizes its p-value, or, in otherwords, the likelihood of the relevant goal of this investor. Maximizing this p-value a
tuallyamounts to maximizing an information ratio with a predetermined ben
hmark.14 As a result,the P-value investment rule is dire
tly rooted to the main 
on
ern of the investor, whilenaturally a

ounting for estimation risk.Se
ond, when the varian
e estimation risk is ignored, the P-value investment rule (9)is known in 
losed-form. It is random be
ause it depends on the (
hosen) estimates ofthe mean and varian
e of the ex
ess returns. However, this rule is the true solution andgenuinely solves the optimization problem (8). In other words, it does not 
ome from anadditional (suboptimal) plug-in step set to provide a feasible rule. Su
h exa
tness is a dire
t
onsequen
e of the design of the above sele
tion method, whi
h only makes sense be
ausethe performan
e measure (4) is random (due to the estimation risk). Without un
ertainty,there would be no reason to run a test and therefore no p-value maximization.Third, both the investment rule (9) and the (feasible) mean-varian
e rule (2) are two-fundrules that yield to the same repartition of wealth among the di�erent �nan
ial risky assets.Only the shares of wealth invested in risky assets relative to the riskless asset di�er. Theseshares will be dis
ussed further in the next se
tion when 
ompeting rules and 
orre
ted risk9



aversion parameters are introdu
ed. Note that the share of the P-value rule depends on thepredetermined ben
hmark c, whi
h represents the minimal level of (portfolio) performan
ethe investor wishes to guarantee with the highest possible level of 
on�den
e. In this sense,the ben
hmark is not really a 
hoi
e variable, but rather a variable that re�e
ts the degree of
onservatism of the investor (or the �nan
ial institution she represents). Therefore, providingguidan
e in setting the ben
hmark is not obvious. In the Monte-Carlo study in se
tion 3,the maximal (Markowitz) performan
e Q0
MV is known and used to de�ne three targets c ofinterest, respe
tively 10%, 50% and 90% of Q0

MV . In the empiri
al study, the targets arebased on histori
al performan
e. Nonetheless, it is still informative to derive the optimaltarget c∗, whi
h is de�ned as the maximizer of the expe
ted performan
e of the portfolio
c∗ = argmax

c≥0
E [QP (θp(c))] =

1

2η
×

[E( µ̂′Σ̂−1µ0√
γ̂2

)]2

[E( µ̂′Σ̂−1Σ0Σ̂−1µ̂
γ̂2

)]2 where γ̂2 ≡ µ̂′Σ̂−1µ̂ . (10)The optimal target c∗ is infeasible sin
e it depends on the unknown parameters µ0 and
Σ0.15 Interestingly enough, without estimation risk, it is easy to 
he
k that the asso
iatedinvestment rule is numeri
ally equal to the true mean-varian
e rule, whi
h is genuinelyoptimal in this 
ase.2 Competing rulesSe
tion 2 dis
usses 
ompeting two-fund investment strategies and 
ompares them a

ordingto their asso
iated 
orre
ted risk aversion parameters. Some additional investment rules arealso introdu
ed.2.1 Two-fund rules and 
orre
ted risk aversionEvery investment rule within the 
lass of two-fund rules re
ommends the same repartition ofwealth among the di�erent risky �nan
ial assets. Only the (global) share of wealth investedin risky assets relative to the riskless asset di�ers. For example, the (feasible) mean-varian
e10



rule writes
θMV =

1

η

[
Σ̂−1µ̂

]
. (11)

[
Σ̂−1µ̂

] de�nes how wealth is allo
ated among risky assets, while η weights the share ofwealth assigned to the risky assets: the greater η, the lower the (global) share to the riskyassets.I 
onsider the following two-fund investment strategies.(i) The mean-varian
e (Markowitz (1959)) investment rule sele
ts the portfolio with themaximal mean-varian
e performan
e (see Se
tion 1). The optimal allo
ation θ0MV given in(1) is infeasible and the feasible rule θMV (11) is obtained when the mean and the varian
eare repla
ed by the estimators (3). The estimation risk is 
ompletely ignored.(ii) ter Horst, de Roon, and Werker (2006) propose a two-fund investment rule thatin
orporates the estimation risk of the mean only. Given the estimator of the mean (3),and under the assumption that the varian
e is known, the expe
ted out-of-sample mean-varian
e performan
e is maximized within the 
lass of two-fund rules. The asso
iated optimalinvestment rule is
θ0HRW =

1

η

(
γ2

γ2 +N/T

)
Σ̂−1µ̂ with γ2 = µ′0Σ

−1
0 µ0 .This rule is infeasible and the asso
iated feasible rule, θHRW , is obtained when γ2 is repla
edby its sample 
ounterpart, γ̂2 = µ̂′Σ̂−1µ̂.(iii) Kan and Zhou (2007) extend the previous sele
tion method and propose a two-fundinvestment rule that in
orporates the estimation risk of both the mean and the varian
e.Given the estimators (3) of the mean and varian
e, the expe
ted out-of-sample mean-varian
eperforman
e is maximized within the 
lass of two-fund rules. The asso
iated optimal invest-ment rule is

θ0KZ =
1

η

(
(T −N − 4)(T −N − 1)

T (T − 2)
× γ2

γ2 +N/T

)
Σ̂−1µ̂ .This rule is infeasible and the asso
iated feasible rule, θKZ , is given in (B.1) in Appendix B.(iv) The Bayesian approa
h, Bawa, Brown and Klein (1979), maximizes the expe
tedperforman
e of the portfolio a

ording to the predi
tive distribution of the market. Thispredi
tive distribution is built from a 
ombination of histori
al observations and the 
hosen11



prior. Estimation risk is made expli
it by 
onsidering the unknown parameters as randomvariables, des
ribed by the posterior distribution. Under the standard assumption of di�usepriors on both the mean and the varian
e of the ex
ess returns, the asso
iated optimalportfolio investment rule is
θB =

1

η

(
T −N − 2

T + 1

)
Σ̂−1µ̂ .Under the assumption that the ex
ess returns {Rt}t are identi
ally distributed over timea

ording to a multivariate normal distribution with mean µ0 and 
ovarian
e matrix Σ0, Kanand Zhou (2007) derive the following theoreti
al rankings:

MV 0 >> KZ0 >> HRW 0 , and MV 0 >> KZ0 >> B >> MVwhere >> stands for "outperforms in terms of mean-varian
e performan
e". However, in-vestment strategies MV 0, HRW 0, and KZ0 are infeasible and have to be repla
ed by theirfeasible 
ounterparts. Therefore, there is no guarantee that the above rankings will prevailin pra
ti
e, even in simple simulations where the returns are normally distributed, as shownin se
tion 3. However, there is another intuitive way to 
ompare the various two-fund rules.Any two-fund rule θr 
an a
tually be written as follows
θr =

1

η̃r

[
Σ̂−1µ̂

] for η̃r some positive real number.As a result, the behavior of an investor that uses the above rule θr 
an be interpreted as amodi�ed mean-varian
e behavior, or a mean-varian
e behavior asso
iated with the 
orre
tedrisk aversion parameter η̃r. When η̃r > η, θr invests a smaller share than the mean-varian
erule θMV in the risky assets. In that sense, investor θr is more risk-averse than the mean-varian
e investor. The following 
orre
ted risk aversion parameters are asso
iated with theabove two-fund rules:- ter Horst, de Roon and Werker (2006): η̃HRW = η × γ2 +N/T

γ2
.- Kan and Zhou (2007): η̃KZ = η × γ2 +N/T

γ2
× T (T − 2)

(T −N − 4)(T −N − 1)
.- Bayesian: η̃B = η × (T + 1)

