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Abstract 

There exist many physical situations that involve large departures from thermody- 

namic equilibrium. These systems may be spatially nonuniform and/or time dependent. 

Traditional kinetic theory involves a perturbation type of approach that implies small 

departures fiom equilibrium. The present thesis is devoted to the development of the- 

oretical methods valid for systems far removed from equilibrium. The techniques are 

applied to a study of the departure from equilibrium in reactive systems, and for the 

propagation of acoustic waves in gases. 

The rates of gas phase reactions can be calculated from averages of the appropriate 

reactive cross sections over the distribution of veiocities of the reacting species. Reactive 

processes, especially for reactions with activation energy, tend to remove translationally 

energetic species and the velocity distribution is perturbed from a Maxwellian. The 

extent of the departure from a MameIlian can be estimated from solutions of the Boltz- 

mann equation. If there is a good separation of elastic and reactive time scales, steady 

solutions of the Boltzmann equation can be obtained with a procedure analogous to the 

Chapman-Ens kog (CE) met hod. Nonequilibrium effects for mode1 reactive syst ems mit h 

and without reverse reactions and in the presence and absence of products are stud- 

ied. The range of validity of the CE method is studied by comparing results from a CE 

method and an explicitly time-dependent solution method. The CE approach assumes 

a weak perturbation and is referred to as  a Weak Non-Equilibrium (WNE) approach. A 

Strong Non-Equilibrium (SNE) approach that treats the distribution functions of each 

of the components as Maxwellians at different temperatures is applied to strongly per- 

turbed systems in which the reaction causes the temperatures of each species to differ 



from the system temperature. -4 third approach is a modification of the SNE approach 

and is referred to as Modified Strong Non-Equilibrium (MSNE). Al1 three methods are 

compared with the results of an expiicitly time-dependent solution. The CE method was 

found to be valid only when the ratio of elastic to reactive collision frequencies is greater 

than 10'. 

The propagation of acoustic waves through a gas perturbs the velocity distribution 

function of the gas. In a collision-dominated gas, the velocity distribution function can be 

approximated by a MameIlian and the phase velocity and attenuation of the sound wave 

can be determined from a dispersion relation derived from the Navier-Stokes equations 

of fluid dynarnics. in the rarefied region, hydrodynamics is no longer valid and kinetic 

theory methods must be used. The method of solution of the Boltzmann equation by 

Wang-Chang and Uhlenbeck (WCC) fails to describe the behat-iour of sound waves as the 

frequency of oscillation approaches that of the interparticle collisions in the gas. A gener- 

alized Boltzmann equation (GBE) introduced by Alexeev is applied to the sound problem 

and the results are compared with those of the WCU method and experiment. The ki- 

netic theory description for sound propagation in a simple gas introduced by Sirovich 

and Thurber (ST) is applied to binary mixtures of gases 2nd the results compared with 

those of experiment. It is shown that the ST method provides better agreement with 

experiment than the WCU method. The results with the GBE do not converge. 
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Chapter 1 

Introduction 

The Boltzmann equation is the b a i s  for aImost a11 studies of gas kinetic processes. 

It iç believed to be valid in the dilute gas region where only binary collisions between 

particles are considered. For a gas at equilibrium, the Boltzmann equation predicts that 

the distribution of velocities in the gas is a Maxwellian. When a gas is perturbed from its 

uniform state, it has a tendency to return to its uniform state through rnolecular motion 

and intermolecular collisions. The tendency towards a uniformity results in the transport 

of physical properties through the system. For example. ordinary diffusion involves the 

transport of mass from one region to another as a result of a density gradient, ~6scosity is 

the transport of momentuni resulting from velocity gradients and thermal conductiviw 

is the transport of thermal energy that is driven by thermal gradients in the gas. 

-4 typical application of gas kinetic theory is the calculation of the transport proper- 

ties of simple gases and mixtures fiom molecular properties. This is traditionally carried 

out using the Chapman-Enskog (CE) method described in standard references El-41. A 

solution of the Boltzmann equation is obtained as an asymptotic expansion of the so- 

Iution in Kn where Kn is a Knudsen number, a dimensionless ratio of the rnicroscopic 

mean free path to the characteristic length scale for the variation of macroscopic vari- 

ables. The CE method is only valid in the collision-dominated region, Kn + O where the 

velocity distribution function for the particles is close to a Maxwellian. The gas is driven 

to equilibrium by collisions between its constituent particles. For a collision dominated 

system, there is a clear separation between the collisional time scale and the time scale 
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for changes of macroscopic quantities. The  CE method is known to be invalid for strongly 

non-equilibrium systems for which the required separation of length and time scales is 

not obtained [5-91. 

For highly rarefied systems, K n  + 
tremely large relative to the macroscopic 

cm, the mean free path of the particles is ex- 

length scale. The velocity distribution function 

is significantly non-Maxwellian and the CE method is not applicable. The constitutive 

relations, such as Fourier's lam, which relates the heat flux to the temperature gradient 

and serves to close the hydrodynarnic equations, are no longer valid. A velocity distri- 

bution function can be obtained in the collisionless limit from Liouville's theorem. This 

method is used, for example, to determine the velocity distribution function in planetary 

exospheres [IO, 111. 

Treatment of the intermediate region between collision-dominated and collisionless 

regions often presents the greatest difficulties. This thesis considers gases that are per- 

turbed by either a chernical reaction or sound maves. When there is no separation of 

perturbative and relaxational time scales, conventional non-equilibrium methods break 

down. This is the so-called intermediate region for which the time scales for the per- 

turbation and relaxation processes are approximately the sane order of magnitude. It 

is the intermediate region that is the focus of this mork. The term far-from-equilibrium 

refers to conditions under which non-equilibrium treatments that are applicable in the 

collision dominated and/or collisionless regions break down and no longer describe the 

system in question. The description of transport for such far from equilibrium systerns 

have important applications in nonlocal heat transport in plasmas [5], hypersonic flows 

[6], diffusive flows [7,8] as well as astrophysical applications [9], to mention a few. This 

introductory section provides a broad overview of the subject of the thesis. More details 

of the particulan of the theoretical approach are given for reactive systems and sound 

wave propagation in Sections 1.1 and 1.2, respectively. The first half of this work presents 
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studies of the non-equilibrium effects associated with reactive systems. The reaction per- 

turbs the velocity distribution in the gas which in turn perturbs the rate of the reaction. 

The main objective of these studies is to determine the non-equilibrium rate of reaction 

where 71 is the correction to  the equilibrium rate of reaction k(O). Non-equilibrium ef- 

fects in reacting systems have had a very long history beginning with the classic papers 

by Kramers [12], Prigogine and Xhrouet [13]: and the unpublished work of Curtiss [14]. 

These early worh and subsequent publications by Present [15] and Mahan [16] consid- 

ered low order expansions of the Chapman-Enskog equations for these reactive systems. 

Eliason and Hirschfelder [18] and Ross and Mazur [17] provided formal approaches to the 

study of such non-equilibrium reactive effects. Monchick [19] applied entropy-variational 

methods to the problem of non-equilibrium rates of reaction. Zn the early 1 9 7 0 ~ ~  Shizgal 

and Karplus [20-231 provided converged solutions to general single and multicomponent 

reactive systems. A complete bibliography up to 1970 can be found in these papers. 

A cornparison of the CE method and Grad's moment method [24] has been reported 

by Eu and Li [25]. Eu and Li have studied the influence of spatial inhomogeneity on 

the non-equilibrium rate of reaction. Xystris and Dahler [26] considered the influence 

on chemical reactions of mass and momentum transport. lnterest in this problem has 

continued to the present. The coupling of temperature and density gradients to the 

rate of reaction has also recently been studied by Nettleton [27,28] and has potential 

applications in the modelling of inhomogeneous chemically reacting flows. Many recent 

studies of non-equilibrium effects in reactive systems involve Monte Carlo simulations of 

the dynamics of relaxation and reaction. Baras and Malek-Mansour [29,30] as well as 

Popielawski, Cukrowski and co-workers [31-381 have carried out Monte Carlo simulation 

experiments which they view as a means of verifying the calculated results, since direct 
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experimentd verification of these non-equilibrium effects have not been reported to date. 

Qin and Dahler have recently proposed a procedure for determining the spectral char- 

acteristics of light that is scattered from chemically reacting fluid 1391. The purpose of 

their method is to determine the effects of reaction on the scattering function and other 

observable dynamic response characteristics of the mixture. Methods such as light scat- 

tering may provide a means for direct observation of non-equilibrium effects in chemicdly 

reacting systems. 

The present work was partly motivated by the recent work of Cukrowski et al. [31], 

who stated that much of the earlier work in this field was in error due to neglect of a 

separation of species temperatures that occurs in reacting mixtures. This separation of 

species temperatures was pointed out by Shizgai and Karplus [Zl], mho observed that 

neglecting this separation in the manner of Pyun and Ross [40j removed an important 

contribution to the non-equilibrium rate of reaction. The work of this thesis involves a 

critical evaluation of the work of Cukrowski et al. It is shown that the system studied 

by Cukrowski is different from that studied by previous workers [l3-16,18 ,l7.20-23,40]. 

This work also provides a detailed study of the role of species temperatures and the 

order of magnitude of the non-equilibrium reactive effects. The method used to study 

the role of species temperatures is based on the Strong Non-Equilibrium (SNE) and 

Modified Strong Non-Equilibrium (MSNE) methods recently developed by Pascal and 

Brun [41]. The usual CE approach for small departures from equilibrium is termed Weak 

Non-Equilibrium (WNE). These methods are an outgrowth of the so-called generalized 

methods developed by Kogan [42] and hlexeev [43-451. Alexeev has recently proposed a 

generalized Boltzmann equation (GBE) and applied it to a series of far-from-equilibrium 

problems, including that of sound dispersion in rarefied gases [46,47]. 

Modelling correct sound dispersion behaviour in rarefied gases is a difficult problem 

that was first addressed almost forty years ago by Wang-Chang and Uhlenbeck (WCU) 
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[48]. The perturbation is a density fluctuation that propagates as a sound wave through 

coherent or in-phase interparticle collisions in the gas. Elastic intermolecular collisions 

drive the system back to equilibrium between cycles of the oscillation. if the fiequency 

of the oscillations is sufficiently high, or if the rate of collisions between gas is particles 

sufficiently low, fax-from-equilibrium conditions arise as the particles of the gas fail to 

equilibrate between cycles of the oscillation. The WCU method does not agree with 

experimental results at  high sound frequencies and low pressures, as was demonstrated 

by the very extensive caIcuIations of Pekeris et al. [52,53]. This inadequacy has attracted 

many proposed solutions, including the modified free-flow treatment of Kahn and Mintzer 

[54], the modified spectral representation of the series solution of the linearized Boltz- 

mann equation proposed by Buckner and Ferziger [55] and the division of the Boltzmann 

collision operator by the drift term that Sirovich and Thurber [56] proposed. These ap- 

proaches have succeeded in extending the WCU method to varying degrees. The GBE 

method [46] has recently been proposed by Alexeev as a method for treating the sound 

dispersion problem over al1 frequencies and pressures. The GBE of .Ueseev is found in 

this work to break down at high frequencies. 

There has been a renewed interest in gas kinetic theories of sound dispersion result- 

ing from predictions by Johnson and Huck [57] as well as Campa and Cohen [581 of 

the existence of novel sound propagation modes in mixtures of gases having disparate 

masses. These novel propagation modes have since been observed experimentally in He- 

Xe mixtures by Johnson and Bowler [59] who refer to them as anomalous sound modes. 

The anomalies refer to sudden, unexpected changes in sound speed and attenuation over 

small changes in gas density and sound frequency and the measurement of several, dis- 

tinct propagating disturbances, a11 of which have no interpretation based on conventional 

hydrodynamics. These phenomena are attributed to the decoupling of Iight and heavy 

components in the mixture. More recent measurements by Clouter et al. [60], Montfooij 



Chapter 1. htroduction 

et al. (611 and Wegdam and CO-workers [62-671 have established the existence of these 

anomalous sound modes for a series of mixtures of gases having disparate masses. The  

method of calculating sound dispersion properties employed by Sirovich and Thurber 

for a simple gas is extended to mixtures of gases, and the problem of anomalous sound 

dispersion behaviour in gases is investigated. 

1.1 Non-Equilibrium Effects in Chexnical Reactions for Uniform Systems 

1.1.1 The Effect of Products 

The work of Chapter 2 is motivated by Cukrowski and CO-worker's [31] treatment of non- 

equili brium effects in gas phase reactions. Cukrowski et  al. considered model reactions 

of type A + A + B + B, with and mithout the reverse reaction, and studied the effect 

of the separation of the species temperature on the rate of reaction. As mentioned 

previously, the authors contend t hat earlier treatments [13- 16,18, 17120-23,40] are, in t heir 

own words, "seriously flawed " (311. In this work, non-equilibrium effects are considered 

for model reactive systems A + A P B + B with and without reverse reactions as well 

as the system A + C + products for which the products of the reaction are removed. 

