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1. - Introductien : . _

There .is ample evidencel rhat multiple scattering of nucleons
plays an important role in the emission of enefgetic ':‘p'&ft'icles in
mclear reactions,? and may lead to a system of particles which is
in thermal, and perhaps even. chemical equilibri;'um. In the past, a
significant amount of effort has gome into detemmining how, or even if,
'~ such ‘an equilibrated system can be ‘formed.. Yet it is equally important
té know the time evolution of the system through £o when th-e partici-
pants go.out of thermal equilibrium.? In this lecture, attention will
be focuased on the last stage of the evolution of the nuclear fiieball:
freeze—out.

.One.can get a theoretical estimate of the time :scale for the
. evolution of a hot, equilibrated region of nuclear matter from the
- following considerations: Imagine that a projectile has created an

eguilibrated region in a large target nucleus; .Thé classical diffusion

equation )
T(r,t) .1 .. [k : ) . .
ELTLE FE - -
vy G div (p grad T(r,t.) ) ) .(I)

. can be used to follow the evolution of the temperature T as a Function

. of sﬁacg and time. Tn Eg. (1) « is the thermal conductivity, p.the

. dehgi_i_:y.and Cp the specific heat:. The results of pucﬁ,a calculation . -
(see Ref. 2 for details) are shown in Fig. 1 for .a gaussian spatial

distribution of the initial temperature : :

. T{r,0) "'--exp(-rzlt_g) HE R 3]
vhere r; has béen_'choéén to be 3 ‘fm. Figure la shows an estimate of
the rate of change of the temperature in the ‘centre ‘of the hot region,

while Fig. 1b shows an estimate of the"tim‘e'sc'lle involved, - found by
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'di.'vid'ing' the central temperature by its rate of change. . One s=es that
time, scales on the order of Q few. times. 16723 sec are indicated in this
calculation.

0f course, one wants _‘_t"'o be able to obt;ain experimental informa-

" tion on what time scales areé involve_d-.. Two agprbaches will be ontlined
here.. In the first, ome fipds ‘a quantity whose time evolution can be
both calculared and measured. . One such example is the proton to
neutron fati_o of the equilibrated region im proton or muen indiuced
re_actions._".. In free.u7 eapture; only energetic neutrons are prod:uce'ti.
One’ can, calculate the'time--.rat-'e._-of. change. of the p/m ratio in this

' reaction as’ it changes -ffam zero initially to Z/N-of the target if it

" evolves rto:its themical equlllbn.um valué (ﬁeglectlng binding energy
effects). Experunentally, this ratio is observed to be far from its
chemical equilibrium value and & t::it_&e_ of the ‘order 10723 gec is.-
indicated for the lifetime of the 'r_xof region. The evolution of other
ch_emi_cal abundances will be 'disc-usé_ed below. ' This approach has also

been applied ko systems with much higher. temperatures than those
considered here by consid'eriﬁg the K*/E™ ratio.”

'A second appi‘dach is to use the technique' of nuclear interferom-

-~ etry.® Experimentally, a correlation function de-fineci-'by

dGU/d3p d3p2

e+.’+_ s S _-3,'
(p.l PZ_) - (dsaldsp )(daq/dapz . . o (_)

is measured at momenta.ﬁl and 32 -'sui_all_._re_lative_ to each-other. This

-:echniﬁue has' been wi.del.y applied to 1.)oth‘- twqui-oﬁ'and two—proton
interferometry. Taking a l-ow'ene_l.rgy Heavy ‘ion reaction ae an example.,

" the two~proton correlation function ‘wmeasured’ in a reactionm invulving:_"
25 Me¥/nucledn 180 on Au is shown .in Fig. 2 3loﬁg with a caléulation® -
of the coerelation function expectd for-a gausslan (in Bpace) source’ of
nucleons with width parimeter Tge. '

Ome can see that. a value of 3.5-4 fm is 1nd1cated for rg.

Although th:.a number looks small, it should be remembered that a
umform densu:y dxst:lhutmn would have a radius ‘/i_ro if it were to

have rhe. same. rms radlus (\/- ro) a8; the ‘gaussian.
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Recent work?s ¥ has extended this approach to ‘two-deul:er-on,. two
‘triton and other.particle correlations. This opens up the possibility
that onme cen follow the spatial expansion of the fireball, since each
of the parficle ‘species have different. cross Bections_ and would be
expected to go out of thermal equilibrium at different times. A&n
example of the two-deuteron and two-triton correlations is shown in
Fig. 3. The theoretical curves show the results obtained using coulomb
phase shifts alone, as well as two different sets of phase shifts for -
the d4d nuclear interactin.n. The R-matrix (RM) resultsi! are the more
complete in the enetgy range requlred here, and are clearly favoured by
‘the data over the phase shlfts found uging the resonating group (RG) '
ap;u--mm:h.12 Substantially larger source sizes are Found for deuterous
and tr.itonh about 50% 1afger than those found for pr'otons.- Slmxlar '
-results have. been fcmndn in an. analyszs of the h:.gher energy
(400 AMeV Ca+Ca) data reported 1n ‘Ref. 9. .

