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Solutions to the Midterm Exam
ECON 837
Prof. Simon Woodock, Spring 2008

We have Z = [y X], so that
y' Yy y'X
Z/Z_[ '][yx]_[x’y X'X

and hence
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Since the model includes an intercept, we know the (1,1) element of X'X is n, and the first element of
X'y is Y y;. Therefore
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So the cross-products matrix is sufficient for computing all of these, plus a few other things (test of
Hy : By = 0, for example). However, there are other things we can/should do that we cannot using
only the cross-products, such as plot residuals for evidence of heteroskedasticity, etc.

(a) We know

Elpl=p< E iciXﬁ']_“@ch u@chl—;H:)ch—l
Li=1

(b) The sampling variance of any fi in this class of estimators is

ch = Zc Var [X +QZZCZC]COU (X, X;] ic?Var [Xi] :U2iicf~
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Hence the best (minimum variance) unbiased estimator solves
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which implies the Lagrangean
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with FOCs:
20%ic;— A = 0 fori=1,2,..,n

1— znjci = 0.
i=1



We need to eliminate A. From the first n FOCs we see that for each 1,

A\ = 20%ic; = Nt = 20%¢; = /\Zi_l = 202Zci =2 = \= S

upon substituting in the constraint ¢; = 1. Therefore, for each i we have

202 i1
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so that 2" = >"1" | ¢fX;. This is fairly intuitive — it attaches a weight to each observation that
is inversely proportional to its variance. That way, each observation contributes about the same
information to ji.

Don’t forget to check the second order conditions as well to be sure we're at a minimum.

20%ic; =

From the variance expression we derived in part b,
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Now note that X is also in the class of estimators we’ve denoted i, with ¢; = 1/n for each i. Since
f1” is the best estimator in this class, X can not have a smaller variance. But their variance could
be the same. In fact, from our general expression for estimators in this class:
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Claim: Var [i*] < Var [X] for all n > 2..

Proof: For n > 4, this is easy. Notice that Var [ ] > 02 /2 for all n. Now,

- 0_2 0.2
VG/I"[/.,L]Z 1—|—2_1+3_1+"'7'L_1 <7

if and only if 1 +_2_1 +3 1 +...+n"! > 2 which is true when n > 4. We need to check that
Var [*] < Var [X] for n =2 and n = 3 also, but that is easy too:

2 3
Var i, _o] = §02 < 40 =Var [Xn—2]
. 6 2
Varli,_s] = ﬁa < 30 =Var [X,—3]
and hence Var [*] < Var [X] for all n > 2.

m.s.

Notice that 4" =" u, because E [1*] = pu and

o2
lim Var[p*] = lim =0
S LS

1 = o0). It follows, therefore, that i* % g, so that i* is a

(you were told lim, oo Y i i~
consistent estimator of p.

On the other hand, we also have F [X] = u, but

_ 1 2
lim Var [X] = lim U—n+ -7 >0

so that X does not converge to u in mean square. Non-convergence in mean square does not
necessarily imply non-convergence in probability. For the purpose of this exam, however, it was
sufficient to establish non-convergence in mean square.

This result is pretty intuitive: X doesn’t converge to u as n — oo because the X; have larger
and larger variance as n — oo. Hence values of X; “far” from p become more and more likely as
n — 0o, which keeps X from getting close to y in probability.



3. (a)

First, note that g, = x.3 = x; (X'X)"! X'y. We're asked whether §, is an unbiased estimator of
Y+ Since y, is sampled from the same distribution as the original data, we know that y. = x/,8+¢.,
where ¢, is the (unobserved) error for the new observation. Consider:

Blp = B[ (XX)7XYy| =xL (XX) " X'Bly] =L (XX) ' X'EX + <]

X,B+x, (X'X) ' X'Ele] =x.8 = E[y.]

This is not “unbiasedness” in the sense we are accustomed to. We have shown that E [§.] = E [y.] ,
but we haven’t shown FE [§.] = y.. However, F [§.] = F [y.] does imply that prediction errors have
zero mean, E [y, — §.] = 0, so the OLS predictor is usually called an “unbiased” predictor anyway.