It is shown that  when products of a reaction are included, a choice has to be made as 

to whether a reverse reaction occurs or not. The inclusion of products and the choice of 

reversi bility or irreversibility determines the correction to the reaction rate. An evplicitly 

time-dependent solution for the irreversible reaction A + A + B + B was also studied 

and compared to the CEtype solution. The time-dependent method, unlike the CE 

method, makes no time scale assumptions and gives the region of validity of the CE 

method quantitatively. It was demonstrated that the ratio of elastic to reactive collision 

frequencies must be extremely large (greater than 105). It is shown in Appendi~  A that  
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the system studied by Cukrowski is different in several important ways from most of the 

previous work that it refers to. 

1.1.2 Role of Species Temperatures 

As mentioned before, chemical reactions with an  activation energy tend to remove tram- 

lationdly energetic particles of the reactant species. The reactive process causes the 

temperatures of the two species to differ from the system temperature and this effect 

can play an important role in the determination of the departure of the rate coefficient 

from the equilibrium value. In Chapter 2, this effect is examined with the CE method of 

solution of the Boltzmann equation which treats the reactive processes as a weak pertur- 

bation. In Chapter 3, extensions of the CE (WNE) approach mhich involve the expansion 

of the distribution functions about Maxwelians at different terrrperatures, referred to as 

Strong Non-Equilibrium (SNE), and Modified Strong Non-Equilibrium (MSNE) are con- 

sidered. Departures of the rate coefficients from their equilibrium values are computed 

and compared for each of the three methods, along with an explicitly time-dependent 

solution of the Boltzmann equation. It is concluded from the time-dependent studies 

that the CE method fails when SNE conditions apply and the SNE method fails under 

conditions when the CE method is appropriate. The MSNE is an improvement on both 

and seems to work over a range of conditions. 

The MSNE uses the concept of the generalized CE method introduced by Kogan and 

Alexeev. This generalized CE method involves retaining high-order terms in the SNE 

solution so that the SNE solution is consistent with the WNE solution in the limit of 

weak non-equilibrium. Alexeev [46] recently extended these generalized CE methods to 

the Boltzmann equation and developed a GBE. From the hydrodynamic approximation 

of the GBE, Alexeev [46] has in turn developed a generalized hydrodynamic theory of 

which conventional hydrodynamic theory is a subset. Alexeev claims to have successfully 
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applied generalized hydrodynarnics to the problem of high-frequency sound propagation 

in rarefied gases. -4 brief evaluation of Alexeev's approach to chemicdiy reactive systems 

is presented in Appendi~ B. 

1.2 High-F'requency Sound Propagation in Rarefied Gases 

1.2.1 Single Component Systems 

Wang-Chang and Uhlenbeck [48] were the first to apply gâs kinetic theory to the prob- 

lem of sound propagation in monatomic gases. h o u n d  the time of Wang-Chang and 

Uhlenbeck's theoretical studies, experirnental results obtained by Greenspan [4g150] and 

Meyer 1511 showed that the Navier-Stokes equations gave incorrect results for the speed 

and attenuation of sound a t  high frequencies in rarefied gases (a region k n o m  as the 

Knudsen region). The solution of Wang Chang and Uhlenbeck estended the validity of 

theoretical sound speed and attenuation calculations only slightly further into the Knud- 

sen region than the Navier-Stokes equation. 

Alexeev has applied the generalized hydrodynamic equations to the problem of sound 

dispersion a t  high frequencies and Low pressures and ob tained qualitative agreement with 

experiment [46]. In Chapter 4, the sound dispersion problem is tackied directly from the 

Alexeev's GBE, in the sarne manner that Wang-Chang and Uhlenbeck solved the gas 

kinetic theory of sound dispersion. The work of Section (4.2) shows that the GBE does 

not accurately describe real properties of sound waves beyond the Navier-Stokes approx- 

imation. 

The failure of the WCU method to describe the properties of sound a t  high frequen- 

cies and low pressures resulted in a period of active study in the mid-1960s of the gas 

kinetic theriry of sound propagation. Several solutions were proposed, most notably that 
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of Sirovich and Thurber (ST) [56]. The ST method succeeded in giving values that 

agreed with experimentai results- The reasons for its success do not seem to have been 

Mly established, and the latter part of Chapter 4 is a clarification of some of the issues 

surroundhg Sirovich and Thurber's solution of the sound dispersion problem. A concise 

study of the ST method and its limitations is motivated by the need to  interpret recent 

experimental data obtained for sound dispersion in mixtures of gases of disparate masses. 

1.2.2 Mixtures of Gases 

Recent experimental studies have confirmed anomalous sound behaviour in mixtures 

of gases having disparate masses that was first predicted by Johnson and Huck [57J. 

Anomalous dispersion behaviour has been observed in the form of multiple coexisting 

sound modes, degenerate modes and sound mode discontinuities that are no t descri bed 

by conventional hydrodynamic treatments. .Johnson 1591 and Wegdam [62] have ap- 

plied Burger's two-temperature 0ow equations for composite gases [68] in order to de- 

scribe anomalous behaviour, with some success. Their methods are based on the Grad 

thirteen-moment method [24] and are therefore Iimited to hydrodynamic moments. It 

was reasoned that the ST method, based on its success in describing single-component 

systems, would also give good resuIts for mu1 ticomponent systerns. 

In Chapter 5, the ST method has been extended to multicomponent systerns and the 

results for calculations on a He-Xe system are compared with experimental results and 

calculations of Johnson and Bowler [59]. The agreement of phase velocities and attenua- 

tion constants obtained by two-component ST method are found to result in qualitative 

agreement with the calculation of Johnson and Bowler. 



Chapter 2 

Non-Equilibrium Reactive Systems : Effect of Reaction Products 

2.1 Introduction 

Non-equilibrium effects associated with reactive systems have received considerable at- 

tention in the literature for a long time [12-23,25-381. Many calculations have been 

carried out for reactive systems of the type, 

A + C + products (2.1.1) 

with the complete neglect of the products. Reactions tend to selectively rernove transla- 

tionally energetic particles of the system. This results in a perturbation of the velocity 

distribution functions which in turn perturbs the reaction rate. The main objective of this 

chapter is to calculate the influence of reaction products on the translational distribution 

functions of the reactants. The extent of the departure of the translational distribution 

function from equilibrium (a Maxwellian) is expressed as the fractional decrease of the 

non-equilibrium rate coefficient, k. from the equilibrium value, k(O): that is, 

The change in the distribution function is given by the Boltzmann equation. The ap- 

proach employed by most workers involves the application of the Chapman-Enskog (CE) 

method of solution of the Boltzmann equation [l]. The reactive process is assumed to be 

a small perturbation on the system. The CE approach yields a very special solution of the 

Boltzmann equation referred as a " n o n a l  solution" [l] for which the time dependence 
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of the distribution fimction is implicit through the time dependence of the density, n(t), 

and the time variation of the temperature, T(t ) ,  that is, J(c ,  t) = f (c; n(t),T(t)). 

Cuhowski et al. [31] recently carried out a study of the non-equilibrium effects for 

the reaction 

A + A + B + B .  (2.1.2) 

The treatment of Cukrowski et al. is approximate as they assumed that the distribu- 

tion functions of the two species were local îviaxwellians at  different temperatures and 

the reaction was treated as an isothennai process. The Boltzmann equations are then 

approximated by the time-dependent equations for the number densities and the species 

temperatures. This approach is similar to previous work on a time-dependent theory of 

hot atom reactions [72] and temperature relaxation 1731. The results of calculations by 

Cukrowski et al. were compared with estimates of 77 obtained with the CE analysis by 

Cukrowski, Fritzsche and Popielawski [32] and from computer simulations. The main 

objective of the work by Cukrowski et al. [31] was to compare the non-equilibrium effects 

of A + A + B + B with those of A + C + products. In this cliapter, the non-equilibrium 

effects of the above reactions are re-examined with particular attention to the effect of 

the reverse reaction B + B + A + A and the density dependence of the products. 

Shizgal and Karplus demonstrated long ago [21,22] that the non-equilibrium effects in 

reactive systems are particularly sensitive to  whether the system is adiabatic (dT/dt # 0) 

or isothermal ( d T / d t  = O).  if d T / d t  # 0, the non-equilibrium effects have an explicit 

dependence on the heat of reaction [13,35]. l t  is also shown that in the time-dependent 

studies of the reaction with products, A + A + B + B, the value of dT/clt in the limit of 

vanishing products requires some very careful analysis [32,331. 

The limit of vanishing products, studied by Pyun and Ross [40], and Fitzpatrick and 

Desloge [70], is of particular interest to this work. The difference between results obtained 
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from a CE analysis of the model reaction A + C + products, where the product species 

are completely ignored, and results obtained for the model reaction A +  A + B + B with 

the products are taken into account are studied in detail here. The reversible reaction 

A + A + B + B is also studied in comparison with the other systems. Shizgal and 

Karplus [22] conducted a CE analysis of the general reversible reaction A + B + C + Dt 
mhich includes the effect of the reverse reaction. 

Section 2.2.1 describes the CE method of solution of the Boltzmann equations for the 

distribution functions of the two species involved in the reaction A+C + products. The 

extent of non-equilibrium effects in terms of the quantity 7 is determined. The useful- 

ness of the Shizgal-Karplus temperature, introduced by Cukrowski and comorkers [32] is 

evaluat ed. 

The irreversible reaction A + A  + B + B and the reversible reactiou A+A + B + B 

are considered in like manner in Sections 2.2.2 and 2.2.3, respectively. An important 

aspect of the analysis is the use of microscopic reversibility in the case of the reversible 

reaction and the lack thereof for the irreversible reaction. Although these three reactive 

systems are very similar, the lcinetic theory treatment of the non-equilibrium effects in- 

volves several important subtle aspects that are discussed in detail. in Section 2.3, the 

results of a time-dependent solution of the Boltzmann equation is presented. The range 

of vdidity of the CE approach is determined from this analysis. 

2.2 The CE Approach - Weak Non-Equilibrium (WNE) 

The CE method is used to solve the Boltzmann equation for wliich reactive processes 

are treated as a weak perturbation. This has been referred to as Weak Non-Equilibrium 

(WNE) by f ascal and Brun [41] and alternatives to this treatment are the subject of 

Chapter 3. In the folfowing sections of this chapter, detailed calculations using the CE 
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approach are carried out for the hard sphere elastic and line-of-centers reactive model 

system. The hard-sphere reactive model has been used in earlier work [20-221. The 

differential elastic cross sections are taken to be hard spheres (aE = d2E/4) and the total 

reactive cross section is the line-of-centers cross section given by, 

where Ex is the threshold energy and a~ = 414.  The hard sphere elastic and reactive 

diameters are d E  and d R ,  respectively. 

2.2.1 The Reaction A + C i products 

The distribution functions for the two species are denoted by y and 71 equal to I for 

species A and 2 for species C. For this reaction, the distribution functions, are assumed 

to be given by two coupled Boltzmann equations of the form, 

where a,, and O* are the elastic and reactive cross sections, respectively. The first 

collision operators on the RHS of Eqs. (2.2.2)  and (2.2.3)  are the self collision terms 

for A-A and C-C elastic coliisions. The second collision operators take account of A-C 

elastic collisions and couple the two equations. The reactive terms mith the reactive 

cross section represent the loss of both species. The other quantities have their usual 

definitions 120-221. The notation employed in Eqs. (2.2.2)  and (2 .2 .3)  is standard Il] 
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where the unlabeled distribution and velocity variable refer to the other particie in a 

binary collision. The term g is the relative velocity, Ici - ca 1, of the two bodies involved 

in the collision. For al1 applications in the present chapter, oll = q2 = q2 = o~ 

and the ratio aR/oE is varied. These time-dependent equations are solved with the 

assumption that the reactive cross sections are small relative to the elastic cross sections. 

The parameter E = has been inserted into the Boltzmann equations to take this 

ordering int O account . 

The method of solution of these coupled Boltzmann equations is as described in [21]. 

The velocity distribution function is perturbed from its equilibrium value, f (O) 

f-, = f y  [l+ ~ & 1 i  

mhere .Ji, is the perturbation fiom equilibrium and E is the strength of the perturbation. 

Equations of order 1 / ~  obtained fkom Eq. (2.2.4) in Eqs. (2.2.2) and (2.2.3) determine 

that the zero order distribution hnctions, f (O) = n, (t) [mY/2*ks~(t)] 3/2 exp [- m,</2kBr(t)]  : 

are Maxwellians characterized by time-dependent number densities, ny(t),  and the single 

temperature, T(t)  . 