CIII. A nmlel for Preeze-out . _ _
. In energetié heavy ion reactions, the energetic partic_les
- measured in the experimnts which we ha§e been di'scﬁssiﬁg, dppear to
come from a source shich has a velocity distinct from that. of the .
projectile or target rempants, It may be possible to imagine the
expansion and ::oolmg of th1s m{:etact;on reglon without cancemxng
oneself about its mteractmn with the other biobs of cold matter.
Let us construct a model for the expansion phase. "It will be
assumed that by the time the 1n1t1a1 thermalization atep of the raction
is over, ‘the hot Eireball. whmh 1t produced has mo large scale mhomo-
gene:.ues and has a dens:.ty of about nuclear matter.. As.the syst .
evolves, both the initial temperature Ty which chm:actetues the L
system and the _densu:y p will decrease. It w:l.llj_ be assumed, therefore,
'that in the expansion phase three—body inte'ract:ions can be neplected,
an assumptl.on which improves. as freeze—out is appraached. . Faf'conveni-"
ence, . the participant mleons will be t.mzfomly dxstt:bu:ed in a
spherical volume. 'The t lm_e evolution of this system is then _inllnwed
in the cascade model mense:  a Monte Caflo'initializatiun of the system

is made and then the tr_ajectulfi'es_ of léhe'. nucleons are computed using
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relativistic mechanics but ignorimg quantum effects.  Typically 200 or
more such évents are.éverage&.o?ér to obtain téasonablé statistics.

To compare the. results of this model with experiment; we first
estimate ithe freeze-out density by finding the time ar which the
average reaction time Try, exceeds the expansion time, Texps of the
system. - The tzactlon time is obtained simply by counting the number of
. NN -collisions 1n a particular time bin. The characterlstlc expansion

tlmesgf the system is defined here by

: 25172 25172 . Ay
Texp <r?> /(d <p2> /dt) T .

One can use the Tms radlus obta1ned at freeze-out to make 4 comparlson
with the two particle correlacion results, as is shown in Fig. 4.  The
.xexpefimental datalk.are from Ca+Ca collisions at 400 A'Mév and the
source paramefer is shown as a function of charged particle mltiplic—
1ty. For the theoretlcal curve,.lt has been sssumed that rhe. number of
nuclecns in the source is double the charged p&rt1c1e.mm1t1p11c1ty.
The.value‘éf ra obtained from the model is that of a gaussian
distribution with the same r.m.s. radius as that found numetriecally:

Ty ?'u %ffrms. One can see ﬁhac the agreement is at least gqualitative.
If one corrects for the finite lifetime of the source (1=0 for the data
_analysié'shoﬁn'in Fig. 4) then r, cbtained experimenrally, will
décreasé.: For example,13 assuming-a lifetime of 5 %107 23 gec w111
decréase the experimental value of ro by 0.4 to 0.6 tm. Ot can
estimate the freeze-out’ den51tles Eor deuterons and tritoms in &
similar fashion. The model shows an incredsé in the value of ry

{5 Ffm for deuterons, 6-7 fm for trltons) over the proton results of
about 50Z for these uuclel, as is found experlmeutally.

As the system expanﬂs, the temperature {as meagured in a
co-ﬁoving:frame) decreases. Shown in Pig. 5 is the behaviour of the
Qempgréture in the cemtral region (r <2 fm) of the fireball_as a func—
tion of time. The approgimate fréeze-cut times for several épecies are
indicated, This decresse in the local teﬁperature.does ot necessarily
iﬁply a shift.in the energy éﬁectrum; For éxsample, if we started with
a fixed number of partlcles formlng an  ideal ga:, then conservatlon of

energy would 1mp1y that the averdge energy per partlcle Temain constant.
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What should change, however, is the relative abundance of particle
.species. 8o long as a.species remains in chemical equilibrium, its
abundance relative to other species will be determined by the local
temperature. Heace, excited state populations, or the abundance of
certain nuclei which are less well bound than others, should decrease
with increasing time until freeze-out of the species involved. 1Ian
addition to using two particle correlaticns, then, to determine
freeze—out parameters, ome could also use the chemical abundances of
various ouclear species.