(T −N − 2)
.- P-value: η̃p(c) = η ×

√
QMV

c
where QMV is given in (2).12



It is easy to 
he
k that η̃KZ > η̃HRW > η and η̃B > η, as long as T −N−4 > 0. Note thatthis remains true for the 
orre
ted risk-aversion parameters of the asso
iated feasible rules,
θHRW and θKZ . Investors asso
iated with θ0HRW , θ0KZ , or θB 
an always be reinterpreted asmore risk-averse than the mean-varian
e investor. Re
all now that θMV 
ompletely ignoresestimation risk, while θHRW a

ounts for estimation risk of the mean only, and θKZ and θBfor estimation risk of both the mean and varian
e. It is tempting to 
on
lude that in
reasingthe risk aversion parameter is a sensible way to a

ount for estimation risk.The 
orre
ted risk-aversion parameter for the P-value investment rule depends on the realizedperforman
e of the mean-varian
e investor, QMV , relative to the ben
hmark c: (i) if c < QMVthen η̃p > η; (ii) if c = QMV then η̃p = η; (iii) if c > QMV then η̃p < η. To betterunderstand these 
ases, 
onsider an investor, with the moderate ben
hmark c, who fa
es apro�table �nan
ial environment (by 
han
e) in the sense that the realized sample leads tohigh performan
e: likely c < QMV and η̃p > η. As a result, the part invested in the riskyassets is smaller than suggested by the mean-varian
e rule. In this 
ase at least, the P-valueinvestment rule should lead to less extreme positions than the mean-varian
e. Re
ipro
ally,with a high ben
hmark, more extreme positions tend to emerge with a high risk of bankrupt
y(see also the empiri
al results and dis
ussions in se
tion 3).2.2 Additional rulesTo be thorough, I also 
onsider the following investment rules in the simulation and empiri
alstudies.(v) The naive or equi-weighted portfolio rule, DeMiguel, Garlappi and Uppal (2008),does not involve any optimization or estimation and 
ompletely ignores the data and theestimation risk. It involves holding a portfolio with weights equal to 1/N in ea
h of the riskyassets.(vi) Kan and Zhou (2007) also explore the 
lass of three-fund investment rules when
onsidering the sample tangen
y portfolio, the riskless asset, and the sample global mean-varian
e portfolio. The optimal rule θ0KZ3 and the asso
iated feasible rule θMV 3 are given in13



(B.2) in Appendix B.(vii) Garlappi, Uppal, and Wang (2006) 
onsider a model that allows for multiple priorswhere the investor is averse to ambiguity. The standard mean-varian
e framework is modi�edby adding a preliminary minimization step. A 
onstraint restri
ts the expe
ted return tofall into a 
on�den
e interval around its estimated value and re
ognizes the existen
e ofestimation risk. The asso
iated minimization over the possible expe
ted returns, subje
t tothis 
onstraint, re�e
ts the investor's aversion to ambiguity. While this approa
h has a solidaxiomati
 foundation, its sequentiality 
annot be dire
tly linked to an optimality 
riterion.The asso
iated rule is denoted θGUW .Under the assumption that the ex
ess returns {Rt}t are identi
ally distributed over timea

ording to a multivariate normal distribution with mean µ0 and 
ovarian
e matrix Σ0,Kan and Zhou (2007) derive the following theoreti
al ranking
MV 0 >> KZ30 >> KZ0 >> GUW ,where >> stands for "outperforms in terms of mean-varian
e performan
e". Again, thisranking may not be guaranteed in pra
ti
e when strategies KZ0 and KZ30 are repla
ed bytheir feasible 
ounterparts.3 Comparative study3.1 Comparison pro
edureThis 
omparative study relies on a rolling-window approa
h. Spe
i�
ally, for a given datasetof T months of observed asset returns, I 
hoose an estimation window of length Tw months.In ea
h month t, starting from t = Tw, I use the data in the previous Tw months to estimatethe parameters needed to implement a parti
ular strategy k. These estimated parameters arethen used to determine the portfolio weights θk. In turn, these weights are used to 
omputethe return in month (t+1). Su
h a pro
edure is 
ontinued by adding the return for the nextperiod in the dataset and dropping the earliest return, until the end of the dataset is rea
hed.14



The rolling-window approa
h provides series of (T − Tw) monthly out-of-sample returns forea
h portfolio strategy k, whi
h are denoted r̂k,t for t = Tw + 1, · · · , T . Given su
h series ofmonthly out-of-sample returns, the portfolio strategies are 
ompared a

ording to:(1) The out-of-sample Sharpe ratio (SR hereafter). For a strategy k, its out-of-sampleSR, denoted ŜRk, is de�ned as the ratio of the mean of (out-of-sample) ex
ess returns, µ̂k,and the standard deviation of the (out-of-sample) ex
ess returns, σ̂k,
ŜRk =

µ̂k
σ̂k

with µ̂k =
1

T − Tw

T∑

t=Tw+1

r̂k,t and σ̂2
k =

1

T − Tw

T∑

t=Tw

(r̂k,t − µ̂k) (r̂k,t − µ̂k)
′ .The Sharpe ratio is invariant to the relative weights on the riskless asset and the riskyportfolio. This is the reason why the investment rules are also 
ompared a

ording to theirout-of-sample 
ertainty equivalents.(2) The out-of-sample 
ertainty equivalent (CE hereafter). For a strategy k, its out-of-sample CE, denoted ĈEk, is de�ned as the risk-free rate that an investor is willing to a

eptrather than adopting a parti
ular risky portfolio strategy. Following the 
ommon pra
ti
e,the CE is 
al
ulated as the level of expe
ted utility of a mean-varian
e investor

ĈEk = µ̂k −
γ

2
σ̂2
k .It 
an be shown that this 
orresponds to the CE of an investor with quadrati
 utility.(3) The portfolio turnover. For a strategy k, its portfolio turnover is de�ned as theaverage sum of the absolute value of the trades a
ross the N available assets. It providesinformation about the stability of a spe
i�
 portfolio strategy, as it measures the transa
tion
osts in
urred to reallo
ate the portfolio at ea
h period. I arbitrarily assume that the 
ostis the same for ea
h risky asset.16Turnoverk = 1

T − Tw − 1

T−1∑

t=Tw+1

(|θk,t+1 − θk,t|)′ ι ,where ι is the 
olumn ve
tor of ones of size N .The results dis
ussed in the following subse
tions and presented in the Appendix have beenobtained with rolling windows of size Tw = 60 or 120, respe
tively 5 or 10 years of monthly15



data. The risk aversion parameter η is set equal to 1.17 All the portfolio rules 
onsideredin the simulated and empiri
al studies are listed in Table 1. They have been introdu
ed inSe
tion 2. In addition, I also 
onsider three P-value rules with respe
tive targets c1 < c2 < c3.For the simulated datasets, these ben
hmarks are sele
ted with respe
t to the maximal mean-varian
e performan
e Q0
MV given in (1): c1 = .1Q0

MV , c2 = .5Q0
MV and c3 = .9Q0

MV . For theempiri
al datasets, the targets are 
hosen based on histori
al performan
e.3.2 Monte-Carlo resultsI will �rst des
ribe the simulation experiments and then dis
uss the performan
e and stabilityof the di�erent portfolio strategies listed in Table 1.3.2.1 Simulated datasetAsset returns are generated a

ording to a distribution F that deviates slightly from thenormal distribution. More pre
isely, F is a mixture of a joint normal distribution N anda deviation distribution D. The proportion of data that deviate from N is 
aptured bythe parameter h su
h that F = (1 − h)N + hD. Two di�erent values for the proportion
h are 
onsidered: h = 0, no deviation, or h = 0.05, 5% of the data deviate from the jointnormal distribution.18 To generate data a

ording to the joint normal distribution N , I
onsider a fa
tor model19 with 4 risky assets in
luding one fa
tor and one riskless asset.The ex
ess returns of the fa
tor R(F )

t follow a normal distribution and the ex
ess returnsof the remaining risky assets Rr,t are generated a

ording to: Rr,t = α + BR
(F )
t + et wherethe ve
tor of mispri
ing 
oe�
ients α is set to 0. The 
oe�
ients of the matrix of fa
torloadings B are drawn from a uniform distribution between 0.5 and 1.5. The ex
ess returnsof the fa
tor follow a normal distribution with mean 8% and standard deviation 16%. Theerror pro
ess et (un
orrelated with R