The CE approach involves the assumption that (to lowest order) the time dependence 

of the distribution function is given by, 

mhere the time variation of the densities is determined from the Boltzmann equations, 

and given by, 

For this reaction, there is a loss of energy owing to reactive collisions and the variation 

of the temperature (to lowest order) is given by 
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With the substitution of Eq. (2.2.4) into the Boltzmann equations, Eqs. (2.2.2) 

and (2.2.3) and use of Eqs. (2.2.5-2.2.7), the CE equations for the perturbations 1Ci, are 

obtained by equating terms zero-order in E, 

(0) (O) (0) (0) J J f f [ + - ~l i  - ~ l l a ~ ~ g r n d c  + J J 1, fi [*; - + i ~ o i 2 g a h z  

where the inhomogeneous terms are defined by 

where <: = m,</2kBT and, 

R?)(%) = // f ~ ~ ) o * g d J l d ~ .  

The solution of these coupled linear integral equations is obtained with the expansion 

of the unknown functions 1L, in Sonine (Laguerre) polynomials, Sc)(<:) defined in [20-221. 

the Boltzmann equations, Eqs. (2.2.2) and (2.2.3) are reduced 

equations for the coefficients a?) &en by, 

to the set of algebraic 

and 
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where 

The bracket matrix elernents [SY)~ s:)] are 

and the brace matrix elements {SY)S~)}  are 

The bracket and brace matriv elements srere evaluated for a hard sphere elastic cross 

section from analytic expressions obtained by Lindenfeld and Shizgal [94]. The integals 

47) , 

are the Sonine moments of the reactive collision frequencies and evaluated for the line 

of centers reactive cross section (Eq. (40) of [21]). The concentration dependence in the 

middle term of the RHS Eq. (2.2.14) is particularly important. It is this term. arising 

from (dT/dt)LO) # O (see Eq. (2.2.10)), that gives rise to large effects mhen the two 

reactants are dissimilar, that is for unequal m a s  ratios or densities. 

The density is defined in terms of that is, 

n, = / f:o)dc, 

so that J f f ) q ! ~ ~ d ~  = O and hence af) = O. The temperature is defined by 
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where n = nt -F nz and 

and hence 

nia!') + = O. 

Consistent with this definition of the temperature is that the two equations in Eqs. 

(2.2.12) and (2.2.13) with i = 1 are the negative of one another; their sum being equal to 

zero is a reflection of conservation of energy when both species are taken into account. 

Consequently, the set of equations that is solved is the set with Eq. (2.2.22) replacing 

either of the two equations with i = 1 in Eqs. (2.2.12) and (2.2.13). 

The solution of Eqs. (2.2.12) and (2.2.13) together Fcith Eq. (2.2.22) as discussed 

above yields the expansion coefficients and the fractional decrease in the equilibrium rate 

of reaction as given by, 

For the hard sphere cross section models. since 7 is directly proportional to oR/aE, this 

ratio c m  be set equal to I and the q calcdated is then multiplied by uR/uE. The cal- 

culation of the mean energy of each species yields the definition of species temperatures, 

TT, mhich is 

(7) T, = T[1 - al 1, (2.2.24) 

where T is the temperature in the Maxwellians. Cukrowslci et al. [32,31] refer to these 

species temperatures as the Shizgal-Karphs temperatures. 
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Cukrowski et al. [32] suggested that the non-equilibrium rate coefficient c m  be ap- 

proximated with the use of the species temperatures as given by Eq. (2.2.24) with the 

a?) determined to lowest order, that is, from the solution of Eqs. (2.2.12) and (2.2.13) 

with only one term in the expansion of .Sr,. An estimate of the fiactional change in the 

rate coefficient is determined with Maxwellians characterized with the species tempera- 

tures, that is, 

where k(Tl  T2) is the rate of reaction between two species having component tempera- 

tures Tl and T2 [74] and 

where TeK represents the "effective" temperature 

Clearly, this result can o d y  be useful if the tmo species are distinct and the species 

temperatures differ fiom the temperature T.  It is anticipatecl that their procedure will 

be invalid when the two species have similar masses and number densities. Cukrowski 

et al. have employed this approach in several studies of non-equilibrium effects reported 

in [82] and references therein, The relationship between q and .fj can be understood 

by recognizing that the expansion of the local illaxwellians, F ( O ) ( T , ) ,  at the species 

temperatures about the temperature T leads to an expansion in Sonine polynomiaIs of 

the form, 
" AT, 

F(O) ( T ~ )  = j (~) (TI [l + i= 1 ~ : ) ( r n = 2 / k ~ ~ ) ]  , 
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where AT, = T - T,. Equation (2.2.28) illustrates the use of the ratio P(')(T,)/ f(O)(T) 

as the generating function for the Sonine polynomials. In this way, the approximation 

by Cukrowski et al. [32], consists of an expansion of the distribution function in Sonine 

polynomials with the expansion coefficients as powers of a:). It is correct aoly to lowest 

order when only one term is retained in the expansion. in this way, the use of the 

S hizgal-Karplus temperature as employed by 

correction of the form, 

Cukrowski et ai. yietds a non-equilibrium 

It is expected that this approximation may be useful when the terms in dominate 

the solution in Eq. (2.2.23). 

The vaziation of the correction 77 versus the system variabtes was reported at  length 

in [21]. Here the comparison with r j ,  Eq. (2.2.29), is of interest. Figure 2.1 shows the 

variation of 7 (solid curve) obtained from Eq. (2.2.23) with retention of a sufficient 

number of terms to provide convergence to four significant figures, in comparison with 

the Cukrowski et al. [32] approximation, Eq. (2.2.29) (dashed curve). 

The agreement between the converged solution, 7, and the approximation. Eq. (2.2.29), 

varies considerably according to the ratios of the masses and densities of the reactants 

A and C. With Eq. (2.2.14) and the definition of A!') given by Eq. (2.2.18). it can be 

shown that a l )  and a?) are proportional to " - 1. The ratio " is 16, 10- 2 and 514 

in Figures 2.1A to 2.1D, respectively. As the quantity + 1 the agreement betmeen 

7 and i j  becomes poorer. This is due to the fact that as " + 1, a?' -+ O resulting in 

AT, + O and fj + O. This result holds for al1 orders of approximation. Consequently, r j  

is a reasonable approximation to 17 in Figure 2.1A for which = 16. The agreement 

worsens as " tends to unity in Figure ZAB, 2.1C and 2.1D. For Figure 2.1D where the 

temperature perturbation is extrernely small, the a l )  contribution becornes insignificant, 
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Figure 2.1: Variation of 71 and ij versus E* for A + C + products. r ]  is given by the solid 
line and ij by the broken line. The mass ratio ml/rnz and density ratio nl /n2  are equal to 
(A) 2 and 8, (B) 10 and 1,(C) 2 and 1, (D) 10 and 2/8 respectively; C E  = 0 1 1  = 012 = 022 

and aE/aR = 1. 
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AT, x O and the approximation 6 by Cukrowski et al. is not valid. 

The dependence of q on the density is one of the important objectives of the present 

work, in particular with respect to the density of the products for the reactions considered 

in Sections 2.2.2 and 2.2.3. if only two terms in the expansion of the distribution func- 

tions are retained, approximate expressions can be obtained which show explicitly the 

concentration dependence. If only equal mass ratios are considered, o~ = UR, and defin- 

ing A = nI/n2, cornmon collision frequency factors on both sides of Eqs. (2.2.12) and 

(2.2.13) are eliminated. With only two terms retained in the expansions. Eqs. (2.2.12) 

and (2.2.13) are approuimated by the set of 3 x 3 equations, 

The solution of this set of equations is, 

The fiactionai decrease in the rate of reaction 2 is then given by, 

For the line-of-centers reactive cross section, 
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where 6' = E*/kBT. The two terrn result given by Eq. (2.2.32) is a very good approxima- 

tion to the converged result. Figures 2.2 and 2.3 show the variation of apl = AT,/T ver- 

sus density and mass ratios, respectively. The energy conservation relation a ',') = -@ 
imposes the constraint t hat temperature perturbations AT, for A and C must be opposite 

in sign. This property is common to al1 curves in Figures 2.2 and 2.3. AI1 the curves also 

show that there is no temperature perturbation, AT, = O, when =A = 1, as discussed 
ma 

in connection with the results in Figure 2.1. Figure 2.1 shows that as A + 0, the tern- 

perature of the major species, T2 + T. However, the distribution of the minor species 

is strongly perturbeci and ATl is large. The point A = 1 in Figure 2.2C (mi = m2) 

corresponds to the system A + A  += products. In this case, the species A and C become 

indistinguishable and are characterized by a single temperature. TI = Ts = T. 

The variation of temperature perturbation AT,/T versus m a s  fraction of A, ML = 

ml/ (ml  + ma), is shown in Figure 2.3. A striking feature of Figure 2.3 is that for a 

reaction involving reactants with dissimilar masses lie. M l  + O or ML + 1) there 

are large temperature perturbations. As the density ratio A increases in Figures 2.3A- 

2.3D, the mass fraction for which AT, = O shifts towards iLlr = O in accordance with 

the dependence miA/m2 = 1. Figure 2.3A has the smallest A and as a consequence, 

AT, = O a t  M l  = 819. With increasing A, the mass fractions for which ATy = O are 

2/3, 112 and 113 for Figures 2.3B-2.3D, respectively. Figures S.3B (ni /n2 = 1/2) and 

3D (nl/n2 = 2) show the symmetry resulting from the interchange of species A and 

C. Figure 2.3C corresponds to the system A + A + products for which nl = .n2, and 

AT, = O  at  ml =m2. 

In a subsequent paper, Cukrowski et al. [31] discussed further the role of the species 

temperatures in the determination of 7. They concluded that the results of previous 
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Figure 2.2: Variation of AT,/?" versus density ratio A = nl/n2 for the system -4 + C + 
products. The mass ratio ml/mz equals (A) 1/8, (B) 114, (C) 1 and (D) 2; f* = 4 and 
oE/aR = 1. AT7 = O a t  mlnl/mznz = 1. 
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Figure 2.3: Variation of AT,/T versus M l ,  mass fiaction of A, for the system A + C + 
products. The density ratio ni/nz equals (A) 118, (B) 112, (C) 1 and (D) 2; E* = 4 and 
aE/aR = 1. 
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workew [13,15,20] for the one component reactive system 

A + A + products, 

is in error owing to the neglect of the effect given by Eq. (2.2.24). However, as has been 

shown, this temperature effect disappears when the reactants are identical and plays no 

rote in the non-equilibrium effects. In Appendix A it is shown that the system studied by 

Cukrowski et al. differs from the one component system above. Their work corresponds 

to this reaction occurring in a large excess of a second (nonreactive) component (with 

the mass of A) that acts as an infinite heat bath so that the temperature of the system 

does not change. This was considered at length by Shizgal and Karplus [22]. For A + -4 
+ products for which nl = n,, the two term solution for r] becomes 

This is twice the result obtained from Eq. (2.2.32) because in this limit the two compo- 

nent system has twice the number of elastic collisions as the one component system [21]. 

- O and AT = O, there is no perturbation of the temperature Moreover since a!') = a(2) - 

due to the reaction and no effect on the reaction rate. 

2.2.2 The Reaction A + A -+ B +B 

in this section, the non-equilibrium effects in a mode1 reactive system introduced by 

Cukrowski et ai, [32,31] are of interest. The species A and B cau be taken to be different 

interna1 states of the some species and the reaction can be considered as an inelastic 

collision involving no mass transfer. Non-equihbriurn effects for such processes have been 

considered previously [78,79]. The main objective here is to  determine the influence of the 

products on the non-equilibrium effects in comparison with the results of Section 2.2.1. 

The effect of products has been discussed by Pyun and Ross [40] and by Fitzpatrick and 
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Desloge [70]. 

For this reaction, the Boltzmann equations are similar to those in Section 2.2.1, except 

that the reactive term for the products is a gain term evaluated with the reactive cross 

section for the forward reaction. The coupled Boltzmann equations for this system are, 

in Eq. (2.2.36), it is important to note that the reactive collision integral represents the 

production of product B species and the integration is over the velocity space of one of 

the tmo reactant .4 species. The primes on the distribution function refer to A species 

that enter into a collision. Al1 primed quantities in both Eq. (2.2.35) and (2.2.36) cor- 

respond to gain ternis mhile al1 unprimed ones correspond to loss terms. The primes on 

the last term of the right-hand side of Eq. (2.2.36) are consistent with this convention. 

An important aspect of this mode1 is that with the complete neglect of the reverse re- 

action, rnicroscopic reversibility [74] for the reactive collisions cannot be employed. This 

reactive collision production rate is determined analogous to the caiculations by Whipple 

[75], Riley and Matzen [76] and Shizgal and Lindenfeld [94]. 

The CE method of solution parallels the discussion in Section 2.2.1. The only modifi- 

cation is the nature of the reactive collision term for the product B in Eq. (2.2.36) which 

differs fiom the loss term of the reactant A in Eq. (2.2.35). The CE method is applied 

as in Section 2.2.1, with the lowest order reactive collision frequencies evaluated using 

Maxmellians and given by, 
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where the prime is used to distinguish this product collision frequency with the loss 

terms in Eq. (2.2.11). The reactive collision probability is determined by changing the 

integration to one over the velocity of one of the product B species. With transformations 

to relative velocity g and center of mass velocity Gy 

where G is conserved in a reactive collision. This integral can be converted to an inte- 

gration over the relative velocity of the products with energy conservation in differential 

form (g'dg' = gdg) and with the reduced masses of the reactants and products equal, 

This result is specialized to the line-of-centers cross section so that 

and 

where the integral is the hard sphere collision frequency [l] for unit total cross section. 

