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PHYS 4xx Net2 - Elastic moduli in 2D
General symmetries of elastic moduli

* u;is symmetric under exchange of /and j; hence, Cjy can be defined such that it is
pairwise symmetric under exchange of jand jor kand /

Ciii = Giiki = Gijk- (1)
Uity is symmetric under exchange of the pairs of indices jj and k/; hence:
Cijki = Cxiij (2)
* these two symmetries alone reduce the number of independent moduli to 6 in 2D
Coxxx Cyyyy Coxyy = Cyyxx
nyxy = nyyx = nyyx = nyxy 3)
Cxxxy = Cxxyx = nyxx = nyxx
Cyyxy = Cyyyx = Cxyyy = Cyxyy-
Six-fold networks in 2D

AVAVAV/
VAVAVA

* change from Cartesian coordinates x and y to complex coordinates & and n (Landau
and Lifshitz)
E=x+iy n=x-iy, (4)

* rotation by 6 changes (x, ) to (xcos@ - ysin6, xsiné + ycosé) or

X+ iy — (xcos6O + ixsind) + (iycosd - ysind) = x(cosO + isiné) + iy(cosH + isino)
hence:

£ — Eexp(i6) n — nexp(-if). (5)

* six-fold symmetry demands the moduli be invariant under rotations through 6 = n/3
& — Eexp(in/3) and 1 — nexp(-in/3).

* the only components of Cjy unchanged by this transformation contain & and n the
same number of times, since exp(in/3)exp(-in/3) = 1

* only two moduli are invariant under 6-fold symmetry; the free energy density AF is
then
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ATF = 2y Uy Uy + G Uee Uy (6)

[the first term results from four permutations of C‘%n%n and the second term from
two permutations of CEEnn; the expression includes a normalization factor of 1/2]

* the components of a tensor transform as the products of the corresponding
coordinates. ie., since & = (x + iy)2 = X2 - y2 + 2ixy, then

Ugg = Uyy - Uy + 2ilyy, Uy = Uxy = Uyy - 2ilyy, Ugy = Uyx + Uy, (7)
and
AF = 2Cpey (Ugy + Uyy)? + Cegyp {(Ugx - Uyy)? + 4y 2. (8)

* replace Cjy by moduli more directly related to the pure deformation modes of area
compression (Ka) or shear (u)

Ka = 4Cqzy u=2Cgn, ©)

so that (8) becomes
AF = (Kpl2) (Uxx + Uyy)? + u{(y - tyy)2/2 + 20y 2} (six-fold symmetry). (10)

Isotropic materials
* only two rotationally invariant combinations of u; hence, only two elastic moduli
* (10) applies to isotropic materials in 2D as well

Networks of springs

We now relate the macroscopic moduli Cjj to the microscopic parameters of a model
network with 6-fold connectivity. The bond elements are Hookean springs with

spring constant = kg,

unstretched length = s,

potential energy V,, = k.,(5- 5,)°/ 2 (11)

Our method is to compare AF in two representations to get the elastic moduli in terms of
ky, and s,.

Compression modulus
» stretch each spring a small amount 6 = s - s, away from s,

S+ 0
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with three springs per vertex, the change in potential energy per vertex AU, is
AU, = 3AV,, = 3k, /2, (12)

« divide (12) by the network area per vertex of A, = V3 s,%/2
AF = AUIA, = V3 k,(d/s,). (13)

* Eq. (10) for AF uses the strain tensor; its elements are
the deformations are uniform in xand y ---> Uy, = Uy, = d/s,
the displacement in the y-direction is independent of the position of the triangle
in the x-direction ---> vy, =0
* thus:
AF = 2K,(d/s,)?, (14)

e comparing (13) and (14) yields
Ky =3 k,, /2 (six-fold network). (15)

Shear modulus The shear modulus can be obtained from the deformation

_.l S |<— /29 s=([V3 s, /12 +[s,/2 + 8)%)"?

= s, (3/4 + [1/2 + 8ls,]2 )"
V3s/2 | s, =S, (3/4 +1/4 +28/ 25, + ... )"
=s,(1+d2s,+...)

S Hence
As = 8/2

* moving the top vertex an amount ¢ in the x-direction changes the diagonal spring
lengths by +6/2 (to lowest order in 6); no change in bottom spring
---> AU = (k/2)*(s - s,)° = k,,0?/8 for either stretched spring

* at three springs per vertex: AU, = 2k,,6°/8 + 0 = k,,5%/4
AT = AUJA, = (ky,02/4) | (V3 8.212) = k,(815,)2/(2V3) (16)

¢ the strain tensor of the deformation is
*x and y distances are unchanged ---> uy, = uy, = 0.

*each successive row of vertices is displaced by ¢ in the positive x-direction for
each increase V3 s,/2 in the y-direction ---> du, /dy = 25/ V3 s,
Uyy = (1/2)(Quy/dy + duylox) = (1/2)[26/(V3 s,) + 0] = &/ V3 s,

© 2010 by David Boal, Simon Fraser University. All rights reserved; further resale or copying is strictly prohibited.



PHYS 4xx Net 2 4
e thus, (10) reads:
ATF = (2ul3)(d/s,). (17)

e comparing (16) and (17) yields
w=v3k, /4 (six-fold network). (18)

Note: K, / u = 2 for six-fold networks in 2D.
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