(F )
t ) follows a multivariate normal distribution withmean 0 and diagonal 
ovarian
e matrix with 
oe�
ients that are drawn from a uniformdistribution between 0.15 and 0.25. These parameters are set a

ording to the experimentrun by DeMiguel and Nogales (2008). Finally, I 
onsider three di�erent deviations D from16



the joint normal distribution. Here again, I follow the set-up of DeMiguel and Nogales(2008)20: (i) D1 is deterministi
, equal to the expe
ted return of the asset plus �ve standarddeviations; (ii) D2 is binomial, equal to the expe
ted return of the asset plus �ve standarddeviations with probability 0.5 and to the expe
ted return of the asset minus �ve standarddeviations with probability 0.5; and (iii) D3 is normal with mean equal to the expe
tedreturn of the asset plus �ve standard deviations and same 
ovarian
e matrix as N .Figure 1 provides the histograms of the distribution of the �rst risky asset for the simulateddata with no deviation and 5% deviation a

ording to D1, D2 and D3. Table 2 
hara
terizesthe e�
ient frontier by providing the mean, varian
e and Sharpe ratio of the tangen
yportfolio for the same data.3.2.2 Comparison of the strategiesI now dis
uss the performan
e and stability of the di�erent portfolio rules listed in Table 1.The rules are evaluated (out-of-sample) over a sample of size 120 months. Four simulationdesigns are 
onsidered: no deviation with respe
t to normality and 5% deviation a

ordingto D1, D2 and D3; two sizes for the rolling window, 60 and 120 months; the risk aversionparameter is set to 1. I su

essively dis
uss P-value rules, feasible investment rules, and the
ost of feasibility.(i) P-value rules:Tables 3 and 4 report out-of-sample mean, standard deviation, CE and turnover for six P-value rules with respe
tive ben
hmarks c1 = 0.1Q0
MV , c2 = 0.5Q0

MV , and c3 = 0.9Q0
MV andtheir asso
iated histori
al 
ounterparts. These rules are labeled a

ordingly Pi and Pi-h withi = 1, 2 or 3. In addition, I also provide: i) numeri
al values for these targets; ii) the out-of-sample probability for the asso
iated rule to defeat its target; and iii) the probability for theasso
iated rule to be reinterpreted as more 
onservative than the mean-varian
e investor, orthe probability that η̃ > η.- Histori
al vs true ben
hmarks. Histori
al ben
hmarks are 
al
ulated as per
entages (re-spe
tively 10%, 50%, and 90%) of the MV-sample performan
e Q̂MV based on the �rst17



available sample of size 60. Su
h ben
hmarks are held 
onstant throughout the experiments.The dis
repan
ies between true and histori
al ben
hmarks 
an be quite signi�
ant; histori
alben
hmarks are usually twi
e as large. I 
ondu
ted robustness 
he
ks on di�erent samplesand did not systemati
ally observe su
h overestimations. In addition, when Q̂MV is estimatedover a larger sample, histori
al and true ben
hmarks are mu
h 
loser to ea
h other.- Smaller vs larger size of the rolling window. Overall, when the size of the rolling windowis larger, P-value investment rules are more 
onservative with larger probabilities P (η̃ > η),more stable with smaller turnovers, and more su

essful with larger CE and larger proba-bilities of defeating the asso
iated ben
hmark. I interpret the unusual behavior of P3-h asresulting from a ben
hmark that is simply too high (see also the dis
ussion that follows).- Smaller vs larger ben
hmarks. My experiments show that 
hoosing a high ben
hmark in-
reases the risk pro�le of the asso
iated investor. However, su
h riskier investment strategiesare not always asso
iated with better performan
e. Note that the simulation design with nodeviation with respe
t to normality appears a bit at odds with respe
t to the three otherones. Sin
e empiri
al data are more likely to depart from normality, I mainly dis
uss thesimulation designs that deviate from normality. More spe
i�
ally, I 
ompare investment rulesP1-h and P2-h. On one hand, P1-h always defeats its ben
hmark while always being reinter-preted as more risk-averse than the mean-varian
e investor. On the other hand, P2-h defeatsits target with probabilities ranging from 0.5 (when Tw = 60) to 0.75 (when Tw = 120). Inaddition, P2-h appears mu
h more risky than P1-h, as the asso
iated probabilities P (η̃2 > η)are always equal to zero. However, P1-h always performs better in terms of CE and is alwaysmu
h more stable and a�ordable with turnovers twi
e as small.To 
on
lude, P-value investment rules with smaller ben
hmarks tend to perform best overall.In the remaining dis
ussion, only P1-h is 
onsidered.(ii) Feasible rules:Table 5 reports out-of-sample mean, standard deviation, SR, CE and turnover for 8 feasibleinvestment rules. To 
ompare SR performan
es, I rely on the test pro
edure proposedby Ledoit and Wolf (2008) (hereafter LW). To test the null hypothesis that the di�eren
e18



between the SR of two investment strategies is zero, LW suggest a studentized time seriesbootstrap 
on�den
e interval, as well as an algorithm to sele
t the blo
k size.21 I reportthe p-values asso
iated with testing the di�eren
e between the SR of P1-h and any otherstrategy k.- P1-h vs other two-fund rules. In terms of SR performan
e, P1-h always outperforms theother two-fund rules. The smallest p-values of the LW-test are asso
iated with HRW andKZ: they range below 0.2 for KZ and below 0.25 for HRW for simulation designs D1 and D2.In terms of CE-performan
e, simulation design with no deviation from normality appears(again) at odds with respe
t to the three other ones. P1-h a
tually outperforms all theother rules for simulation designs with deviations D1, D2 and D3, but performs worst forsimulation designs without deviation. Finally, P1-h is mu
h more stable and a�ordable thanany two-fund rule with a turnover two to three times smaller.Note also that the performan
es of HRW and KZ are quite 
lose to ea
h other. HRW tendsto perform slightly better in terms of SR, while KZ tends to perform slightly better in termsof CE. Consequently, ignoring the risk of the varian
e appears as a reasonable simplifyingassumption, at least in these experiments where the ratio N/T is kept small and equal to1/6. In any 
ase, both HRW and KZ are outperformed by P1-h.- P1-h vs other rules. Compared to the remaining investment rules, P1-h always provide thelargest SR-performan
e ex
ept for the design without deviation where KZ3 performs best.However, these di�eren
es are only signi�
ant against the investment rule GUW. For theother rules, EQ and KZ3, the p-values asso
iated with the LW-test are above 0.7. In termsof CE-performan
e, P1-h always outperforms its 
ompetitors, ex
ept for simulation designwith no deviation.(iii) Infeasible rules:Table 6 reports the out-of-sample losses (in per
entages) from using a spe
i�
 rule insteadof the (infeasible) optimal rule MV 0. These losses are measured both in terms of SR andCE performan
es and are provided as a fun
tion of the size of the rolling window Tw. Fourinfeasible rules are 
onsidered, MV, HRW, KZ and KZ3, as well as their feasible 
ounterparts.19



Su
h analysis do
uments the 
ost of feasibility.Within ea
h panel, the losses are de
reasing fun
tions of the size of the rolling window Tw,both for infeasible and feasible rules. The losses are higher for feasible rules than for infeasibleones. However, the dis
repan
ies between the di�erent rules within a group (infeasible orfeasible) and a
ross groups de
rease as Tw in
reases. This means that, when Tw in
reases,the 
ost of feasibility de
reases. In addition, the rules tend to perform more similarly.For a rolling window of size 60, whi
h was 
onsidered above, the 
osts of feasibility of HRWand KZ are approximately 2 to 3 % for the SR-performan
e and 8 to 10% for the CE-performan
e. Interestingly, these infeasible two-fund rules would not outperform P1-h. Notealso that even if the infeasible investment rule KZ3 tend to outperform P1-h, this is usuallynot the 
ase with its feasible 
ounterpart as shown above.3.3 Empiri
al resultsI now 
onsider two empiri
al datasets and dis
uss the performan
e and stability of thedi�erent portfolio strategies listed in Table 1. The �rst dataset 
onsists of monthly ex
essreturns over the 90-day T-Bill on ten industry portfolios in the United States, while these
ond one 
onsists of 49 industry portfolios in the United States. Considering sets of 10 and49 industry portfolios allows me to vary the ratio of the number of assets and the samplesize, N/T , in order to study its impli
ations on the estimation risk of the varian
e. Bothdatasets are available on Kenneth Fren
h's web site.I 
ompare the out-of-sample performan
es of 10 investment rules over 10 years from O
tober2000 to O
tober 2010.22 More spe
i�
ally, I 
onsider three P-value investment rules basedon three histori
al targets, c1 = 0.1QMV , c2 = 0.5QMV , and c3 = 0.9QMV where the perfor-man
e QMV given in equation (2) is based on observations from t = 1 to Tw. I also 
onsiderthe four two-fund rules highlighted in se
tion 3, namely MV, HRW, KZ, and B, as well asthe additional rules, EQ, KZ3, and GUW.Tables 7 and 8 report the out-of-sample mean, standard deviation, SR (and p-value asso
iatedwith the LW-test of the di�eren
e between the SR of P1-h and the SR of any other strategy),20