It is this form of the reactive production collision term (for the line-of-centers reactive 

cross section) that determines the form of the CE equation for this mode1 reaction. The 

work by Cukrowski et al. [32,31] incorrectly considered this reactive collision frequency 

for product B equal to the loss term for reactant A. 

The CE method of solution is applied based on the assumption, Eq. (2.2.5). The 

time variation of the densities is determined from the Boltzmann equations, and given 
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For this reaction, there is no energy conservation in reactive coilisions and the time rate 

of change of the temperature is non-zero and evaluated to lowest order Fvith the use of 

the explicit form of the reactive collision frequency in Eq. (2.2.41). By evaluating the 

rate of change of the energy of each species from the Boltzmann equations and adding 

the results one gets, 

= -[Al - ~1(0)e- ' ' ] ,  

where the species designation on the Ai integrals is dropped since the masses are the same 

for both reactant and product. The quantities denoted by -&(O) refer to the Ai integrals 

for zero threshold energy and arise from moments of the reactive collision frequency for 

species B, Eq. (2.2.41), that is, 

Cukrowski et al. [32] assumed that translational energy is conserved in reactive collisions; 

the energy lost by the reactant is gained by the product and that d T / d t  = O. Their result 

is in contradiction to Eq. (2.2.43). 

With the substitution of Eq. (2.2.4) into the Boltzmann equations. Eqs. (2.2.35) 

and (2.2.36) and use of Eqs. (2.2.5), (2.2.42) and (2.2.43), the CE equations for the 

perturbations $, are given by: 
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where the inhomogeneous terms are defined by 

The CE equations, Eqs. (2.2.45) and (2.2.46) are analogous to Eqs. (2.2.8) and (2.2.9) 

in Section 2.2. The only distinction is the form of the reactive collision fiequencies and the 

inhomogeneous terms Eqs. (2.2.47) and (2.2.48) in cornparison with Eq. (2.2.10). The 

perturbations of the distribution function are expanded in Sonine polynomials s$)(@ as 

in Section 2.2.1 and result in the set of algebraic equations similar to Eqs. (22.12) and 

(2.2.13) given by, 

and 

wliere 
n1 n:/?il) = -&AO - cfli-[Al - A ~ ( O ) ~ - " ]  + 4 , (2.2.51) 
n 

The fractional decrease in the forward reaction rate only involves the distribution function 

of species A and is given by 

As was done in Section 2.2.1, it is useful to consider the approximate result with only 

two terms in the e~pansion of the distribution functions in Sonine polynomials. Setting 
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CE = OR, defining 6 = n2/nl, and elirninating common collision frequency factors from 

both sides of Eqs. (2.2.49) and (2.2.50), a 3 x 3 set of equations is obtained 

The solution of this set of equations is, 

With Eq. (2.2.55), an expression is obtained for 77 comparable to Eq. (2.2.32) which 

is not reported for the sake of brevity. It is important to note that the correction, 71 

(Eq. (2.2.53)), depends only on the expansion coefficients, a!') of species A. The tmo 

term sohtion is accurate to within 5 percent of the converged values for the conditions 

discussed here. This two term analytic solution provides for a useful interpretation of 

the density dependence. 

The variation of 77 versus E* for several density ratios is shown in Figure 2.4. The 

curve (a) of Figure 2.4 shows the variation of 71 for the reaction A + A + products. The 

curves (b)-(e) are for decreasing density ratio, 6 = nz/nl, of product to reactant. The q 

values calculated for A + A + B + B are larger than that for A + A + products due 

to the contribution of the ai1) terrns, and the non-equilibriurn effects generally increase 

with a decrease in S. Note that 77 attains a limiting value as d + O (dashed curve and 

open circles). The peak near E* = 1 for the system A + A + B + B is caused by the 
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Figure 2.4: Variation of 71 versus E* for A+ A + B + B compared with A+ A + products. 
A + A + products is shown by curve (a). For A + A + B + B, the density ratio n2/nl 
equais (b) 1.0, (c) 0.5, (d) 0.1 and (e) 0.01; aE/nR = I. The vdue of 11 for A+A + B+B 
in the limit d + O is shown by (- - O - -1. 
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relatively large temperature difference, ATl = a\1), between the two components A and 

B. This temperature difference does not occur for the system A + A + products and 

results in smail values of for E* < 2. There is good agreement in the values of for the 

systems A + A + products and A + A + B + B as b + O and c* becomes large. Figure 

2.5 shows the variation of AT,/T versus log 6 for the reaction A + A + B + B mith 

E* = 3. Of primary interest here is the behaviour in the Iimit of vanishing reactant or 

product. In the Iimit of vanishing reactant, nl + O, b + oo. the product is in large excess 

and acts as a heat bath a t  temperature T, so that AT2 + O cts 1/d2 as s h o m  in Figure 

2.5. The distribution function of the reactant is not a Maxwellian and ATl + O as 1/6. 

This limit corresponds to  the isothermai reactive systems of reference [21]. In the limit 

of vanishing product, nz + 0, b + O and the perturbation of the distribution function 

of the product is large; the expansion coefficients a!') vary as 1/6 (see Eq. (2.2.56)). 

Similady, AT2 + w as  1/15 so that AT2/T shown in Figure 2.5 is large and negative. 

By contrast, as 6 + O, ATi/T remains finite. Since the correction s h o m  in Figure 2.4 

depends only on aiL), it remains finite. A cornparison of these results virh the results for 

the reaction A + A + products is presented in Section 2.2.4. 

2.2.3 The Reaction A + A + B + B 

In this section the reaction of Section 2.2.2 is considered but allowing for the reverse reac- 

tion. This changes the nature of the Boltzmann equations since rnicroscopic reversibility 

is valid and forward and reverse reactive collision terms are related. The formalism for 

the kinetic analysis for this system was treated in detail in [21]. Microscopic reversibility 

relates the cross sections for the forward and reverse reactive cross sections [74] as given 

by 
2 * 2  

P f o f S f  = P%;s: (2.2.56) 
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- 1 O 
log 6 

Figure 2.5: Variation AT,/T versus the log of density ratio 6 = n2/n1 for A + A + B + B; 
E* = 3 and aE/aR = 1. 



Chapter 2. Non-Equilibrium Reactive Systems : EEect of Reaction Products 34 

where p is the reduced rnass of the pair entering a reactive collision, and the subscripts 

f and r refer to the forward and reverse reactions, respectiveiy. For the line-of-centers 

reactive collision cross section model for both forward and reverse reactions, this implies 

that = Since for the present model the reduced mass of the reactants and 

products are equal, the corresponding reactive hard sphere diameters have to be equal, 

df = 4. If the forward and reverse threshold energies are unequal, the "heat of reaction", 

AE = E; - E: has an important effect on the extent of the non-equilibrium. 

The coupled Boltzmann equations for this system are of the form, 

The gain and loss tems in the reactive collision integral terms have been combined by 

using rnicroscopic reversibility, Eq. (2.2.56). The equality of the reduced masses has been 

used. The reactive collision terms have the same forma1 appearance as the unlike elastic 

collision terms. It is important to mention that the integration over c in the reactive 

collision term is over the velocity of species A in Eq. (2.2.57) and over the velocity of 

species B in Eq. (2.2.58). 

The application of the CE method of solution of the Boltzmann equations follows the 

discussion in Sections 2.2.2.1 and 2.2.2, and reference [21]. The important differences are 

that, 

and 
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are the equilibrium estimates of the density and temperature time derivatives employed 

in Eq. (2.2.5). The resulting CE equations are similar in form to Eqs. (2.2.8) and (2.2.9), 

with the inhomogeneous terms F$O) replaced with H$') defined by 

where the reactive collision fiequencies include both forward and reverse rates, given by 

and 

( 0 )  ( O )  f~"R$" = / / [ f ! ~ ' f  (01' - f2 fi/ ]o:g,dRdc (2.2.63) 

The @) are the moments of these reactive collision frequencies with Sonine polyoomials. 

These can be reiated to the &) quantities for the fonoard reaction of Section 2.2.1. The 

moments of reactive collision frequencies are mitten in a more compact notation 

2 

e x p ( A ~ / k ~ ~ ) ] ~ ~ '  (6) (2.2.64) 

and 

where E; = Ej/kBT and 5 = E;/ksT, Ej and E; are the fornard and reverse activation 

energies respectively. The CE equations for this mode1 system are very similar to  those 

in Sections 2.2.1 and 2.2.2 and given byt 

and 
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where 

and 

The $) integrais which involve both forward and reverse reactions can be written in 

terms of the AP) integrals for either the forward or reverse reactioo as a consequence of 

rnicroscopic reversibility. 

The approximate solution with only two terms in the expansions leads to the 3 x3 

equation of the form, 

The system is solved to give 

The two-term approximations of q and rb (the fractional decrease for forward and reverse 

reactions, respectively) can be obtained from the solutions of Eq. (2.6.70) with Eqs. 

(2.2.64) and (2.2.65). The corrections to the reactive rate coefficient are given byt 
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and 

The two term solutions give very good approximations to the converged values of r]. 

This reversible reactive system differs from the systems studied in Sections 2.2.1 and 

2.2.2 in that the reaction can attain chemical equilibrium whenever the forward and 

( 0 )  2 reverse rates are equal, that is when k f  n, = k:')n: and the equilibrium density ratio 

is given by d2=exp(-AE/ksT). .4t chemical equilibrium the distribution functions are 

R/la.xwellian and 71 = % = O [17,21]. For other density ratios: 771 and q, are finite and can 

be either positive or negative, the sign depeading on the factors (1-62eirp(AE/kBT)) and 

(1 - 1/S2exp(-AE/kBT)) in Eqs. (2.2.64) and (2.2.65). These features are dernonstrated 

in Figure 2.6 where the variation of qf versus s; is shown for severai values of E: (Figures 

2.6A-2.6D) and various density ratios (curves (a)-(e)). The correction qf equals zero 

for values of ~j where chemical equilibrium exists. that is, 62 = exp(-AE/ksT). For 

S = 1, curve (e), r]f = O for CF = E: as seen in Figure 2.6. For > E T :  .qf < O and for 

c j < E:, > O as discussed above. For the other density ratios, curves (a)-(ci). q l  > O for 

values of d2 > exp(-4E/kBT). The maxima in 771 in Figure 2.6 near ~j = 1 are due to 

temperature effects resulting from the separation of the temperatures of the two species. 

The dashed curves and open circles correspond to the limit of vanishing product, n2 + 0. 

This limiting behaviour is discussed in Section 2.2.4 in comparison with the results in 

Section 2.2.1 and 2.2.2. 

The variation in the temperature perturbation AT7/T versus the density ratio 6 = 

n2/nl is shown in Figure 2.7 for two pairs of values of €7 and 6;. Figure 2.7 shows that 

as one species disappears (log d + oo or log 6 + -oo), the temperature perturbation for 

that species becomes extremely large, while the temperature perturbation of the more 

abundant species approaches a finite limiting value. This behaviour is due to a?) and 
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Figure 2.6: Variation of 711 for A + A + B + B versus E;. The reverse activation energy, 
E;, equals (A) 10, (B) 5, (C) 3 and (D) O; aE/aR = 1. The density ratio n2/nl equals (a) 
O, (b) 0.01, (c) 0.1, (d) 0.5 and (e) 1. The variation of 7 for the system -4 + A  + B + B 
in the limit 6 + O is shown by (- - O - -). 
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Figure 2.7: Variation of AT,/T versus the log of density ratio 6 = n2/nl for 
A + A + B + B. Fomard and reverse activation energies are (A) €7 = 3 and 6: = 3 and 
(B) €7 = 3 and C; = O , oE/ffR = 1. 
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AT1 varying as 6 and AT2 varying as l/b as given by Eqs. (2.2.71). The coefficients 

a?) and AT, vanish a t  chemical equilibrium. that is for ~5~=exp(-AE/k~T).  The sign 

of AT, follows the sign of 11 as discussed above. Figure 2.7A, for which 6; = c:, shows a 

symmetry for AT, versus log S whereas Figure 2.7B, for which €7 # e:, is asymmetric. 

Note that A and B are interchangeable by interchanging the labels 1 and 2 and with 

E; . 

