
Problem Set #8

Economics 808: Macroeconomic Theory

Fall 2004

1 A simple VAR

Consider the following simple vector autoregression. Let yt be detrended log GDP, and let mt be
detrended log money, and let Xt be the vector (yt,mt)′ Assume that both time series are stationary.
Our structural model is given by: Xt = AXt + BXt−1 + Cut, or:[

yt

mt

]
=

[
0 0
a 0

] [
yt

mt

]
+

[
b11 b12

b21 b22

] [
yt−1

mt−1

]
+

[
σy 0
0 σm

] [
uyt

umt

]

where Et−1(ut) = 0 and Et−1(utu
′
t) = I.

Our reduced form model is given by Xt = ΓXt−1 + εt, or:[
yt

mt

]
=

[
g11 g12

g21 g22

] [
yt−1

mt−1

]
+

[
εyt

εmt

]

where Et−1(εt) = 0 and for some matrix:

Et−1(εtε
′
t) = Ω =

[
ω11 ω12

ω12 ω22

]

a) Solve for the structural parameters (a, b11, b12, b21, b22, σy, σm) as a function of the reduced form
coefficients (g11, g12, g21, g22, ω11, ω12, ω22).

b) We say that mt Granger causes yt if

E(yt|yt−1, yt−2, . . .) 6= E(yt|yt−1,mt−1, yt−2,mt−2 . . .)

In the context of our model, we can test whether mt Granger causes yt by testing a fairly simple
hypothesis on the reduced form coefficients. Identify the appropriate null and alternative hypothe-
ses on the reduced form coefficients for testing whether output Granger causes money, and the
appropriate null and alternative hypotheses for testing whether money Granger causes output.

c) What conditions on the structural parameters imply that output fails to Granger cause money?
What conditions on the structural parameters imply that money fails to Granger cause output?
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d) Next, we will consider impulse response functions. Let:

IRF (k) ≡

 ∂yt+k

∂uyt

∂yt+k

∂umt
∂mt+k

∂uyt

∂mt+k

∂umt


Calculate IRF (k) in terms of A, B, and C.

e) I’ve assembled a simple excel spreadsheet that calculates and plots the impulse response functions
for this model. Download the spreadsheet (titled irftest.xls) from the course website. You can
change the parameter values (in the green shaded area) and the impulse response functions will
change. Try out different parameter values (including negative values) to get a feel for the kind
of dynamic behavior this simple model can create, and how the dynamics relate to the parameter
values. Special cases you might want to try are: no persistence (B = 0), no Granger causality
between output and money, or vice versa (see your answer above for the appropriate condition on
parameters), “hump-shaped” or delayed response of output to a monetary shock (this is what is
usually found in practice), cyclical response to shocks, etc.

There is no need to include anything about this on your assignment, but I do expect you to do it.

f) Next we will calculate variance decompositions. Let the squared k-step-ahead forecast error for
a variable xt be defined as

ek = E
[
(xt+k − Et(xt+k)

2
]

Find the squared 1-step-ahead forecast error for yt as a function of the structural model parameters.
Calculate the associated variance decomposition. Do the same for mt.

2 Coordination failure

Consider the following two person economy. Each worker chooses effort level ei ∈ [0, ē] and receives
utility Ui = ci − ei. Consumption for each worker is

c1 = 3 min(e1, e
2
2)

c2 = 3 min(e2
1, e2)

Assume that ē > 1.

a) Find worker 1’s best response function and plot it (put e2 on the x axis, worker 1’s best response
on the y axis, and include the 45-degree line).

b) Find the symmetric Nash equilibria in this economy.

c) Can the symmetric Nash equilibria be Pareto ranked? If so, what is the Pareto dominant
equilibrium?

3 A simple coordination game

Consider the following two person economy. Each worker i ∈ {1, 2} chooses effort level ei ∈ [0, ē],
where ē > 1. Worker i’s utility is given by:

Ui = ci − ei
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where ci is her consumption. Each worker produces separately, and gets to eat the results. However,
there are spillovers in production. As a result

c1 = c2 = e1e2

a) Find worker 1’s best response function.

b) Plot worker 1’s best response function, i.e., put e2 on the x axis and the optimal value of e1

given that value of e2 on the y axis. Also plot the 45 degree line.

c) Describe all symmetric Nash equilibria in this game.

d) Can the symmetric Nash equilibria be Pareto ranked? If so, what is the Pareto dominant
equilibrium?

e) Using the Cooper-John terminology, do the payoffs in this game exhibit strategic complemen-
tarity?

f) Using the Cooper-John terminology, do the payoffs in this game exhibit positive spillovers?

g) Now assume that ē < 1. Do the payoffs in this game exhibit strategic complementarity?
Describe the symmetric Nash equilibria of this game.

4 A search model

Consider the following simple search model. The worker seeks to maximize expected utility:

U = E0

∞∑
t=0

βtct

In each period in which the worker is unemployed and searching for work, she receives a wage offer
wt. She can choose either to accept that wage forever (i.e. ct+s = wt for all s ≥ 0) or be unemployed
(ct = 0) and wait for the next period’s offer.

The wage offer follows a two-state Markov chain with state space {wL, wH}. where wL < wH . Let
p ≡ Pr(wt+1 = wL|wt = wH) and q ≡ Pr(wt+1 = wH |wt = wL). Once a wage offer wt is accepted,
search is concluded and the worker receives that wage forever .

a) Define the Bellman equation for the worker’s decision problem.

b) Find a condition on q that implies the worker will reject wage offers of wL. Explain the
economics behind this condition; i.e. what factors make a worker more likely to reject the lower
wage offer?

c) This model unrealistically assumes that consumption enters linearly into the worker’s util-
ity function. Suppose instead that the worker’s expected utility function took the usual form∑∞

t=0 βtu(ct) where u had the usual properties of monotonicity, concavity, and limc→0 u′(c) = ∞.
What plausible feature(s) could you add to the model which would still lead the worker to act as
if she had a linear expected utility function?