CE and turnover for rolling window of size 60. In addition, numeri
al values are providedfor the three histori
al targets, as well as the out-of-sample probabilities for the asso
iatedrule to defeat its target and to be reinterpreted as more 
onservative than the mean-varian
einvestor.(i) 10 Industry portfolios:- P-value rules. Similarly to the results observed on simulated data, the P-value investmentrule asso
iated with the smallest ben
hmark performs best. P1-h defeats its target withprobability almost 1 and is always reinterpreted as more 
onservative than the mean-varian
einvestor. It has the largest CE-performan
e and the smallest turnover. As a result, P1-happears as a reliable and a�ordable investment strategy. In the remaining dis
ussion, this isthe only P-value investment rule I dis
uss.- P-value vs other two-fund rules and other 
ompetitors. P1-h outperforms all the other rules,both in terms of CE and SR performan
es. The SR performan
e of P1-h is signi�
antly bet-ter than any two-fund rule at level of 
on�den
e 0.85. The only rule that is not signi�
antlyoutperformed by P1-h is KZ3. However, note that P1-h 
learly outperforms KZ3 in termsof CE. In addition, P1-h is one of the most stable and a�ordable investment strategy.Note also that there is little di�eren
e between the performan
es of HRW and KZ, suggesting(again) that ignoring the estimation risk of the varian
e is a reasonable simplifying assump-tion. The ratio N/T is a
tually twi
e as large as the one 
onsidered with simulated data,respe
tively 10/60 and 4/60.(ii) 49 Industry portfolios:- P-value rules. The P-value investment rule asso
iated with the smallest ben
hmark per-forms best as previously observed. The main di�eren
e with the previous dataset is thatP1-h only defeats its target with probability 0.21. Note also that the ben
hmark itself ismu
h higher than in the previous 
ase. This is likely due to less reliable estimators, be-
ause when larger sizes of rolling window are 
onsidered, the probability of defeating theben
hmark rises a

ordingly.- P-value vs other two-fund rules and other 
ompetitors. The SR performan
e of P1-h is sig-21



ni�
antly better than any other rule at level of 
on�den
e above 0.90, ex
ept for KZ3 whi
his asso
iated to a p-value of the LW-test equal to 0.21. However, the CE performan
e ofP1-h is 
learly outperformed by KZ (and KZ3), whi
h is also the most stable and a�ordableinvestment strategy. When I only 
onsider 
ompetitors that ignore the estimation risk ofthe varian
e, namely HRW, this is not the 
ase anymore. P1-h strongly outperforms HRWin terms of CE performan
e, while being mu
h more stable. Consequently, ignoring theestimation risk of the varian
e does not seem as appropriate as with the previous dataset,or with simulated data. The ratio N/T is a
tually �ve times larger than with the previousdataset, respe
tively 49/60 and 10/60.To 
on
lude, similarly to what the simulation results show, the empiri
al datasets favor the
onservative behavior of the P-value investment rule asso
iated with the smallest ben
h-mark. P1-h provides a reliable and a�ordable investment strategy. In addition, ignoring theestimation risk of the varian
e appears to be a reasonable simplifying assumption, as longas the ratio N/T is kept small, typi
ally 1/6. This result 
on�rms the �ndings of Kan andZhou (2007).4 ExtensionsThe main 
ontribution of this paper is to derive a 
losed-form formula for the P-value in-vestment rule under two simplifying assumptions: 1) the performan
e is measured by theMarkowitz' mean-varian
e 
riterion; and 2) the estimation risk of the varian
e is ignored.However, the proposed methodology is mu
h more general and the following extensions aredis
ussed next: estimated (or random) ben
hmarks; more elaborate performan
e measures;relaxing assumption 1; 
omparison with the Value-at-Risk.(i) Estimated (or random) ben
hmark:So far, only deterministi
 ben
hmarks have been 
onsidered. The usual pra
ti
e is rather toin
lude a random ben
hmark su
h as a value-weighted index in order to tra
k its performan
e.22



c̃ denotes the estimated performan
e of the ben
hmark portfolio. It is assumed to be jointlyasymptoti
ally normally distributed with the asset returns, with mean c, varian
e σ2
c and
ovarian
e ve
tor σRc with the asset returns. It follows that, under assumption 1, (Q̂P (θ)− c̃)is asymptoti
ally normally distributed with the following mean and varian
e,

(QP (θ)− c) and (θ′Σθ − 2θ′σRc + σ2
c ) .The asso
iated P-value investment rule maximizes the p-value of the following one-sidedtest, H0 : QP (θ) > c̃. Clearly, 
onsidering a random target does not 
hange mu
h the setupde�ned previously. Therefore, the reader should refer to the relevant se
tions if needed. Inparti
ular, ignoring the estimation risk of the varian
e allows the maximization problem ofthe p-value to be simpli�ed as follows,

θp(c̃) = argmax
θ


 θ′µ̂− η

2
θ′Σ̂θ − c̃√

θ′Σ̂θ − 2θ′σ̂Rc + σ̂2
c


 ,where σ̂Rc and σ̂2

c are 
onsistent estimators of σRc and σ2
c respe
tively. The asso
iated optimalP-value investment rule is then given as

θp(c̃) = α
Σ̂−1µ̂

η
+ (1− α)Σ̂−1σ̂Rc , (12)where α is a real number de�ned impli
itly in the Appendix.With an estimated ben
hmark, the P-value investment rule is a three-fund rule investingin the riskless asset, the sample tangen
y portfolio, and a portfolio that a

ounts for the
orrelations between the ben
hmark portfolio and the ex
ess returns. The relative weightsbetween these three funds depend on the 
orrelation between these two portfolios and ontheir risk-return trade-o�s.To 
on
lude, introdu
ing an estimated ben
hmark is fairly straightforward and leads to afeasible and intuitive investment rule.(ii) More elaborate performan
e measures:Considering the simple mean-varian
e portfolio performan
e measure provides the 
losed-form intuitive P-value investment rule (9). However, more elaborate performan
e measures23




an easily be in
orporated, for instan
e to a

ount for the e�e
ts of higher moments like theskewness. In general, higher moments 
annot be negle
ted unless there is a reason to believethat the asset returns are normally distributed, or that the utility fun
tion is quadrati
,or that these moments are irrelevant to the investor's de
ision (see for instan
e Samuelson(1970)). Several alternative 
riteria for portfolio sele
tion based upon higher order momentshave been developed (see for instan
e Wang and Xia (2002)); so far, no pro
edure seems tohave 
learly emerged. When su
h elaborate performan
e measures are linear 
ombinationsof the relevant moments of the portfolio returns' distribution, say like the mean-varian
e-skewness dis
ussed in Brie
, Kerstens, and Jokung (2007), a strategy very similar to the onedeveloped in Se
tion 1 will provide the P-value investment rule. In this 
ase, the asso
iatedtest statisti
 κ(θ) remains asymptoti
ally pivotal, sin
e its asymptoti
 distribution does notdepend on θ. As a result, the maximization of the p-value 
an be equivalently rewrittenas the maximization of κ(θ) as done in (7). However, it is obviously less likely that su
h amaximization will always lead to a 
losed-form investment rule.With even more elaborate performan
e measures, it is not 
lear whether an asymptoti
allypivotal statisti
 like κ(θ) exists. Suppose it does not and the asymptoti
 distribution of thetest statisti
 κ∗(θ) now depends on the ve
tor of weights θ, say fθ. The p-value now writesP-value(θ) = ∫ κ∗(θ)

−∞

fθ(u)du .The asso
iated optimization problem has to be solved numeri
ally and it is quite unlikelythat the optimal investment rule will be known in 
losed-form.To 
on
lude, more elaborate portfolio performan
e measures 
an always be 
onsidered. How-ever, in pra
ti
e, su
h re�nements will likely be paid in terms of tra
tability and interpretabil-ity of the asso
iated investment rule.(iii) Relaxing assumption 1:The asymptoti
 distribution of the test statisti
 κ(θ) naturally follows from assumption 1,whi
h ensures the validity of a 
entral limit theorem for the ex
ess returns. A

ordingly, theasymptoti
 test (5) has been 
onsidered. If su
h an assumption is not 
redible, the pro
e-dure a
tually remains valid with a �nite sample test based on the empiri
al distribution, or24



any resampling distribution. Although most test statisti
s used in e
onometri
s are asymp-toti
ally pivotal (and usually with known asymptoti
 distributions), most of them are notpivotal in �nite samples. As a result, the p-value asso
iated with the �nite sample test islikely to write P-value(θ) = ∫ κ∗(θ)