The dependence of the perturbation to the reaction rate, 71, on the system parameters 

is more complicated than for the two irreversible systems. The parameters that drive the 

equilibrium towards A or B are now not merely the forward activation energy but also 

the reverse activation energy as well as the ratio of densities of the components A and 

B. The irreversible system A + A  + B + B in the limit of vanishing products, 6 + 0. 

is shown as a dashed curve and open circies in Figures 2.6A-S.6D. The reversible and 

irreversible systems do not coincide in the limit of vanishing product, with the notable 

exception of the case of vanishing product in Figure 2.6D. One obtains identical q and 

AT, values for A + A  + B + B and its irreversible equivalent in the limit of S -+ O and 

4E = €7 (i.e. c; = O). These conditions represent a reversible process with no reverse 

activation threshold for a vanishing back reaction B + B + A + A. This yields a special 

set of circumstances where 5 = O? r i  = 4E and ai2) = O in Eq. (2.2.70), giving rise 

to identical forms for the matrix Eqs. (2.2.54) and (2.2.70). This yields identical results 

for a!" to al1 orden of approximation. A detailed discussion of the effect of products is 

presented in the next section. 

2.2.4 The Lirnit of Vanishing Product 

It is important to note that each of the three systems described here involve specific 

assumptions in the formdisms that Iead to the form of the Boltzmann equations and 

the application of the CE method. The different solutions derived in Sections 2.2.1-2.2.3 
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are dictated by the explicit expressions for ( d ~ / d t ) ( O )  in the implementation of the CE 

method. The elastic collision operators for the three systems are formally similar. The 

time rate of change of the temperature is given by Eqs. (2.2.7),  (2.2.43) and (2.2.60) for 

the reactions A + A + products, A + A + B + B and A + A T: B + B, respectively. 

In the limit of vanishing product Eq. (2.2.60) does not coincide with Eq. (2.2.43), and 

simifarly Eq. (2.2.43) does not coincide with Eq. (2.2.7) (for ml = m2). The different 

results for ( d ~ / d t ) ( O )  lead to the different inhomogeneous terms in the CE equations, Eq. 

(2.2.14) , (2.2.5 1) and (2.2.52), and (2.2.68) and (2.2.69) for the three different reactions. 

These are similar except for the terms in bii that arise from ( d ~ / d t ) ( O ) .  These factors do 

not coincide in the limit of vanishing products. Hence. the results for the corrections, r)  

do not correspond in the limit of vanishing products. 

The dependence of 71 versus E' for increasingly small deosity of product for A + A + 
B + B was shown in Figure 2.4. The limit of vanishing product shown by the open 

circleç and dashed curve does not coincide with the curve (a) for A + A + products. An 

approximation to the dashed curve is obtained with the two-term results, Eqs. (2.2.55) 

and for b + O one gets 

which differs fiom the result, Eq. (2.2.34) for the system A + A + products. The 

terms in &(O) in Eq. (2.2.74) are the terms relating to the production of product, 

B. This is a manifestation the nonvanishing effect of vanishing products discussed by 

Fitzpatrick and Desloge 1701. The nonvanishing temperature effect of vanishing product 

B for A + A + B +B is caused by the fact that ai1) (Eq. (2.2.55)) is not zero for nz + 0. 
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For A + A + B + B,  in the limits d + O and E* large, 

and 
A; 

lim 77 N - . 
6+0,t-+cm 32Ao 

In the large c* limit, the terms in &(O) are oeglected relative to the terms in Â, which 

Vary as (~*)~ex~( -c* ) .  Lo Figure 2.8, the ratio of the corrections for these two reactions 

versus E* in the 6 + O limit is shown. Although there is no agreement for small E*:  the 

ratio is very close to unity for E* > 8, consistent with the analysis leading to Eq. (2.2.74). 

The dashed curve is the two term result. The results for these tmo cases discussed above 

are identical in the Iimit of large c*. This result holds to al1 orders of approximation. 

Hence, a region is observed for which the system A + A -+ B + B corresponds to the 

system A + A + products. 

Similarly, the limit of vanishingly srnall reverse reaction for the system A+A + B+B 

does not coincide with the irreversible reaction A + -4 -+ B + B. The irreversible case 

O, + O violates the principle of rnicroscopic reversibility (Eq. (2.2.56)) and cannot be 

applied in this case. As with A + A + B + B, the limit of S -+ O results in the coefficients 

ay) becoming infinite. The matriw equations Eq. (2.2.54) and (2.2.70) corresponding 

to the two term solutions of the reversible and irreversible systems differ only in the 

inhomogeneous component a ~ s i n g  fiom the form of (dT/dt)( ' ) .  Eq. (2.2.60). There 

appears to be no limiting procedure whereby the results for the system A + A + B + B 

go over to A + A + B +B. Figure 2.6 shows that the perturbations become significantly 

large if 6 departs far enough from the equilibrium value. It has been demonstrated that 

the choice for ( d ~ / d t ) ( O )  in the CE method of solution of the Boltzmann Equation for 

the reactive system leads to somewhat different results. The CE method in each case is 

carried out consistent with the basic assumptions of the method [1,13-16,18,17,19-231. It 
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Figure 2.8: Variation versus E* of the ratio of 77 for A + A + products to 77 for A + A + 
B + B, in the limit 6 + O. aE/crR = 1; the solid line is the ratio of converged values of 
q; the broken line is the ratio of two-term solutions. 
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provides the asymptotic solutions of the Boltzmann equations on the reactive time scale. 

The transient time variation on an elastic time scale is assumed to be extremely short 

so as not to affect the long time dependence. A verification of the CE results requires 

an explicit time-dependent solution of the Boltzmann equation for different values of the 

reactive to elastic relaxation time scales. When the time scales are well separated it is 

expected that the time-dependent caIculation will give results in agreement mith the CE 

results. 

2.3 Time-Dependent Solution of the Boltzmann Equation 

The CE method provides a very special solution of the Boltzmann equation mhich gives 

the long time behaviour on the reactive time scale. The time dependence is implicit 

through the variation of the density and the temperature. This section is concerned with 

the explicit time-dependent solution of the Boltzmann equation. Cornparison is made of 

the time-dependent solutions with the CE results in Section 2.2 for different values of 

E* and uR/oE. Detailed analysis of the results for the reaction il + A + products and 

A + A + B + B, especially in the limit of vanishing B are made. Similar studies for 

mode1 reactive systems with the neglect of the products have been reported [23:69]. 

2.3.1 The Reaction A + A + B + B 
The distribution functions are expanded about local Maxwellians, F r ) ,  characterized by 

time dependent number densities, n, ( t)  , and temperatures, TT ( t )  . The velocity distritu- 

tion function is written 

4 = p [ 1  + +."(xi t )] ,  (2.3.1) 
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mhere &(x, t) is the time-dependent perturbation from Maxwellian. The present ap- 

proach parailels a study of temperature relaxation in binary gases [73] and the applica- 

tion to  hot atom reactions [81]. With Eq. (2.3.1) in Eqs. (2.2.35) and (2.2.36) one has 

that, 

where 

and 

The reactive collision frequency R2(c2) for the product is a function of c2 and its evalu- 

ation requires the transformation to product velocities as discussed in Section 2.2.2 and 

elsewhere [17,75]. 

With the expansion in Sonine polynomials, one has that, 

where the expansion coefficients are time dependent. It is important to note that 6l) = O 

owing to the definition of the species temperature, T,. The coupled set of Boltzmann 

equations is reduced to the set of equations of the form, 

1 dbi7) N --- - A:" + ( Y )  bj (7) + Cg (II) bj  (d 1, i = 2,3 ... N 
Ni d t  j=2 
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where, 

The angle integrals, < sY), s?) > in Eq. (2.3.7) are the tm-temperature matriv elements 

of the collision operators 

and evaluated for the hard sphere cross section using analytic expressions found in [80]. 

The integrals A!') are the moments of the equilibrium reactive collision frequencies_ RIO).  
evaluated as in reference [2 11 and given by Eq. (2.2.18). The corresponding integrds for 

product species B are given by, 

and can be evaluated as in [21] for the special case ml = m;! and one has that, 

Note that Kk(0) represents the zero threshold energy integral, Kk in Eq. (41) in ref- 

erence [21], and É* is ( - E S / k s T l ) .  The two-temperature D!*) reduces to Ai(0)e-'' for 

Tl = T2. The quantities @ are the matrix elements of the reactive collision operator 

in Eq. (2.3.3),  (2.3.4). These have been found to be of second order in Sonine polyno- 

mials and can be neglected. The quantities Hjjk are the integrals of products of Sonine 
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polynomials that arise from d ~ T ) / d t ,  and dS:)/dt. These details of the calculation have 

been discussed in reference [80]. Al1 the coefficients in Eq. (2.3.6) are time dependent 

since the temperatures characterizing these matrix elements as well as the densities are 

time dependent. Hence Eq. (2.3.6) is coupled to the equations for the densities 

and the temperatures 

The perturbation of the distribution function and the fractional change in the rate of 

reaction, ~ ( t ) ,  are determined from the numerical time integration of Eq. (2.3.6), and the 

equations for the densities and temperat ures, Eqs. (2.3.9)-(2.3.11). The calculations by 

Cukrowski et al. [31] did not include the departure from the local Mamvellians, that is, the 

perturbation of the distribution functions was assumed to be zero. Hence their analysis 

is based solely on the hydrodynamic equations, Eqs. (2.3.9)-(2.3.11) mith b!') ( t )  = 0. 

and in a sense cannot be considered as a solution to the Boltzmann equation. These 

authors use the time dependent species temperatures (referred to as the Shizgal-Karplus 

temperatures) to determine a time-dependent correction to the rate of reaction as given 

by Eq. (2.2.53). 
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For the numerical integration of Eqs. (2.3.6)-(2.3.11) a dimensionless time vari- 

able, t ~ ,  is defined aven  by tofnr) (0)/[2i~k& (~) / rn ]~ f* .  The initial conditions assume 

Maxwellian distribution of reactaots and products and therefore al1 coefficients b p )  = O 

at t = O. The set of equations Eqs. (2.3.6)-(2.3.11) are integrated with a fourth order 

Runge-Kiltta integration procedure. Figure 2.9 shows the time variation of (t) /qcE 

versus the dimensionless elastic collision time. The value of  CE varies with tirne implic- 

itly through n(t) and T( t ) ,  Eqs. (2.3.9)-(2.3.11). The different Cumes are for different 

choices of the activation energy and the ratio of elastic and reactive collision hard sphere 

diameters, that is, for different values of the elastic and reactive time scales. When these 

time scales are well separated, it is expected that the long time or asymptotic value of 

the time-dependent result, that is lim,,, ~ ( t )  + qaSy coincides with the CE result. For 

the topmost curve (a) in Figure 2.9, with 6 = 13 and aE/aR = 200. this separation of 

relaxation times is satisfied and the time-dependent result coincides with the CE result. 

The subsequent curves, from top to bottorn, are for decreasing reduced activation en- 

ergy. In each case, except for the bottorn curve, a steady value of 71 is obtained but does 

not coincide with ~ C E ,  even for arbitrarily large ratios for aE/uR. Table 2.1 lists the 

values of ffE/ffR, c*. the ratio of relaxation times and the ratio 7](t)/qCE. For example, 

for the curve Figure 2.9(d), E* = 4 and the ratio q(t)/qCE x 0.55 even for arbitrariiy 

large aE/aR. This result is unespected and was not observed in earlier studies for a one- 

component system [23,69]. The phenornenon arises from the separation in temperatures, 

hT,(t), which is shown in Figure 2.10 for different values of e* and aE/oR. These attain 

steady values which agree remarkably well with the corresponding CE values when the 

required separation of relaxation times is obtained. The ratio rE/rR decreases in Fig- 

ures 2.10A-2.10D. As a consequence of this steady temperature separation, the quantity 

< Sf), S?) > u AT, (see [80]) differs from zero. This two-temperature matrix element 

occurs in A!') = n, < Sy), S.$')) > -&)/n, in Eq. (2.3.6), which becomes independent 
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Figure 2.9: Ratio of the time-dependent q(t)  and corresponding CE q c ~  for the system 
A + A -+ B + B. The reduced activation energy e* equals (a) 13, (b) 9, (c) 6 and (d) 4. 
The elastic collision cross sections for each curve are listed on Table 2.1. 
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Table 2.1: Cornparison of 77 values calculated from CE, q c ~ ,  and asyrnptotic values from 
the tirne-dependent two-temperature approach for the system A + A + B +B. The 
ratio of initial product to reactant density nl(0)/n2(O) is 1. See Figure 2.9. 

of oE/oR for large oE/oR. It is the finite values of c Sy), Sy) > which leads to the 

q(t) /qcE values in Figure 2.9 and Table 2.1 which are less than unity. For larger values 

of c* ,  < s:), s?) > vanishes more rapidly than A!'), and has a reduced effect so that 

for E* 2 13 shown in Figure 2.9 Land Table 2.1 r](t)/qcE N 1. The physical explanation 

for this result is that inchdes the effect of the reaction and temperature relaxation 

[72,73]. There is a perturbation of the distribution function that arises from both pro- 

cesses. The CE result, 7 7 ~ ~ :  does not include this two-temperature effect. 