Note that y, — . = x.8+e, —x. 8 =¢c, + X, (ﬁ — B) . Hence

Varly. —9.] = B[] +28 [ex, (8- B)] + [x; (8-8) (- B)'x*}

= 2+ 0+E [X;X (X'X) ™! X'ee'X (X'X) " X’x*]

1

= 24X X(X'X) ' X'E[e] X (X'X) " X'x,

— o (1 F XX (X'X) ! X’x*)

The BLUE of y, is x| ﬁ, where B is the least squares estimator. Technically, “best” means
“minimum variance of prediction error” in this context.
How do we know that x/,3 is the BLUE of y,? Straight from the GMT: we proved in lecture that
the BLUE of ¢/3 is ¢/8 for any c. Hence the BLUE of x.3 is x.3. This was a sufficient answer
for full marks.
Now, it may not be obvious that the BLUE of y, and the BLUE of x’. 3 are the same. Intuitively,
it is is true because their difference, y. — x.,3 = ¢, is unpredictable (by definition). But suppose
you wanted to show formally that xi,@ is the best (minimum variance of prediction error) linear
unbiased estimator of y,. Here’s how you would proceed.
First, define the class of linear estimators p = ¢’y = ¢/X3 + c’e for arbitrary c. The prediction
errors are

p—ys=cy—y.= (X -x})B+ce—e..

Unbiasedness is E [p — y.] = 0, which requires ¢X = x/,. In the unbiased case, the prediction error
is p — yx = c'e — &,, with variance:

Varlp—y.) =F [(c’s - 5*)2] = E[cee'c + e, —2e.ce] = o’ L,c+0? =% (cc+1).

Note we used the spherical errors property, which implies the cross-product is zero in expectation.
The best estimator in this class minimizes the variance of prediction error, subject to unbiasedness,
by choice of ¢. This gives the Lagrangean:

L=0?(cc+1) -2\ (X'c—x.)
with FOCs:

20°c—2XA = 0
2(X'c—x,) = 0.
Solving the first set of equations for A, we get A = o2 (X'X)"'X'c = ¢%(X'X) ' x, upon

substituting in the constraint. We substitute this back into the first set of FOCs to eliminate A.
Then we solve for ¢ = X (X’X) ™" x,, so that the BLUE is ¢y = x. (X'X) "' X'y = x'3.



(d)

When e ~ N (0,0°L,) , we know that B~N (,6',02 (X’X)fl) . Hence

Yo — G = € + X, (5 - B) ~N (o, o (1 F XX (X'X)7! X’x*)>

because linear combinations of normals are normal, and we derived the mean and variance previ-
ously. Consequently,
Y« — Yx

U\/l +x X (X'X) ' X'x,

~N(0,1).

Of course o is unknown, so this is not a useful test statistic. However, we know that (n — k) s? /o2 ~
x2_, under normality, where s> = €’e/ (n — k). Furthermore we know s? is independent of 3,
and hence independent of ¢,, so that

(4 = 92) Jo 1+ XX (XX) ' X0, v —i.
V((n—k)s*/0%) [ (n— k) sy/1+ XX (X'X) 7 X',

and we can use this to test hypotheses about ..

~ tn—k

The joint density of the data is f (y1,...,yn|A) = H Aexp (—Ay;) = AN"exp (=AY i, ¥;), so that

(n, >, y;) is sufficient for A by the factorlzatlon theorem.
The MLE of A maximizes L (Ay1,...,Yn) = f (Y1, ..., Yn|\) with respect to A. The FOC is:

nA" "t exp (—/\ i yi) — A" [(i yl> exp <—/\ zn: yi)
i=1 i=1 i=1

with solution Ayrp = n/> -, y; = 1/§ where g is the sample mean. Of course, you need to
check the second order condition to ensure you’re at a maximum.

Now the joint density is f (y1, ..., Yn|Z1, -, Zn, B) = H (2:8) " exp (—yi/z:8). The log-likelihood
i=1

is easiest to work with:
n

L(Bly,x) Zln ziB) =Y (yi/w:if).
i=1

The MLE of 8 maximizes [ (8|y, z) with respect to 8. The FOC is:

n 1 n yl
- ; 5T ; e

with solution 8,5 = n~' > 1" | yi/x;. Again, you need to check the SOC to ensure you're at a
maximum.

Here, the trick is to note that F [y;] = x;5. This means our linearity assumption is satisfied, and
consequently that least squares regression of y; on x; yields an unbiased estimate of 3. To see that
E [y;] = z;3, return to the original parameterization for simplicity, where:

o oo
Ely] = /0 yre Ndy = [ye—xy]go —I—/O e Mdy  (integration by parts)

o 1 [ o 1
= [ye_ky]o 4 X/ e Mdy = [ye_ky]o + 3 (integrand is a pdf)
0

1
X



because

ytf)‘y|y:OO = 1/ ()\e)‘y) ly=0c =0 by L’Hopital’s rule, and

ye M|,—g = 0 also.

So, E[y;] = A~ = 3, and the linearity assumption is satisfied.