−∞

fn,θ(u)du ,where the empiri
al density fun
tion fn,θ of the portfolio performan
e measure Q̂(θ) now(likely) depends on the ve
tor of weights θ. A

ordingly, the numeri
al 
omplexity of theasso
iated optimization problem in
reases quite a lot. It is now very unlikely that the optimalinvestment rule will be known in 
losed-form.To 
on
lude, given the tra
tability and interpretability of the resulting investment rule,ensuring the validity of a CLT for the returns appears to be a pretty weak assumption.23(iv) Comparison with the Value-at-Risk:The P-value investment rule maximizes the p-value of a one-sided test, ensuring that theportfolio performan
e is above the given threshold. Su
h a sele
tion method 
an be linkedto a well-known �nan
ial risk measure, the Value-at-Risk (VaR hereafter). Re
all that, fora given level α, the VaR represents an estimate of the level of loss on a portfolio, whi
h isexpe
ted to be equaled or ex
eeded with the given (small) probability α. Mathemati
ally,the Var is de�ned as VaR(α) = inf {l ∈ R s.t. P (LP > l) ≤ 1− α} ,where LP denotes the portfolio loss over a given period of time, typi
ally a day or two weeks.In addition, risk regulations usually di
tate the 
hoi
e of the level of 
on�den
e α, typi
ally1% or 5%.As a result, the VaR summarizes the distribution of possible portfolio losses by a quantilefor a well-
hosen level of 
on�den
e. The goal of the P-value sele
tion method is obviouslyto sele
t a portfolio (or investment rule) rather than to summarize its distribution. Moreimportantly though, the P-value sele
tion method sets the ben
hmark (or quantile in thelanguage of the VaR) and not the level of 
on�den
e. Choosing the ben
hmark appears to25



be dire
tly in line with institutional money managers' 
on
erns.5 Con
lusionIn this paper, I develop an alternate framework to provide a feasible investment rule, namelythe P-value investment rule, that a

ounts for estimation risk. The P-value investmentrule maximizes the p-value of a one-sided test, ensuring that the portfolio performan
e isabove a given threshold. When the portfolio performan
e is measured by the Markowitz'mean-varian
e 
riterion and when the estimation risk of the varian
e is ignored, the optimalinvestment rule is known in 
losed-form. More spe
i�
ally, with a �xed ben
hmark, theP-value investment rule is a two-fund rule where the share of wealth invested in the riskyassets is sample dependent. A

ording to this strategy, less is invested in the risky assets inpro�table �nan
ial environments, or when the sample performan
e tends to be high. Theresulting investment strategy is more stable and more a�ordable than the mean-varian
einvestment rule as shown in the 
omparative study. With an estimated (or random) ben
h-mark, the P-value investment rule is a three-fund rule investing in the riskless asset, thesample tangen
y portfolio, and a portfolio that a

ounts for the 
orrelations between theben
hmark portfolio and the ex
ess returns. The relative weights invested in the three fundsdepend on the 
orrelation between these two portfolios and on their risk-return trade-o�s.In the 
omparative study, I 
onsider both simulated and empiri
al data and 
ompare teninvestment strategies a

ording to their out-of-sample performan
es as measured by theSharpe ratio and the 
ertainty equivalent; in addition, I also evaluate their stabilities overtime through the turnover. Overall, the P-value investment rule performs very well, espe
iallyfor smaller sample sizes. More spe
i�
ally, both simulated and empiri
al data seem to favorP-value rules asso
iated with smaller ben
hmarks. These strategies are more 
onservativebe
ause they invest less in the risky assets; they perform 
onsistently well and are bothstable and a�ordable. As a result, it seems that investors are better o� 
hoosing a lowerben
hmark. 26



Finally, ignoring the estimation risk of the varian
e appears to be a reasonable simplifyingassumption as long as the number of risky assets relative to the sample size is kept small,typi
ally 1/6 in the above 
omparative study.A Proofs of the main results
• Proof of equation (9) θp(c): The �rst order 
onditions 
an be reinterpreted as a fun
tionof the (feasible) ve
tor of the mean-varian
e weights θMV de�ned in equation (2) as follows:

(µ̂− ηΣ̂θp)
√
θ′pΣ̂θp −

θ′pµ̂− η/2θ′pΣ̂θp − c√
θ′pΣ̂θp

Σ̂θp = 0 ⇔ µ̂− ηΣ̂θp −
θ′pµ̂− c

θ′pΣ̂θp
Σ̂θp +

η

2
Σ̂θp = 0

⇔ µ̂− η

2
Σ̂θp −

θ′pµ̂− c

θ′pΣ̂θp
Σ̂θp = 0 (A.1)

⇔ Σ̂−1µ̂− η

2
θp −

θ′pµ̂− c

θ′pΣ̂θp
θp = 0

⇒ ∃ d ∈ R s.t. θp = dΣ̂−1µ̂ . (A.2)Pre-multiply (A.1) by θ′p to get: ηθ′pΣ̂θp = 2c.Plug (A.2) in the above equation to get: ηd2µ̂′Σ̂−1µ̂ = 2c.After plugging the 2 resulting 
andidates in the obje
tive fun
tion, I 
on
lude that thepositive root leads to the maximum. Hen
e: θp = dΣ̂−1µ̂ with d =√ 2c
η(µ̂′Σ̂−1µ̂)

.
• Proof of equation (10) c∗:

QP (θp(c)) = θ′p(c)µ0 −
η

2
θ′p(c)Σ0θp(c) =

√
2c√
ηγ̂2

µ̂′Σ̂−1µ0 −
c

γ̂2
µ̂′Σ̂−1Σ0Σ̂

−1µ̂ ,where γ̂2 = µ̂′Σ̂−1µ̂. I now maximize it with respe
t to c. The asso
iated �rst order 
onditionsare
1√
2c∗η

E

(
µ̂′Σ̂−1µ0√

γ̂2

)
= E

(
µ̂′Σ̂−1Σ0Σ̂

−1µ̂

γ̂2

)
=⇒ c∗ =

1

2η
×

[
E

(
µ̂′Σ̂−1µ0√

γ̂2

)]2

[
E
(
µ̂′Σ̂−1Σ0Σ̂−1µ̂

γ̂2

)]2 .The asso
iated optimal ve
tor of weights is the following
θp(c

∗) =

∣∣∣∣E
(
µ̂′Σ̂−1µ0√

γ̂2

)∣∣∣∣
∣∣∣E
(
µ̂′Σ̂−1Σ0Σ̂−1µ̂

γ̂2

)∣∣∣
1√
γ̂2

1

η
Σ̂−1µ̂ .27



Note in parti
ular that if µ̃0 and Σ0 were known, I would get θp(c∗) = θMV , whi
h 
orrespondsto the best portfolio rule in absen
e of estimation risk.
• Proof of equation (12):The FOC write:

µ̂− ηΣ̂θ − θ′µ̂− η
2
θ′Σ̂θ − c̃

θ′Σ̂θ − 2θ′σ̂Rc + σ̂2
c

(Σ̂θ − σ̂Rc) = 0

⇔ µ̂− ησ̂Rc − η(Σ̂θ − σ̂Rc) =
θ′µ̂− η

2
θ′Σ̂θ − c̃

θ′Σ̂θ − 2θ′σ̂Rc + σ̂2
c

(Σ̂θ − σ̂Rc) (A.3)
⇔ Σ̂−1 (µ̂− ησ̂Rc) =

[
η +

θ′µ̂− η
2
θ′Σ̂θ − c̃

θ′Σ̂θ − 2θ′σ̂Rc + σ̂2
c

]
(θ − Σ̂−1σ̂Rc)

⇒ ∃ α ∈ R s.t. θp(c̃) = α
Σ̂−1µ̂

η
+ (1− α)Σ̂−1σ̂Rc . (A.4)Pre-multiply (A.3) by θ′ to get

0 =
η

2
(θ′Σ̂θ)2 − 3η

2
(θ′σ̂Rc)(θ

′Σ̂θ) + (θ′µ̂)(θ′σ̂Rc) + (θ′Σ̂θ)[ησ̂2
c − c̃] + [c̃σ̂Rc − σ̂2

c µ̂]
′θ .De�ne α = 1/(1 + δ) and plug (A.4) in the above equation to get

δ4
[
−ηC2 + C(E + 1)− σ2

cηB
]
+ δ3

[
−5η

2
BC − 3η

2
C2 + 2E(B + C) + C − σ2

cηB

]

+ δ2
[
−ηB2 − η

2
AC − 9η

2
BC + E(A+ C) + 4BC + 3(B + C)− 3σ2

cη(A+B)

]

+ δ

[
η

2
AB − 3ηB2 − 3η

2
AC + 2(BC + AE) + C − σ2

cη(B + 3A) + 3B

]

+

[
η

2
A2 − 3η

2
AB + AE +B − σ2

cηA

]
= 0 ,where A, B, C, and E are de�ned as follows

A =
µ̂′Σ̂−1µ̂

η2
, B =

µ̂′Σ̂−1σ̂Rc
η

, C = σ̂′
RcΣ̂

−1σ̂Rc , E = ησ2
c − c̃ .B Results of the simulation and empiri
al studiesI now provide additional des
ription of the investment rules 
onsidered in this paper.