Figure 2.11, shows the time variation of AT, with decreasing product density. The 

dashed curves are the corresponding CE results with the time variation implicit through 

n,(t) and T(t) .  The reduced activation energy E* is equal to 2 and oE/oR is unity 

so that the elastic and reactive time scales are similar. The agreement between the 

CE results for al1 but the shortest times in Figure 2.11 is somewhat unexpected since 

T , ~ / T R  x 1 unlike the conditions of Figure 2.10. Although there is no steady state, the 

ratio [ATI] , , / [ATI]~E becomes time-independent on the tE time scale, It is useful to 

notice the increasingly large perturbation of T2 as n2 + O. This can be inferred from Eq. 
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Figure 2.10: Cornparison of time-dependent and CE temperatures for different cross 
sections for A + A + B + B. Time-dependent, AT,/T shown by the solid line and 
corresponding CE values, ap)  shown by the broken line. The ratio of elastic to reactive 
hard sphere collision cross sections, oE/aR, and reduced activation energy, E*,  are equal 
to (A) 1, 9 (B) 10, 9, (C) 1, 13 and (D) 200, 13. 
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'First order approximation. 
*Converged solution. 

Table 2.2: Cornparison of asyrnptotic values, [ATl(t)],, caiculated from integration 
of the Boltzmann equation and corresponding CE values [ATI(t)lCE7 for the reaction 
A + A + B + B .  

(2.3.10) where dT2/dt  varies as 1/5 and becomes infinite as 6 + O for nonzero values of 

n1 

Table 2.2 shows that for several vaiues of E*, oE/oR = 1 and the initial density 

ratio, nl (0)/nz(O) the steady state [ATl]nsy/[ATl]CE ratios which are very close to unity. 

It is c1ea.r that there is very good agreement irrespective of the value rE/rRi unlike the 

behaviour shown in Table 2.1. The explanation for this behaviour is that the equation for 

Tl,  Eq. (2.3.9), to lowest order (6:') = O) evolves only on the reactive time scale. in Ta- 

ble 2.2, the first entry corresponds to the first order approximation to [ATL],,,/[ATl]cE 

whereas the second entry corresponds to a higher order approximation with sufficient 

nurnber of terms to give agreement to four decimal places. To first order, the time- 

dependent and CE results coincide. The departures from unity in the Iast colurnn of 

Table 2.2 arise from the perturbations from the local Maxwellians. 

The  difference between treating products as vanishingly small and nonexistent is 

shown in  Figure 2.12. The time variation of the ratios for q(t) for A f A  + B + B (in the 

limit of vanishing products) are graphed in comparison with  CE for A + A + products 
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Figure 2.11: Cornparison of time-dependent and CE temperatures for different density 
ratios for A + A + B + B. Time-dependent AT,/T is shown by the solid line and the 
corresponding CE values, a?) by the broken line. The density ratios nz/nl equal (A) 1, 
(B) 0.5, (C) 0.1 and (D) 0.01; E* = 2 and oE/oR = 1. 
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(with cornpiete neglect of products). The tirne-dependent results in Figure 2.12 are for 

6 = "1 = IO-' for various E* and aE/aR values. The time-dependent equations cannot 
n2 

be integrated for the initial condition with no product since the temperature T2 is unde- 

fined. This is in sharp contrast to the work of Cukrowski et al. [32,31] mhich show that 

T2(0) = T(7/6 + ~ * / 3 )  for n2 -+ O, obtained with the assumption (dT /d t ) (O)  = O. Since 

this isothermal constraint does not apply, T2(0) is indeterminate for n;! + O. The ratio 

of the CE results for these reactions is shown in Figure 2.8. The lack of agreement a t  

small E* is the nonvanishing effect of vanishing products. The time-dependent results in 

Figure 2.12 are completeiy consistent with the CE result. There is agreement for 71 for 

the two reactive models in the limit of vanishing product for large E*. For small E*,  the 

time-dependent results demonstrate, as does the CE approach, the nonvanishing effect 

of vanishing product. This effect is not a consequence of the assumptions of the CE 

method, but arises from the different nature of the two reactive systems. 

2.4 Summary and Conclusions 

In this chapter. the perturbation of the distribution function from the Maxwellian was 

calculated from the Boltzmann equation using a CE method of solution. The mode1 

reactive systems A+ C + product, A+ A + B + B and A + A + B + B were studied. A 

hard sphere elastic cross section was chosen for al1 elastic collisions and a line-of-centers 

reactive section with a reduced activation energy E* = E*/kBT was used. The  correc- 

tions to the rate coefficients from the equilibrium values were calculated and the role 

of the departure of the species temperatures from the system temperature was studied 

in detail. I t  is shown that for small E* the results for the reaction A + A + B + B do 

not coincide with A + A + product which has been termed the nonvanishing effect of 

vanishing products [40,70]. For large values of E*: the results for these two reactions do 
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Figure 2.12: Time dependence of the ratio q( t )  (A + A + B + B) to the CE value of 
7 (A + A + products). The reduced activation energy, E*, and the ratio of elastic to 
reactive hard sphere collision cross section, oE/oR, are qua i  to (a) 6, 20 (b) 4, 20 (c) 13, 
200, (d) 6, 200, (e) 4, 200 and (f) 2, 1; nz(0)/nl(O) = 10-~. 
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agree. It was shown that the results for the reversible reaction A + A P B + B do not 

coincide with those for A + A + B + B when the reverse reaction is made negligible. 

The reason for this is that rnicroscopic reversability holds for the reversible reaction and 

not for the irreversible reaction. 

A two-temperature time-dependent solution of the Boltzmann equation for the reac- 

tions A + A -t B + B was carried out to study the validity of the CE method. It has 

been shown that when the ratio of the elastic to reactive time scales is sufficiently small, 

the time-dependent calculations show a steady state. The steady state coincides with 

the CE result for sufficiently large e* and uE/oR. However, for moderate values of E * ,  

the steady state value does not agree with the CE result owing to the departure of the 

species temperature, T,, from the system temperature, T. A similar study was carried 

out for the limit of vanishing B and the results compared with that for A+ A + product. 

Agreement was found at large E* but not at small E*, consistent with findings in the com- 

parison of the CE results for the two systems. 

The forrnalism presented here can be applied to reactive systems with realistic elastic 

and reactive cross sections. The collision matrix elements that are required in the solu- 

tion of the Boltzmann equation can be evaluated for arbitrary collision cross section sets. 

This was done by Shizgal and Karplus [20] for the rnicroscopic reactions Hz(vL) + H2(v2): 
where vl and vz are the vibrational states. The non-equilibrium kinetics of translational 

hot 0(3P) formed from photodissociation of Oz and O3 in the Earth's atmosphere was 

carried out several years ago by Lindenfeld and Shizgal [84] with a realistic cross section 

set. The quantitative results for some particular reactive system will differ from the re- 

sults for the mode1 systems presented here but one should find a very similar dependence 

on the system variables. The behavior of mode1 systems, permit a better understanding 

of the results for physically interesting systems with a fixed set of parameters. In par- 

ticular, the results obtained in this paper in terms of the effects of the products on the 
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non-equilibriurn corrections, the role of the species temperatures and the usefulness of 

the CE approach will be qualitatively similar in other systerns. The magnitudes of the 

corrections will be different but the trends discussed here will be similar. For realistic 

systems where the non-equilibrium effects might be large, the time-dependent approach 

would be preferred over the CE method which is restricted to  very small departures fiom 

equilibrium. There are important applications to disequilibrium of the vibrational states 

for molecular systems for which the formalism of this paper will have practical applica- 

tions [41]. 

The use of local Mawellians characterized by the species temperature, TT, in the 

present time-dependent calculations c m  also be employed in a CE-type solution of the 

Boltzmann equation. A similar procedure mas used by Pascal and Brun [41] for the 

calculation of transport coefficients in molecular systems. The different temperatures 

for translational and vibrational degrees of freedom in their paper correspond to the 

different species temperatures in this work. They referred to their approach as Strong 

Non-Equilibrium (SNE). A detailed analysis of SNE methods of solution of the Boltz- 

mann equations for reactive systems is the subject of the next chapter. 



Chapter 3 

Non-Equilibrium Reactive Systems : The Role of Species Temperatures 

3.1 Introduction 

The non-equilibrium effects for a mode1 reactive system, A + C + products, that arise 

fkom the perturbation of the velocity distribution from the Maxwellian are studied in this 

chapter. As in the previous chapter, the objective of the present chapter is the calcula- 

tion of the fractional decrease of the non-equilibcium rate coefficient from the equilibrium 

value. In Chapter 2, the effect vas e.xamined with the CE method of solution of the Boltz- 

mann equation which treats the reactive process as a weak perturbation. This approach 

is referred to as Weak Non-Equilibrium (WNE) in the context of the present chapter. 

The reactive process causes the temperatures of the two species to differ from the sys- 

tem temperature and this effect can play an important role in the determination of the 

departure of the rate coefficient from the equilibrium value. The method investigated in 

the present chapter is an extension of the CE approach and invoIves the esiansion of 

the distribution functions about Maxwellians a t  different temperatures and is referred to 

as Strong Non-Equiiibrium (SNE). The SNE method exhibits a flaw in that it generally 

does not give the WNE case in the limit of equal temperatures for each component. This 

situation is remedied by an approach which is a modification of SNE and is referred 

to as Modified Strong Non-Equilibrium (MSNE). The three methods are described and 

departures of the rate coefficients fiom their equilibrium values are computed for each 

case and compared, dong ~ 4 t h  an explicitly time-dependent solution of the Boltzmann 
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equation. 

The usual approach to the description of systems close to equilibrium is based on the 

CE of solution for neutral and ionized systems [71]. This method is h o w n  to be invalid 

for strongly non-equilibrium systerns for which the required separation of length and time 

scales is not obtained [5-91. Several groups have considered the description of transport 

for such systems far from equilibrium; in particular the nonlocal heat transport in plas- 

mas [5], hypersonic flows [6], difisive flows [7,8], as well as astrophysical applications [9]. 

For spatially inhomogeneous systems, the CE method is vaiid when the mean free path 

of the constituents is much less than the typical length scale [?Il. For reactive systems, a 

CE method is applicable when the elastic time scale is much less than the reactive time 

scale [23]. Kogan [42] and Alexeev et al. [43,46,47] have considered extensions of the 

CE method to chemically reactive systems far removed from equilibrium. -4leexev has 

referred to this method as the generalized CE method. The development of techniques 

to describe such systems is an important endeavour. This chapter, although restricted 

to a spatially homogeneous reactive mode1 system, is a detailed study of alternatives to 

the CE method in situations similar to the above when the required separation of time 

scales does not exist. This work is also motivated by the general methods of solution of 

the Boltzmann equation introduced by Pascal and Brun [41] in their study of transport 

processes in molecular systems. 

The main purpose of this chapter is to reexamine the non-equilibrium effects associ- 

ated with a simple reactive system of the type, 

A + C + products, 

where the reactive process perturbs the distribution functions of both species from the 

equilibrium Maxwellian distributions and the rate coefficient differs from the equilibrium 

rate coefficient. As in the previous chapter, 77 = (k(O) - k)/k(O), the fractional decrease of 
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the non-equilibrium rate coefficient k from the equilibrium rate coefficient k(O), O btained 

from different treatments mil1 be compared. In Chapter 2, the distribution functions 

were expressed in t ems  of Maxwellians a t  the same temperature plus a small correction 

that arises because of the reactive process. The departure of the distribution functions 

from M m e l l i a n  was then determined with a CE type approach [l] that has been de- 

scnbed a t  Length in the literature [20-221 and the previous chapter. The CE approach has 

been referred to as WNE by Pascal and Bmn [41] in their study of transport processes 

in molecular systems. ln their case, the distribution function for the molecular system 

is expanded about a single temperature even though the translational and vibrational 

temperatures may differ. The different species temperatures in the present chapter is 

somewhat analogous to difFerent translational and vibrational temperatures in molecular 

systems. It is shown that the WNE method is valid provided that the elastic cross sec- 

tions for A-A, C-C and A-C collisions are al1 the same order of magnitude and al1 much 

larger than the reactive collision cross section. The usual CE approach to this problem 

[13-231 is based on the treatment of the reactive process as a small perturbation on the 

elastic collision processes that restore the system to equilibrium. This is equivalent to 

the recognition t hat reactive cross sections are typically much smaller t han elast ic cross 

sections. 