An experiment which may be an example of this effect was recenﬁly
performed!® with a reaction involving 35 AsMev 14N + Ag. In this
experiment, the first excited state to ground state population ratioc
was measured for SLi, 7Li_and 7Be reaction products. The population
ratios showed temperatures of 1/2 to 1 MEV,.in contrast to 9 MeV found
by analysing the differential cross section with 2 moving source model.
A calculation of the freeze-out point for Li fragments in this
experiment has been performed using similar methods to those outlined
above, except that an analytic expression for the local temperature was
used (see Ref. 16 for details). The calculation is shown in Fig. 6.
In this calculation, the excited state to ground state reaction goes
out of equilibrium at a temperature of 0.6 MeV, corresponding to an
elapsed time of 2 x 10-22 sec and a freeze—out density of 1/20 normal
nuclear matter demsity.

To summarize, the cascade model presented here can be used to
obtain source dimensions as well as freeze—out densities and
temperatures, The predictionms agree with the existing two particle
correlation data, as well as freeze-out temperatures obtained from
excited state population ratioc srguments. The model will now be

applied to the formation of intermediate mass fragments.

IV. Pragmert Production

l The fact that the thermal model description of heavy ion
reactions has been so successful has lead to the investigation of the
critical properties of nuclear matter and the search for phase
transitions, One of the crucial problems in the study of the liguid-

gas phase transition has been whether the reaction products are gtill
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in equilibrium by the time they reach the phase transition region, and
whether there is-sufficient time fot.the'transition to occur. Progress
in‘unﬂeraﬁandiﬂg the time scales for nuclear reactions will help
unravel thase guestions. o '

Shown in fig. 7 is a calculation of the liquid-gas coexistence

region.l? One can imagine twe very differemt approaches Lo this region
which.may show phase transition effects. These are Lllustrated in
¥ig. 8. If the system is very hot as it starts the expansion phase;
then the reaction path might pass fairly close to the critical region.
.bne might expect to see phenomena such as liquid droplet formation from
the hadronic vépédr.la A diFferent path would involve systems with low
'ini;iai temperatures. Then thE'phenaména of fragment formation is more
like bubble growth,i? as illustrated inm Fig. 8b. Our cascade model is
unlikely to be of use in this region, since Pauli_blocking and many
other effects are bound to be important. .

"Returqing to the high temperature region, then, the trajectory
followed by an expanding gas of Maxwell-Boltzmann nucleons with an
initial ﬁemperatute of 25 MeV is shown in Fig, 7. " [The caleulation
£51lows Refs. 16,20; see Eqs. (5)=(7) below. This approach -is shown,
rather thén the cascade calculation since the statistics of the lattet
were not aé good as one would liké, although at no point did the
results deviate by more than 20% from the curve shown.} The freeze—out
poiaf ié rather difficalt to estimate, since it will depend.on the
various particle species invotved, and what reactions keep them in
'equilibriqu .For example, the lithium excited state to ground state
reaction examined in the last section has a iarge cross section since
if cam go via. an (n,p').reécqion. "1Tn contrast, TBe ++ “Li will inﬁolvé
a chafged proton tunneliing fhrough the couloub barrier, and so would-
have a much smaller cross éectiou at temperatures of a few MeV. This~
conclusion would be even stronger for heavier fragments: their
freeze—out densities.msy be substantially larger than that found for
Li. An educated guess ﬁight put ffeeze—out-at 1/10 pg, -sBubject to .
large uncerfainﬁies;

1f freeze-out does occur in the coexistence region, then. ome may

be able to apply statistical ideas to quantities such as the fragment
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yield curves, This approach has been taken by many authors and has
yielded good {one parameter) fits to the data.!® However, this should
pot necessarily be interpreted as meaning that there is a sharp change
of phase batween a nucleon gas and a mixture of gas and droplets {to
use the language appropriate to the high temperature part of the phase
diagram). One can show that the time scale associated ‘with the
build-up of fragments from the nucleon gas is comparable to that of the
liferime of the system by examining the reaction rates involved.21:22

In Ref. 21, & simplified set of rate equarions were solved for
the time -evolution of a system initally composed of nucleons to
approach chemical equilibrium., The processes considered were all two—
body, so the model will not be applicable in the low temperature high
de.nsif.y regime.” The results which we wish to present here involve some
modifications of Ref. 21. First, rather than choose fixed values of
the temperature and demsity at which the rates are evaluated, wve

calculate the evolution of small volume elements of a system expanding

according £a29:16 .
T(t) = TeY (5)
372 :
p(E,0) = & (k) e-Yr?/28? (6)
where
¥ = (1 + T2 /ma2)"1 | (7)