• Two-fund rule of Kan and Zhou:
θ0KZ =

1

η

[(
(T −N − 1)(T −N − 4)

T (T − 2)

)(
γ2

γ2 +N/T

)]
Σ̂−1µ̂ with γ2 = µ′Σ−1µ .28



Kan and Zhou (2007) re
ommend the following feasible rule θKZ where γ2 is repla
ed by
γ̂2a =

(T −N − 2)γ̂2 −N

T
+

2(γ̂2)N/2(1 + γ̂2)−(T−2)/2

TBγ̂2/(1+γ̂2)(N/2, (T −N)/2)
, (B.1)with γ̂2 = µ̂′Σ̂−1µ̂ and Bx(a, b) is the in
omplete beta fun
tion

Bx(a, b) =

∫ x

0
ya−1(1− y)b−1dy .

• Three-fund rule of Kan and Zhou:
θ0KZ3 =

c3
η

[(
ψ2

ψ2 +N/T

)
Σ̂−1µ̂+

(
N/T

ψ2 +N/T

)
µgΣ̂

−1ι

]
, (B.2)with µg =

ι′Σ−1µ

ι′Σ−1ι
, c3 =

(
T −N − 4

T

)(
T −N − 1

T − 2

)
, ψ2 = (µ− µgι)

′Σ−1 (µ− µgι) .Kan and Zhou (2007) re
ommend repla
ing µg and ψ2 by
µ̂g =

µ̂′Σ̂−1ι

ι′Σ̂−1ι
and ψ̂2

a =
(T −N − 1)ψ̂2 − (N − 1)

T
+

2(ψ̂2)(N−1)/2(1 + ψ̂2)−(T−2)/2

TBψ̂2/(1+ψ̂2)((N − 1)/2, (T −N + 1)/2)
.

• Sequential min-max of Garlappi, Uppal and Wang:
θGUW =

1

η
d
T − 1

T
Σ̂−1µ̂ with d =





1− (ǫ/γ̂2)1/2 if γ̂2 > ǫ

0 if γ̂2 ≤ ǫ
and ǫ = NF−1

N,T−N (p)/(T−N) ,(B.3)where F−1
N,T−N is the inverse of the 
umulative distribution fun
tion of a 
entral F-distributionwith (N, T −N) degrees of freedom and p is a probability. I use p = .99.
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Notes1It has been extended sin
e to a multi-periods framework: see e.g. Campbell and Vi
eira (2002).2Kan and Zhou (2007) provide an extensive study of the �nan
ial 
onsequen
es of ignoring estimationrisk.3When the number of assets is moderate 
ompared to the number of observations (and the time-span is�xed) mean asset returns are harder to estimate: see Merton (1980) and Kan and Zhou (2007).4I thank the Editor, René Gar
ia, for pointing this out.5The 
on
ept of 
orre
ted risk aversion has been introdu
ed by ter Horst, de Roon, and Werker (2006).6Brandt (2004) provides a broad survey on general issues related to portfolio 
hoi
e.7Of 
ourse, by 
onstru
tion, the (infeasible) optimal mean-varian
e investment rule outperforms any two-fund rule, espe
ially Kan and Zhou's; by 
onstru
tion, the latter also outperforms any P-value investmentrule. However nothing is guaranteed when one 
onsiders feasible versions of the optimal mean-varian
e andKan and Zhou's rules as shown in the 
omparative study in se
tion 3.8Others have also departed from the 
lassi
al mean-varian
e framework: Garlappi, Uppal and Wang(2007) propose a sequential max-min method where the worst performan
e (when the unknown parametersfall into some 
on�den
e interval) is maximized with respe
t to the portfolio weights; Harvey, Lie
hty, Lie
htyand Muller (2004) adopt a Bayesian setting under the assumption that the returns follow a skew-normaldistribution.9More elaborate measures of portfolio performan
e are dis
ussed in se
tion 4.10Random or estimated targets are dis
ussed in se
tion 4.11The pro
edure remains similar for any other set of 
onsistent estimates. Note that if {(Rt − µ0)}t isnot a martingale di�eren
e sequen
e, the estimator Σ̂ has to take into a

ount the serial 
orrelation, like theHAC (Heteroskedasti
 and Auto
orrelation Consistent) estimator.12For 
onvenien
e, I 
onsider here the asymptoti
 test. See the dis
ussion in se
tion 4 about alternativetesting pro
edures.13A

ording to Kan and Zhou's (2007) study, the above 
laim is only a

eptable when the ratio of thenumber of assets and the sample size (that is N/T ) is small : their study reports the presen
e of an intera
tivee�e
t between both estimation errors. See also the simulation and empiri
al studies in se
tion 3.14The information ratio (IR) is a well-known risk-adjusted measure of performan
e. The usual pra
ti
e isto in
lude a random ben
hmark su
h as a value-weighted index: see the dis
ussion in se
tion 4. I thank theEditor, René Gar
ia, for pointing this out.15This is not really surprising sin
e one maximizes the expe
ted performan
e with respe
t to c.16This (simple) de�nition of the turnover implies by 
onstru
tion a value of zero for the naive equi-weighted33



portfolio.17Other values were also 
onsidered for robustness.18Das and Uppal (2004) 
alibrate a jump di�usion pro
ess to histori
al returns on the indexes for six
ountries. They found that on average a jump o

urs every 20 months. This 
orresponds to 5% of the datathat deviate from the joint normal distribution.19The fa
tor model is similar to the one used in Ma
Kinlay and Pastor (2000).20They also 
onsider another deterministi
 distribution, whi
h is really 
lose to D1.21Computer programming 
ode (in R) is freely available athttp://www.iew.uzh.
h/
hairs/wolf/team/wolf/publi
ations_en.html22Other periods have been 
onsidered for robustness 
he
ks and the results were quite similar.23More expli
it assumptions would involve some mixing assumptions, or even weaker assumptions likenear-epo
h dependen
y. This dis
ussion is beyond the s
ope of this paper.
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Infeasible rules (only for simulated data)
MV 0 (infeasible) Mean-varian
e
KZ0 Kan and Zhou (infeasible) 2-fund
HRW 0 ter Horst, de Roon and Werker (infeasible) 2-fund
KZ30 Kan and Zhou (infeasible) 3-fundFeasible rules (both for simulated and empiri
al data)P1 P-value with target 10% Optimum (with simulated datasets)P1-h P-value with target 10% estimated MV-CE (with empiri
al datasets)P2 P-value with target 50% Optimum (with simulated datasets)P2-h P-value with target 50% estimated MV-CE (with empiri
al datasets)P3 P-value with target 90% Optimum (with simulated datasets)P3-h P-value with target 90% estimated MV-CE (with empiri
al datasets)MV Feasible 
ounterpart of MV 0HRW Feasible 
ounterpart of HRW 0KZ Feasible 
ounterpart of KZ0B Bayesian with di�use priorsEQ Equi-weighted portfolioKZ3 Feasible 
ounterpart of KZ30GUW Garlappi, Uppal and WangTable 1: Portfolio rules 
onsidered in the simulated and empiri
al experiments.
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No Deviation Deviation D1 Deviation D2 Deviation D3Mean 0.2530 0.2818 0.1679 0.2705Varian
e 0.2530 0.2818 0.1679 0.2705SR 0.5030 0.5309 0.4097 0.5201Table 2: Mean, varian
e and Sharpe ratio of the tangen
y portfolio for the simulated datawith no deviation, and 5% deviation a

ording to deviation distributions D1, D2 and D3.