In a mixture, it is possible for a series of time scales to coexist, due to different values 

for the collision cross sections among the different components. ln  Section 3.2, such a 

situation is considered for a two-component system in which the elastic cross sections 

for A-A and C-C collisions are similar and much larger than the cross sections for elas- 

tic A-C and reactive A-C collisions. The different magnitudes of these cross sections 

result in different time scales and are used to obtain CElike solutions. For this situ- 

ation, distribution functions are expanded about Maxwellians a t  different temperatures 

and the departure from equilibrium of these local Ilaxwellians is calculated. Pascal and 



Ckiapter 3. Non-Equilibrium Reactive Systems : The Role of Species Temperatures 61 

Brun refer to this approach as SNE and in their application expand the distribution 

function about equilibrium Boltzmann distributions at  different translational and vibra- 

tional temperatures. There are many different physical situations far fiom equilibrium 

for which the coupling of different species is weak and thus they are characterized mith 

distribution functions at  different temperatures. This is most notable in plasma systems 

where electron-ion and electron-neutral collision rates are relatively small and electron 

temperatures can be considerably different from ion and/or neutral temperatures. The 

transport theory of plasmas [74] takes this feature into account. These phenomena are 

evident in the ionosphere where departures from equilibrium occur oming to the influ- 

ence of electromagnetic fields on charged particles and also because of chemical reactions 

[74,91:92]. The transport theory of the drift of ions in an electric field involves the spec- 

ification of different temperatures for the ion velocity distributions for velocities parallel 

and perpendicular to  the electric field [93]. For chemically reactive systems similar to the 

model systerns considered in this work, Cukrowski et al. [32,31] have discussed a t  length 

the effects of different species temperatures. 

h Section 3.3, a modification of the SNE approach is presented and a Modified Strong 

Non-Equilibrium (MSNE) method is introduced. The deficiencies of the SNE method 

were discussed by Pascal and Brun since their results with SNE do not coincide with WNE 

when the vibrational and translational temperatures coincide. With the MSNE formal- 

ism, previously referred to as the generalized CE method [41-43,46,47], the results with 

for SNE coincides with WNE in the Iimit of equal translational and vibrational tempera- 

tures. This MSNE approach is applied to the model readive systems A + C + products 

and the results with WNE and SNE compared. In order to understand the range of valid- 

ity of the three methods, a rigorous time-dependent solution of the Boltzmann equations 

is considered. The time-dependent analysis is used to study the establishment of the 

steady states assumed in the WNE, SNE and MSNE approaches. A comparison of the 
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three formalisms is discussed and compared with the explicit time-dependent results in 

Sections 3.5 and 3.6. 

3.2 The Reaction A+C + products : Strong Non-EquiLibrium (SNE) 

For purposes of studying systems where species temperatures can play an important role, 

it is useful to  consider the expansion of the distribution functions about locd Mamvellians 

characterized by densities n, and different species temperatures, TT, that remain to be 

specified. This is equivalent to the assumption that the rate of collisions between unlike 

species is very slow relative to the self collision rate. This is an approach that is considered 

in plasma systems [74], in ionospheric applications [91,92] and is also ernployed in the 

dctermination of mobility of ions in neutral gases [93]. The Boltzmann equations, Eqs. 

(2.2.2) and (2.2.3): are rewritten in the form, 

where the term in 1 / ~  now multiplies only the self-collision integral term. The collision 

term between unlike species is considered to be much smaller than the Like species collision 

term. The exchange of energy between components is slow owing to a srna11 a,, cross 

section or a disparate mass ratio. 

The distribution function is now written in the form, 

where f??) = n J t ) [ p / 2 r r k ~ ~ ,  (t)13/* exp[-~~$/2k~T,  (t)] is the local Maxwellian, the 

solution to  the equation of order 1 / ~  that results with the substitution of Eq. (3.2.3) into 
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Eqs. (3.2.1) and (3.3.2). The local Maxwellians are characterized by different temper- 

atures, TT(t). The time dependence of the species densities and temperatures to lowest 

order is given by 

where I/: = m&/2ksT,. Equations (3.2.5) and (3.2.6) include the energy exchange 

betmeen components owing to elastic collisions as well as that due to reactive collisions. 

With the substitution of the eaupansion, Eq. (3.2.3), into the Boltzmann equations. Eqs. 

(3.2.1) and (3.2.2), the uncoupled set of integral equations to zero order E is 

where 

1 dn, Io) 1 3 clT, ( 0 )  

CAS) = --(dt-) n-l - - - - i i ) (d t )  ~ - l  2 

where y: = m&/2ksT,. The inhomogeneous terms, Gy(+), involve the unlike elastic 

collision terms evaluated to lowest order. These terms vanish only when the two tempera- 

tures are equal; Tl = Tz. These terms do not appear in the corresponding inhomogeneous 
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terms, H,(c+) (see Eq. (2.2.10)) in the LVNE approach. 

Employing the expansions 

in Eq. (3.2.7) one gets the set of algebraic equations for the coefficients b y )  given by, 

j=2 

where the square bracket matrix elements [S:); Sy)] are the one-component matrix el- 

ements employed in Chapter 2 (Eq. (2.2.15))- The coefficients &') depend on the  CI 

temperatures Tl and T2 and are defined by, 

The integrals in Eq. (3.2.8) involve the lowest order matrix elements of the unlike species 

collision operator that were evaiuated elsewhere [80]. These are discussed again in the 

next section. The definition of the species densities and temperatures gives 

respectively. These definitions in turn imply that 

and 
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so that b p )  = b l )  = O. For the SNE, the fractional decrease in the equilibriurn rate of 

reaction is given by, 

where 

The set of equations, Eq. (3.2.10), is coupled to the time-dependent equations for n, 

and T,, Eqs. (3.2.4)-(3.2.6). The solution of Eq. (3.2.10) requires specifymg an initial 

condition, integrating Eqs. (3.2.4)-(3.2.6) and inverting Eq. (3.2.10) a t  each time. This 

is very similar to WNE, for which the correction rlWNE, given by 7 in Eq. (2.2.23), varies 

implicitly with time through n, (t) and T(t). However, the matrix equations Eq. (2.2.12) 

and (2.2.13) can be inverted for chosen values of n,, ,m, and E* = E*/kBT and the 

variation of tiWNE can be studied [20-221. In the SNE case, the matrix equation, Eq. 

(3.2.10), can be inverted for a set of values n,, m, and c* = E*/ksTeIr. The T, values 

are set to those that result from the WNE solution and are given by Eq. (2.2.24). In 

Section 3.4, the variation of rlSNE is shown versus the system parameters for this choice 

of T,. 

In the work of Pascal and Brun [41], the results with the SNE do not correspond to 

the results with the WNE when the vibrational and translational temperatures are equd. 

The reason for this is that the collision operators that are inverted are not the same in 

the two formalisms owing to the assumptions of the moclel. This can be understood by 

comparing Eq. (3.2.7) with Eq. (2.2.12) and (2.2.13) mhere in the former case, only the 

self-collision (1-1 and 2-2 collision) operators are inverted whereas in the latter case, both 

self-collision and unlike-collision (1-2 and 2-1 collision) operators are inverted. For the 

special case where the two species are identical and Tl = T2 the WNE and SNE coincide. 
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The two unlike-collision operators add and are equal to the self-collision operator, so 

that Eqs. (2.2.12) and (2.2.13) are equivalent. The number of collisions in the WNE is 

thus twice the number of collisions in the SNE because in the former case one effectively 

counts the number of self-collisions twice [21]. 

3.3 The Reaction A+C + products : Modified Strong Non-Equilibrium 

(MSNE) 

Pascal and B N ~  (411 introduced a modification to SNE in order that the results mould 

agree with the WNE results in the limit Tvib = Ttrans. This involves including a higher or- 

der term in the perturbative analysis of the Boltzmann equations leading to Eqs. (3.2.7). 

If the tems linear in E are retained on the LHS of the Boltzmann equations, Eq. (3.2.1) 

and (3.2.2), then in place of Eq. (3.27) one gets 

analogous to Eqs. (2.2.8) and (2.2.9) in WNE but with the important distinction that 

( O Y  (0)' 
F, F2 # F/')F?) because the species temperatures differ. The inhomogeneous terms 

are as defined by Eqs. (3.2.8) in the SNE approach. The unlike species collision operators 

on the LHS of Eqs. (3.3.1) and (3.3.2) are not self-adjoint in contrast to the situation 

for WNE. This aspect of this approach has been discussed at length by Pascal and Brun 

foIlowing the original work by Kogan et al. [42] and Alexeev et al. [46]. An important 

consideration is that the solution of the homogeneous equation with the adjoint collision 



Chapter 3. Non-Equilibrium Reactive Systems : The Role of Species Temperatures 67 

operators, corresponding to Eqs. (3.3.1) and (3.3.2), must be orthogonal to the inhomo- 

geneous terms F ~ ) G ,  in order for unique solutions to exist [1,41]. Consequently, it has 

been assumed [41,42,46] that one can neglect the non self-adjoint part of the collision 

operators in Eqs. (3.3.1) and (3.3.2). This procedure is adopted here and justification 

for it is provided later in connection mith specific applications. Pascal and Brun referred 

to this approach as rnodified strong non-equilibrium. 

With the expansion 

in Eqs. (3.3.1) and (3.3.2), one gets the set of algebraic equations for the coefficients c l )  

given by, 

and 

The angle bracket matrix elements c sY), Sp) >s are the self-adjoint part of < Sy), Sy) > 

and depend on the two temperatures Tl and T2. The non self-adjoint part of these matrix 

elements vanish for Tl = T2. If the difference between the temperatures is small, then 

the neglect of the non self-adjoint part of the operators is justified. The expression for 

qMSNE is identical to the expression Eq. (3.2.15). 

As discussed in Section 3.2, the set of equations, Eqs. (3.3.4) and (3.3.5), is coupled to 

the time-dependent equations for n, and T, , Eqs. (3.2.4)-(3.2.6). Their solution requires 

specieing an initial condition, integrating Eqs. (3.2.4)-(3.2.6) and inverting Eqs. (3.3.4) 

and (3.3.5) at  each time. However, this time-dependent problem is avoided by using the 
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T, values fiom the WNE calculated from Eq. (2.2.24). The following section provides a 

cornparison of the results of the WNE, SNE and MSNE formalisrns. 

3.4 Cornparison of Non-Equilibrium EfFects with VVNE, SNE and MSNE 

FormaIisms 

In this section, the results for the WNE method of Section 2.2.1 dong with the SNE and 

MSNE results described in Sections 3.3.2 and 3.3.3 are presented and compared for the 

mode1 line of centers reactive cross section o;~:,, = 7r4(1- E*/E)  and elastic hard-sphere 

cross section, om = (CL,,/4. The required matriv elements of the elastic collision operators 

have been evaluated for equal temperatures [20,21] and unequal temperatures [80]. The 

calculations of the moments of reactive collision terms have also been described elsewhere 

[20,21]. 

For SNE and MSNE, the species temperatures must also be specified and one pro- 

ceeds as follows. Consistent with the assumption that the elastic cross section is much 

larger than the reactive cross section, the time scale for elastic collisions is very short rel- 

ative to the time scale for reactive collisions and the species temperatures quickly attain 

quasistationary values. In this way, Eqs. (2.2.12) and (2.2.13), (3.2.10), and (3.3.4) and 

(3.3.5) are inverted for the calculation of q in the WNE, SNE and MSNE formalisms, 

respectively. The results depend critically on the species temperatures used in the SNE 

and iMSNE methods. The species temperatures Ti and T2 used in the SNE and MSNE 

methods are those obtained from the inversion of the WNE equations. Eqs. (2.2.12) and 

(2.2.13) and calculated with Eq. (2.2.24). The values of T, are then used in Eqs. (3.2.10) 

and Eqs. (3.3.4) and (3.3.5) for the SNE and MSNE calculations, respectively. This ap- 

proach is justified in Section 3.6 by integrating the system of hydrodynamic equations, 

Eqs. (3.2.4)-(3.2.6), and demonstrating their equivalence wit h the solution of the CE 
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system of equations (WNE). 

The non-equilibrium corrections to the reaction rate, q, are shown in Figures 3.l(a)- 

3.l(d). For WNE, there is only one temperature, T ,  the system temperature. and 

and the reduced reactive activation energy is E* = E*/kBT. In the case of SNE and 

MSNE, the species temperatures TI and T2: are used to obtain q(T,, Ts) defined as the 

fractional change from ~(O)(T) given by, 

where T = [nlTl +%T2]/(nl f n2). Note that the fractional decrease in the reaction rate 

coefficient: Eq. (3.4.1), is expressed relative to the one-temperature system equilibrizlm 

rate coeficient. This serves for the purpose of comparison with the WNE. Equation 

(3.4.1) differs from the values for qS"E and qbfSNE in Eq. (3.2.15). Writing Eq. (3,4.1) in 

terms of expansion coefficients, the two-temperature expression for the fractional change 

in the rate constant is 

For SNE and MSNE, E* is expressed in terms of the component temperatures and is 

equal to E*/kBTd, whece TeK is given by Eq. (2.2.27). For al1 of the numerical calcu- 

lations, 5 to 7 terms were retained in expansion of the distribution functions in Sonine 

polynomiais and provided values of q t o  three significant figures. 