The parameter A was. fixed as 1.2 AL/3//T fm with & = 50, The
yields were determined by mumerically integrating over 211 volume
elements. In addition, a breskup reaction N+i + N+N+(A-1) was

intfoditced to complement the two body fusiom processes. The resalts .of

cularion are shown in Fig. 9.
What has been plotted is the behavicur of the exponent T when the

fragment yields are parametrized as-

Y(A) = a5T (8)
for 10 £ Ap < 20, Ay being the wmass number of the fragment. One
can see that the system is mainly oucleons near t=0 {i.e., T is large),

and that the fragment abundances increase as a function of time. The

values of T which are obtained by analysing the experimental mass yield
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curves are typically in the 2 to 4 range, and pne can see that the rate
equations lead to these .values -as well. However, in contrast to the
phase: transition model, in which these values of T are & resulr .of
statistics, here T is a result of dynamics. Further, the "asymptotic"
values of T reached in Fig. 9 are a resylt of the system going out of
equilibrium, and not a result of the system achieving chemical equilib-
rium,??  Inclusion of coulomb effects2* will lead to an earlier freeze~

out of the T, = 15 MeV results than is indicated on the figure,

V. Conclusion

It has been shown that the linear dimension of the emitting
region for deuterons and tritons is about 50% larger than is found for
protons in an analysis of two-particle correlation measurements in
heavy ien reactions. This suggests that thera may be a sequential
freeze-out of various nuclear speciee, nmclei with larger cross
sections going out of equilibrium later than those with smaller cross
sections. This hypothesis is also supported by the measuremenrs of the
excited state to ground state population ratios of ®Li, ’Li and "Be. A
cascade model was presented which allowed an estimate of the freeze-out
densities and temperatures to be made for light auclei in the low
density regimes and these estimates were shown to be consistent with
the experimental results.

This model was then used to find the trajectory of the expamsion
regime in the T,p plane, in particular to see in what part of the phase
transition regime it lay. It was shown by means of a coupled set of
rate equatioms that, in the time scale indicated by thé cascade results
(1-2 x 10722 gec), light nuclear fragments could be built up from a
nucleon gas in the abundances indicated by experiment. However, the
time scale indicated would imply that there is mot a sharp transition
between an exclusively nucleon phase and the observed fragment disgri-—
bution. This does not meam that statistics do not play an important
role in determining the mass yield distribution. The answer to that
question lies in how fast the species can re~equilibrate as the system
expands.’ It also does not mean that the initial system can be well
described as being a uniform distribution of mueleons, indeed, there

will be substantial fluctuations present from the thermalization phase
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-and from the statistice of a relatively small nnmber of nucleons in the
Teaction region, These rate valculations only indicate that variation
in ‘the chemical @bundances in addition to those already present can
tuild up on the few times 10723 gec time scale.
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Pigure Captions

1.

7.

{a) Estimated rate of change of the central temperature of a
gaussian source regica in nuclear matters b) Ceatral temperature
divided by rate of change. From Ref, 2.

Two-proton corrglation functions measured® in 2 25 MeV/nucleon
185 + Au reaction. Theorstical curves® for several different

gaussian Bource parsmeters are shown for comparison. From Ref. 7.

Iwo~deuteron and two—triton corzelation Functions for 25 MeV/

nncleon 180 on Au. The theoretical curves show the reéults for
several different sets of phase shifts: resonating group (RG) and
R-matrix (BM) results for the awlesr parts of the 4d phase shifts
as well as coulomb phase shifts with no nuc lear part for both dd
and tt. From Ref. 9. o

Comparison of source parsmetar r, obtained in 400 A-MeV Ca+Ca
collisions with the model caleulation. For simplicity, it has been
assumed that the total multiplicity is double the charged particle -
mulriplicity obtained experimentally. The experimental results are
obtained by an analysi's in which the source lifetime is put egual
to zero, while the model has a finite source lifetime.

Model calenlation of the temperature in the region r € 2 fm for a
30 nucleon system shown as a function of time. The estimated
freeze—~put times are indicated for several particle spécies.
Calculated reaction and expamnsion times for the 7Li excited state
to ground state transition. The Teaction goes out of eguilibrium
at a temperatuore of ~0.6 MeV, corresponding to an glaﬁsed time of

2 x 10722 se.c-and a ventral density {in this calculation) of 1/20

muclear matter denmsity. {From Re¥. 16).

Liguid-gas phase transition region (from Ref. 17) and an estimared

reaction path for a system with an initial te.niperatm'e of 25 MeV.
The particles obey Maxwell-Boltzmsnn statistics in these calcula-
tions. The elapsed time during the expansion phase is also
indicated. '

Ftagmeﬁt formation as seen as 2 result of dropler formatiom or
bubble growth, o : '
Behaviour of the e:pm.mnt 1 of the mass yield curves as predicted

by the rate equations 2s & function of time.
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