Problem Set #5 Answer Key

Economics 435: Quantitative Methods

Fall 2011

1 Consequences of leaving out a quadratic term

a) Let e =y — E(y|z). Applying the law of large numbers and Slutsky’s theorem, we have:

v = plim = (:E?;)
_ cov(z,y)
~ war(x)
~ cov(z, By + Brx + Bax? +€)
N var(z)
cov(z, %)  cov(x,e)
= Pithe var(x) var(x)

By the definition of €, we know that cov(z,€) = 0. We also know that var(z) = E(2?) — E(z)?. All that’s
left is finding cov(z, x?):
cov(z,2®) = E[(z— E(z)) (2* — E(z?))]
= E(z*) - E(=*)E(z)
Substituting in we get:
E(a®) — E(2*)E(x)
E(z?) — E(x)?

plimy; = 51 + B

b) The marginal effect is given by:

OE(ylr = X)
0X
O(Bo + 1 X + B2X?)
0X
B1+ 262X

5(X) =

c) We simply substitute our earlier results into the equation §(X*) = ~;, and solve:

6(X*) = m
2%) — B(z?)E(z
Bi1+26X" = 51+52E(E&2)€(E()x?2()
v _ B - BB

2(E(a?) - E(2)?)
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2 Best linear predictors

a)
E((y—bo—bi2)’) = E(y*~boy — by — boy + b + bobrz — bray + bobrz + b3a?)
= E(y®) — 2b0E(y) — 201 E(zy) + b3 + 2bb1 E(z) + b] E(2?)

Taking derivatives:

OE/dby = —2E(y)+ 2by + 2b1E(z) =0
OE/0b; = —2E(zy) + 2boE(z) + 2b1 E(2?)
Solving, we get:
bo = E(y)—bE(z)
b, = By —bB@) By - E(fﬂ)Egy) _ cou(w, y) fvar(x)

E(«?) - E(?) - E(x)

b) They are consistent estimators.

plim fy = plim 20
var(x)
plim cov(x,y)
plim var(z)
cov(z,y)
var(x)
= b
plim 3y = plim (y — /12)
= plim y — plim Blplim z
— B(y) ~ b B
- b

c) Based on the first order conditions:

cov(E(y|x), )
var(x)
ap = E(E(ylr)) — a1 E(x)

Now let v = y — E(y|z). Note that E(v|x) = 0, which implies cov(v,2) = 0. Then:

ay =

cov(E(y|x) + v, x)
cov(E(y|x),x) 4+ cov(v, x)
= cov(E(y|z),x)

cov(y, r)

cov(E(y|z),x) _ cov(y,x) _

So this implies a; = b1. Substituting this into our expression for agy, we get

var(z) — war(z)
ap = E(E(y|r)) — b E(x)
= E(y) —hE(z)
= bO

Since we have proved that ag = by and a; = by, we have proved that the best linear predictor is also the
best linear approximation to the true CEF.
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3 Fitted values and residuals

a) No it isn’t.

plim §; = plim (B + 1)

= plim BO + plim Blplim T;

= Bo+ Piw;

= Y — U £ Y

b) Yes it is:
plim 4; = plim (y; — 4;)

= plim y; — plim g;
= Yi— (yi - Ui)
= Ui

c) Yes. A proof was not required, just some sort of explanation, but here’s a proof. Let z; = u? and w; = w?:

P L300 (2 — 2) (w; — W)
%Z?:ﬂxi —7)?
5 2o (@i = B)wi — 3 3L (2 — B)w
% Z?:1(xi - 7)?
% Z?:1($i — T)w;
% Z?:1($i —7)?
5 i (@i = )z + 3 S0 (2 — ) (wi — 2i)
&2y (z — )2
2 i (@i = F)(z = ) + 2 2 (i — 7 (wi — z)
% Z?:1($i —7)?

Taking probability limits

. e (=) (2 = 2) + 2 (= T (wi — z)
plim
Sy
n i=1\"1
plim 37" (2 — ) (2 — 2) + plim £ 30 (2 — &) (w; — 2;)
plim % Z?:l(xi —I)?
plim L 3" (2, — 2) (2 — 2) + 2 37 | plim (2; — 2)plim (w; — 2;)
plim % Z:’Zl(xz — )2
plim %Z:’L:l (JCZ — f)(ZL — 5) + % Z?:l(xi - 5?)0
i L5 (ar — 77

S
I

cov(z, 2)
var(x)
= al

Your answer does not need to be this elaborate!