36



−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8
0

1000

2000

3000

4000

5000

6000

7000

8000

9000
No deviation

−0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

1000

2000

3000

4000

5000

6000

7000

8000

9000
5% deviation D1

−0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

2000

4000

6000

8000

10000
5% deviation D2

−0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

2000

4000

6000

8000

10000

12000
5% deviation D3

Figure 1: Histograms of the distribution of the �rst risky asset for simulated data with (i)no deviation (top left); (ii) 5% deviation a

ording to D1 (top right)), D2 (bottom left), and
D3 (bottom right).
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No deviation Rolling window of size 60 months Rolling window of size 120 monthsTrue ben
hmark Histori
al ben
hmark True ben
hmark Histori
al ben
hmarkRule P1 P2 P3 P1-h P2-h P3-h P1 P2 P3 P1-h P2-h P3-hTarget 0.0127 0.0633 0.1139 0.0311 0.1557 0.2802 0.0127 0.0633 0.1139 0.0311 0.1557 0.2802
P (Target defeated) 1.0000 1.0000 1.0000 1.0000 1.0000 0.4750 1.0000 1.0000 1.0000 1.0000 1.0000 0.0083
P (η̃ > η) 1.0000 0.6417 0 1.0000 0 0 1.0000 1.0000 0 1.0000 0 0Mean 0.1088 0.2433 0.3264 0.1707 0.3817 0.5121 0.0923 0.2063 0.2768 0.1447 0.3237 0.4342Std dev. 0.1630 0.3644 0.4889 0.2557 0.5718 0.7671 0.1524 0.3407 0.4571 0.2389 0.5345 0.7171CE 0.0955 0.1769 0.2069 0.1380 0.2182 0.2179 0.0807 0.1483 0.1723 0.1161 0.1808 0.1771Turnover 0.0521 0.1165 0.1563 0.0817 0.1827 0.2452 0.0279 0.0624 0.0837 0.0437 0.0979 0.1313Deviation D1

Rolling window of size 60 months Rolling window of size 120 monthsTrue ben
hmark Histori
al ben
hmark True ben
hmark Histori
al ben
hmarkRule P1 P2 P3 P1-h P2-h P3-h P1 P2 P3 P1-h P2-h P3-hTarget 0.0141 0.0705 0.1268 0.0293 0.1465 0.2637 0.0141 0.0705 0.1268 0.0293 0.1465 0.2637

P (Target defeated) 1.0000 1.0000 0.5667 1.0000 0.4833 0.0583 1.0000 1.0000 0.8250 1.0000 0.7667 0.0083

P (η̃ > η) 1.0000 1.0000 0.6250 1.0000 0 0 1.0000 1.0000 1.0000 1.0000 0 0Mean 0.0744 0.1664 0.2233 0.1073 0.2400 0.3220 0.0784 0.1752 0.2351 0.1130 0.2527 0.3390Std dev. 0.1958 0.4379 0.5875 0.2824 0.6315 0.8472 0.1883 0.4210 0.5648 0.2715 0.6070 0.8144CE 0.0553 0.0706 0.0507 0.0675 0.0406 -0.0369 0.0606 0.0866 0.0756 0.0762 0.0684 0.0074Turnover 0.0850 0.1900 0.2549 0.1225 0.2740 0.3676 0.0365 0.0815 0.1094 0.0526 0.1175 0.1577Table 3: Out-of-sample mean, standard deviation, CE and Turnover for 6 P-Value rules with respe
tive ben
hmarks c1 =

0.1Q0
MV , c2 = 0.5Q0

MV , and c3 = 0.9Q0
MV and their asso
iated histori
al 
ounterparts. Numeri
al targets (in terms of CE), theper
entage of times it is defeated and the out-of-sample probability of getting a 
orre
ted risk aversion parameter larger thanthe a
tual one are also provided. Results are for simulated fa
tor model with no deviation (top panel) and 5% deviation D1(bottom panel); rolling window of size 60 months (left panel) and 120 months (right panel); risk aversion parameter of 1.
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Deviation D2

Rolling window of size 60 months Rolling window of size 120 monthsTrue ben
hmark Histori
al ben
hmark True ben
hmark Histori
al ben
hmarkRule P1 P2 P3 P1-h P2-h P3-h P1 P2 P3 P1-h P2-h P3-hTarget 0.0084 0.0420 0.0755 0.0219 0.1094 0.1969 0.0084 0.0420 0.0755 0.0219 0.1094 0.1969
P (Target defeated) 1.0000 0.8667 0.6417 1.0000 0.4250 0.2333 1.0000 1.0000 0.9250 1.0000 0.6417 0.2083
P (η̃ > η) 1.0000 0.9167 0.2250 1.0000 0 0 1.0000 1.0000 0.8917 1.0000 0 0Mean 0.0389 0.0869 0.1166 0.0628 0.1403 0.1883 0.0446 0.0997 0.1337 0.0720 0.1609 0.2159Std dev. 0.1485 0.3319 0.4454 0.2397 0.5360 0.7191 0.1388 0.3103 0.4163 0.2241 0.5010 0.6721CE 0.0278 0.0318 0.0174 0.0340 -0.0033 -0.0703 0.0349 0.0515 0.0471 0.0469 0.0354 -0.0100Turnover 0.0757 0.1693 0.2271 0.1222 0.2733 0.3667 0.0299 0.0668 0.0896 0.0483 0.1079 0.1447Deviation D3

Rolling window of size 60 months Rolling window of size 120 monthsTrue ben
hmark Histori
al ben
hmark True ben
hmark Histori
al ben
hmarkRule P1 P2 P3 P1-h P2-h P3-h P1 P2 P3 P1-h P2-h P3-hTarget 0.0135 0.0676 0.1217 0.0294 0.1469 0.2643 0.0135 0.0676 0.1217 0.0294 0.1469 0.2643

P (Target defeated) 1.0000 1.0000 0.5917 1.0000 0.5083 0.0500 1.0000 1.0000 0.9000 1.0000 0.7667 0.0083

P (η̃ > η) 1.0000 1.0000 0.7000 1.0000 0 0 1.0000 1.0000 1.0000 1.0000 0 0Mean 0.0705 0.1576 0.2115 0.1039 0.2323 0.3117 0.0757 0.1692 0.2270 0.1116 0.2494 0.3345Std dev. 0.1868 0.4177 0.5604 0.2753 0.6155 0.8258 0.1803 0.4032 0.5410 0.2659 0.5943 0.7971CE 0.0531 0.0704 0.0545 0.0660 0.0429 -0.0293 0.0594 0.0879 0.0807 0.0762 0.0728 0.0167Turnover 0.0800 0.1788 0.2399 0.1179 0.2635 0.3536 0.0342 0.0765 0.1026 0.0504 0.1127 0.1512Table 4: Out-of-sample mean, standard deviation, CE and Turnover for 6 P-Value rules with respe
tive ben
hmarks c1 =

0.1Q0
MV , c2 = 0.5Q0

MV , and c3 = 0.9Q0
MV and their asso
iated histori
al 
ounterparts. Numeri
al targets (in terms of CE), theper
entage of times it is defeated and the out-of-sample probability of getting a 
orre
ted risk aversion parameter larger thanthe a
tual one are also provided. Results are for simulated fa
tor model with 5% deviation D2 (top panel) and D3 (bottompanel); rolling window of size 60 months (left panel) and 120 months (right panel); risk aversion parameter of 1.
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Two-fund rules Other rulesMV HRW KZ B P1-h EQ KZ3 GUWNo DeviationMean 0.5059 0.4504 0.3585 0.4478 0.1707 0.0908 0.3837 0.1581Std dev. 0.7668 0.6867 0.5482 0.6788 0.2557 0.2464 0.5720 0.2651SR 0.6597 0.6559 0.6539 0.6597 0.6676 0.3684 0.6709 0.5963(p-value) (0.566) (0.47) (0.412) (0.55) - (0.018) (0.818) (0.03)CE 0.2118 0.2146 0.2082 0.2174 0.1380 0.0604 0.2202 0.1229Turnover 0.3383 0.3263 0.2694 0.2995 0.0817 0 0.2590 0.2130Deviation D1Mean 0.2336 0.1880 0.1398 0.2068 0.1073 0.1890 0.1698 0.0272Std dev. 0.6315 0.5219 0.3979 0.5590 0.2824 0.5253 0.4588 0.1414SR 0.3699 0.3601 0.3514 0.3699 0.3801 0.3598 0.3701 0.1927(p-value) (0.502) (0.258) (0.194) (0.5) - (0.76) (0.726) (0.012)CE 0.0342 0.0517 0.0606 0.0505 0.0675 0.0510 0.0646 0.0173Turnover 0.3146 0.2727 0.2162 0.2785 0.1225 0 0.2096 0.0839Deviation D2Mean 0.1226 0.0882 0.0609 0.1085 0.0628 0.1244 0.1030 0.0097Std dev. 0.5428 0.4356 0.3288 0.4805 0.2397 0.5336 0.4002 0.1100SR 0.2259 0.2025 0.1851 0.2259 0.2618 0.2331 0.2573 0.0885(p-value) (0.304) (0.248) (0.16) (0.314) - (0.764) (0.908) (0.052)CE -0.0247 -0.0066 0.0068 -0.0069 0.0340 -0.0180 0.0229 0.0037Turnover 0.3045 0.2631 0.2064 0.2696 0.1222 0 0.1913 0.0621Deviation D3Mean 0.2242 0.1799 0.1336 0.1985 0.1039 0.1835 0.1638 0.0247Std dev. 0.6078 0.5002 0.3803 0.5380 0.2753 0.5094 0.4446 0.1303SR 0.3690 0.3598 0.3513 0.3690 0.3774 0.3602 0.3684 0.1899(p-value) (0.598) (0.41) (0.266) (0.562) - (0.782) (0.802) (0.018)CE 0.0395 0.0549 0.0613 0.0538 0.0660 0.0537 0.0650 0.0163Turnover 0.3069 0.2671 0.2123 0.2717 0.1179 0 0.2044 0.0859Table 5: Out-of-sample mean, standard deviation, SR, p-value of the Ledoit and Wolf's(2008) test of the di�eren
e between SR of P1-h and any other rule, CE and Turnover for8 feasible rules listed in Table 1. Results are for simulated fa
tor model with no deviationand 5% deviation a

ording to D1, D2 and D3, rolling window of size 60 months, and riskaversion parameter of 1. 40



Infeasible Feasible Infeasible Feasible
Tw HRW 0 KZ0 KZ30 MV HRW KZ KZ3 HRW 0 KZ0 KZ30 MV HRW KZ KZ3No deviation - SR performan
e No deviation - CE performan
e60 19.9311 19.9311 8.7263 19.9311 22.3542 24.2117 16.2281 41.2564 36.1176 16.8718 61.2594 51.5069 43.9226 32.1924120 12.7790 12.7790 6.9475 12.7790 13.7393 14.1967 10.2282 24.8862 23.9357 13.6166 29.0267 27.1888 26.4314 19.7929180 5.4339 5.4339 2.9233 5.4339 6.1027 6.3000 4.8300 10.5741 10.8587 5.7695 11.3367 11.8620 12.4357 9.4308240 3.2202 3.2202 0.8197 3.2202 3.5529 3.6245 1.6821 6.3590 6.6765 1.6382 6.5658 6.9886 7.4531 3.4750Deviation D1 - SR performan
e Deviation D1 - CE performan
e60 18.8450 18.8450 14.3998 18.8450 20.9413 22.5478 18.3820 38.1454 34.1784 27.4454 53.4540 44.8758 40.2570 34.9792120 10.0570 10.0570 7.7069 10.0570 10.5940 10.8020 10.0064 19.9529 19.1032 14.8949 23.4916 21.2343 20.4379 19.2302180 8.0537 8.0537 6.5869 8.0537 8.3677 8.4418 8.2249 15.9076 15.4641 12.8161 17.5547 16.5819 16.1754 15.8658240 6.0733 6.0733 5.4877 6.0733 6.2539 6.2847 6.5265 12.1493 11.8015 10.7835 13.2204 12.5327 12.1952 12.7142Deviation D2 - SR performan
e Deviation D2 - CE performan
e60 21.6151 21.6151 6.4485 21.6151 24.7188 27.3431 14.0718 43.8355 38.7996 13.2937 78.5373 59.6369 49.5177 31.0490120 9.4654 9.4654 -0.3998 9.4654 11.0591 11.9687 4.8249 19.3083 18.0781 -0.7743 27.9601 24.0506 22.8630 10.7116180 2.4227 2.4227 -3.9240 2.4227 3.2983 3.6349 -0.4476 5.0250 4.8041 -7.9889 8.1894 7.1851 7.1432 -0.5643240 0.3230 0.3230 -2.9226 0.3230 0.7652 0.8800 -0.9805 0.8722 0.6449 -5.9272 2.9365 2.0172 1.7705 -1.6231Deviation D3 - SR performan
e Deviation D3 - CE performan
e60 18.1441 18.1441 13.6149 18.1441 20.2065 21.8393 17.3991 36.9726 33.0286 26.3104 53.2753 43.8230 39.1319 33.3872120 9.5865 9.5865 7.3212 9.5865 10.0524 10.2416 9.4940 19.0282 18.2542 14.2013 22.6751 20.1575 19.4357 18.2890180 7.9361 7.9361 6.5950 7.9361 8.1894 8.2519 8.1624 15.6954 15.2480 12.8764 17.4468 16.2433 15.8254 15.7709240 5.6895 5.6895 5.2532 5.6895 5.8256 5.8502 6.2743 11.2882 11.0563 10.3003 12.2509 11.5687 11.3581 12.1964Table 6: Out-of-sample losses (in per
entages) from using a spe
i�
 rule instead of the optimal (infeasible MV 0) as a fun
tionof the size of the rolling window Tw: SR losses (left panel) and CE losses (right panel). Results are for simulated fa
tor modelwith no deviation and 5% deviations D1, D2 and D3; risk aversion parameter of 1.
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Two-fund rules Other rulesMV HRW KZ B P1-h P2-h P3-h EQ KZ3 GUWTarget 0.0807 0.4035 0.7264
P (Target defeated) 0.9917 0.3967 0.1322
P (η̃ > η) 1.0000 0.3719 0.1240Mean 0.6133 0.5158 0.3146 0.4927 0.2732 0.6110 0.8197 -1.7064 0.4173 0.1502Std dev. 1.4214 1.2393 0.7866 1.1418 0.5790 1.2948 1.7371 6.2408 0.8969 0.4930SR 0.4315 0.4162 0.4000 0.4315 0.4719 0.4719 0.4719 -0.2734 0.4653 0.3047(p-value) (0.14) (0.144) (0.15) (0.146) (-) (-) (-) (0.04) (0.88) (0.122)CE -0.3968 -0.2522 0.0052 -0.1591 0.1056 -0.2272 -0.6890 -21.1804 0.0151 0.0287Turnover 0.0950 0.0799 0.0491 0.0763 0.0436 0.0975 0.1308 0 0.0476 0.0252Table 7: Out-of-sample mean, standard deviation, SR, p-value of the Ledoit and Wolf's (2008) test of the di�eren
e betweenSR of P1-h and any other rule, CE and Turnover for 8 feasible rules listed in Table 1. Numeri
al targets, the per
entage oftimes it is defeated and the out-of-sample probability of getting a 
orre
ted risk aversion parameter larger than the a
tual oneare also provided. Results are for dataset with 10 Industry portfolios, window of size 60, and risk aversion parameter of 1.
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Two-fund rules Other rulesMV HRW KZ B P1-h P2-h P3-h EQ KZ3 GUWTarget 0.1866 0.9328 1.6790
P (Target defeated) 0.2149 0.1901 0.1488
P (η̃ > η) 1.0000 1.0000 0.8843Mean 5.7671 5.3693 0.0890 0.9454 1.0187 2.2776 3.0557 -1.5881 0.1281 0.8436Std dev. 29.1732 28.0544 0.5774 4.7825 4.0761 9.1136 12.2270 5.5778 0.6513 8.3754SR 0.1977 0.1914 0.1541 0.1977 0.2499 0.2499 0.2499 -0.2847 0.1966 0.1007(p-value) (0.072) (0.05) (0.066) (0.086) (-) (-) (-) (0.026) (0.214) (0.078)CE -419.7703 -388.1560 -0.0777 -10.4907 -7.2888 -39.2508 -71.6937 -17.1441 -0.0840 -34.2302Turnover 12.8885 12.0922 0.2147 2.1129 2.1534 4.8147 6.4595 0 0.2713 2.5930Table 8: Out-of-sample mean, standard deviation, SR, p-value of the Ledoit and Wolf's (2008) test of the di�eren
e betweenSR of P1-h and any other rule, CE and Turnover for 8 feasible rules listed in Table 1. Numeri
al targets, the per
entage oftimes it is defeated and the out-of-sample probability of getting a 
orre
ted risk aversion parameter larger than the a
tual oneare also provided. Results are for dataset with 49 Industry portfolios, window of size 60, and risk aversion parameter of 1.
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