Figures 3.l(a)-3.l(d) show the variation of q versus E* for WNE, SNE and MSNE for 

a set of mass ratios, ml/- with the density ratio nI/n2 = 1 and all/o* = = 

olz/u* = 1, The 7 value for the WNE is calculated with Eq. (2.2.23) and for the SNE 

and MSNE with Eq. (3.4.2). Figure 3.l(a) shows the case for which nL/n2 = 1 and 
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Figure 3.1: Variation of 77 versus e* computed fiom the SNE, WNE and MSNE methods 
for different m a s  ratios. The m a s  ratio: mi/mz, equals (a) 1, (b) 1.5, (c) 3, and (cl) 5. 
all/o* = on/o* = alz/u* = 1 and ni/nz = 1. Figure (a) shows a one component system, 
A + A + products, the solid line, and a two component system A + C + products, the 
broken line. 
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ml/m2 = 1, that is for A = C, and the reaction reduces to A + A  + products. in Figure 

3.l(a), the corrections obtained with the WNE, SNE and MSNE metbods are al1 equal, 

and shown with the solid curve. The dashed curve in Figure 3.1(a) is the result that is 

obtained with the WNE and MSNE for a two component system, A+ C + products: in 

limit A -+ C. The solid curve in Figure 3.l(a) is the result that is obtained for a one 

component system, A + A + products. For WNE and MSNE in the limit A + C the 

1-1 and 1-2 collisions are indistinguishable, and hence the number of collisions is tmice 

the number of collisions for a one-component system A + A + products. This gives a 

value of 77 for the one-component system that is h i c e  the 7 value for the two-component 

system in the limit of identical species for the WNE and MSNE methods. For the SNE 

method, only 1-1 collisions are included in the collision operator that is inverted, Eq. 

(3.2.10). 

For Figures 3.l(b)-3.l(d) the mass ratios are 1.5, 3 and 5, respectively, and differences 

are observed in the behaviour of 71 obtained from WNE, SNE and MSNE. Figure 3.l(b) 

shows the case mhere the masses are slightly different (ml/% = 1.5). The SNE curve 

shows similar behaviour to the solid curve in Figure 3.l(a), but the WNE and MSNE 

curves are closer to the dashed curve corresponding to the t m  component system. -4s 

the mass ratio increases it is observed that an increase in 77 values, especially for E* 5 2. 

This is the result of increased temperature split between TL and Ts caused by the dispar- 

ity between the masses of the two components. This temperature splitting increases the 

departure of the system from equilibrium. Figures 3.l(b)-3.l(d) show that for E* > 2' 

the SNE result does not agree with the WNE and MSNE results. At larger É* values 

(E* > 4), there is good agreement between the WNE and MSNE results, whereas the 

SNE result agrees with the MSNE result for small values of E' - 0. 

Figure 3.2 shows the change in 77 versus E* for a set of density ratios wîth rnl/m2 = 1 

and all/a* = a22/a* = a12/a* = 1. The density ratio between the two components, 
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nl/n2 increases from 1.5 to 5 in Figures 3.2(a) to 3.2(d), respectively. As the density 

ratio increases, increases. The behaviour is simiIar to that observed by varying the 

m a s  ratios in Figure 3.1. As ni /% increases from Figure 3.2(a) to 3.2(d), the differ- 

ence between the two component temperatures increases and Iarger 7 values result. The 

increase in 71 is particularly large for E* 5 2 due to the large influence of the different 

species temperatures. As the density ratio ni/n2 departs from unity and "U mzn- becomes 

very different fiom 1, it is observed that the effect of the larger temperature separation 

that results in larger 71 values. Again, it is observed that for E* > 4. the WNE and MSNE 

are in agreement. One notable difference between Figure 3.1 and 3.2 is that when the 

density ratios become large, the SNE and MSNE do not agree for e* - 0. 

3.5 Time-Dependent Species Temperatures; Comparison with WNE 

The WNE approach involves the expansion of a distribution function about the Ma,mvellian 

at  one temperature, although different species temperatures are calculated from Eq. 

(2.2.24) with the solution of the CE equations, Eqs. (2.2.12) and (2.2.13). For the WNE, 

the departure of the species temperatures from the system temperatures, Tt to lowest 

order is determined by retaining only the ap) coefficients in Eqs. (2.2.12) and (2.2.13), 

and also using Eq. (2.2.22). The result for component 1 is 

The hydrodynamic equations, Eqs. (3.2.4)-(3.2.6), give the time-dependent behaviour of 

the temperatures and densities of each component. The conditions under which the WNE 

method gives a good approximation of the hydrodynamic result is deduced by integrating 

the coupled set of differential equations Eqs. (3.2.4)-(3.2.6) and comparing them with 

the results of the CE solution. This provides an estimate of the range of validity of 
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Figure 3.2: Variation of versus E* for the SNE, WNE and MSNE methods for the 
reaction A + C + products for the different density ratios. The density ratio, nl/nz, 
equals (a) 1.5, (b) 2, (c) 3, and (d) 5. alz/crt = ~ ~ / o *  = oI2/a* = 1 and ml/m2 = 1. 
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the CE method. Figure 3.3 shows the results of the integration of the hydrodynamic 

equations, Eqs. (3.2.4)-(3.2.6), for different choices of the time scale parameter rE/rR = 

O* exp[ -~ ' ] / a~~  and initial condition TL(0) = T2(0). The results shown in Figures 3.3(a) 

- 3.3(c) are for an increasing separation in the elastic and reactive time scales. 

After a brief transient, the temperatures approach an asymptotic dependence which 

varies on a much longer time scaie. It is shown that in the limit rE/rR + O the steady solu- 

tions of Eqs. (3.2.5) and (3.2.6) coincide with WNE to the lowest order, Eq (3.5.1). As the 

separation between the elastic and reactive time scales increases, the agreement between 

the hydrodynamic (solid curves) and the M E  results (dashed curves) improves. The 

ratio of elastic to reactive hard sphere collision cross-sections, all/a* = azz/a* = aiz/a*, 

are 1, 10 and 100 in Figure 3.l(a)-3.l(c), respectively. The agreement improves as a12/a* 

increases as is clear from the behaviour in Figure 3.3; Figure 3.3(c) shows exact agreement 

on the reactive time scale. It is important to notice the different time and temperature 

scales in Figures 3.3(a)-3.3(c) which depend on the value of oll/a*. The departure of T, 

from T for the two species are not equal since the density ratio ni/n2 = 5 in Figure 3.3. 

A comparison of the results with the WNE, that is, Eq. (3.5.1), with the long 

time asymptotic, quasi-steady results, from the numerical integrations in Figure 3.3, 

denoted by (y)=', is shown for a range of different system parameten in Table 

3.1. As the ratio of elastic to reactive time scales becomes sufficiently large, the ra- 
WNE 

tio / (v) approaches unity. This aspect of the CE approach has been 

discussed before [23,73]. The basic conclusion is that the separation of elastic and reac- 

tive time scdes must be of the order of to 10-4 for the CE approach to be valid. For 

this situation, the departure from equilibrium will be correspondingly very small. The 

WNE species temperatures have been employed to define the two-temperature matrix 

elements for calculating qSNE and rlMSNE as  discussed in Sections 3.3.2 and 3.3.3. 
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Figure 3.3: Time-dependence of the hydrodynamic corresponding CE fiactional tem- 
perature separation. The hydrodynamic value of (1 - T. /T)  is given by the solid line 
and the CE value, al), is given by the broken line. The elastic collision cross sec- 
tions oll/o* = onla* = oI2/u* are (a) 1, (b) 10 and (c) 100, with E*/kBT(0)  = 3, 
nl(0)/%(O) = 5 and ml/rnz = 1. 
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Table 3.1: Cornparison of asyrnptotic temperature values, (y) calculated from in- 
WNE 

tegration of hydrodynamic equations and corresponding one-term CE values, (y) . 
The mass ratios for components 1 and 2, rnL/m2 is 0.5, the density ratio nl/nz = 1.0 
and a/a* = oii /a* = q&* = aI2/0*. 

3.6 Time-Dependent Solution for A + C -t products 

The CEtype solutions discussed in Sections 2.2.1,3.3.2 and 3.3.3 give the long-term 

behaviour on the reactive time scale. The solutions obtained are a special set of n o m a l  

solutions that describe the quasistationary perturbed system. This section examines an  

explicit time-dependent solution of the Boltzmann equation that does not assume very 

different reactive and elastic cross sections. 

The validity of the WNE, SNE and MSNE methods versus the four tirne scales given in 

terms of 011, on, 012 and o* is of interest here. If rrii and oz2 are large it is expected that 

initial non-Maxwellian distributions will become Maxwellian at  different temperatures 

on a short time scale. On a longer time scale defined by o i z l  the two components will 

equilibrate. Finally, the react ive process, considered generally as the longest time scale, 

perturbs the distribution function fiom the Maxwellian. 
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The time-dependent distribution firnction is expressed as 

where the local Maxwellians, FT),  Vary implicitly in time, t, through the number density, 

%(t), and temperature, T,(t) and also &(x, t). the time-dependent perturbation from 

kxwellian. This method is analogous to the study of temperature relaxation in binary 

gases [73] and the application to hot atom reactions 1721. 

The substitution of Eq. (3.6.1), into Eqs. (32.1) and (3.2.2) with E = 1, gives, 

The perturbations from the local Maxwellians are expanded in Sonine polynomials 

N 

& (z, , t) = b17) (t) s ( ~ )  (z:) , 
i=2 

where the expansion coefficients are explicitly time-dependent. The set of Boltzmann 

equatious, Eq. (3.6.2), is thus reduced ta the set of coupled equations of the form, 

where, 

1 dT, 1 dn, - Hiil-- - -- 6. 
T, dt nT d t  
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The angle integrals, < s?), sF) > in Eq. (3.6.5) are the two-temperature m a t r k  elements 

of the collision operators as given in Eq. (2.3.7), and evaluated for the hard sphere 

cross section. The integrals 4'' are the moments of the equilibrium reactive collision 

fiequencies, Eq. (2.2.18). The quantities Hijk are the integrals of products of three 

Sonine polynomials and the terms that occur in Eq. (3.6.5) arise from dF$O)/dt? and 

d S y ) / d t .  These details of the calculation have been discussed in references [80,72]. The 

quantities DI:) and E$) are the mat& elements of the reactive collision operator. The 

matrix elements Bij and Cij and quantity A:') are implicitly time-dependent through the 

density, given by7 

and the temperature, given by, 

Hence, the set of equations Eq. (3.6.4), is linear but with nonconstant coefficients. The 

explicit time-dependent scheme is a rigorous solution of the Boltzmann equation and 

there is no assumption about the ordering of the various terms. This scheme is used to 

test the validity of the WNE, SNE and MSNE approaches. 

For the numerical integration of Eqs. (3.6.4)-(3.6.7) a dimensionless time variable, 

tE ,  is defined given by t$n~)(0)/[2rk~~(0)~/rn~]'/~. The initial distribution functions 

are assumed to be Maxwellian (that is, b:')(O) = O) with specified initial densities, %(O). 

The system of coupled equations Eqs. (3.6.4), (3.6.6) and (3.6.7) were integrated over 

time with a fourth order Runge-Kutta procedure. For each time step in the numericd 

integration of Eqs. (3.6.4), (3.6.6) and (3.6.7), values of Tl, T2, ni and n2 were calculated 
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and used to evaiuate the matrix elements in Eq. (2.2.12) and (2.2.13). Eq .  (3.2.10) 

and Eqs. (3.3.4) and (3.3.5). The matrix equations were then solved and the fractional 

changes in the equilibrium reaction rate constant for each of the three formalismst qWNE, 

and qMSm are computed. The fiactional change in the reaction rate constant at  

each time step was computed from g ( t )  = - c&, b!?) (t)47)/~0 mhere the collision 

integrals 4') ais0 Vary with time through the species temperatures, T,(t). The tirne- 

dependent solution to q ( t )  eventually attains an asymptotic value, denoted by qaY. -4s for 

the time-independent calculations, 5 to '7 terms were retained in the Sonine p olynomial 

expansion of the distribution function, providing a value of q to three significant figures. 

The CE approach of Section 2.2.1 assumes that the reactive and elastic time scales 

are very well separated. This is inherent in the assumption that the time dependence is 

implzcit in the time dependence of the densities and the temperature, as given by Eq. 

(2.2.5). This assumption has been studied in references [23,73:95] and it was shomn from 

qlicit time-dependent calculations that the ratio of time scales should be of the order 

of 10-4 to 1 0 - ~  for this approach to be valid. Since the non-equilibrium effects scale as 

the ratio of reactive to elastic cross sections, the corrections from equilibrium obtained 

with the WNE method are expected to be very small. 

The effect of different 1-2 time scales was studied for the time evolution of r](t)/q,  

where q is the value obtained from the WNE, SNE and MSNE methods (Eqs. (2.2.23) 

and (3.2.15)). Figures 3.4(a)-3.4(d) show the time evolution of systems with decreasing 

values of the 1-2 elastic collision cross section ratio, q2/0*. 

Both components are initially described by Maxmellians a t  the sarne temperature, 

that is, Ti (O) = Tz(0 ) ,  with the reduced activation energy, E*/ksT(0) = 10. The ratio of 

the elastic collision cross section to reactive collision cross section for the result in Figure 

3.4 has been chosen sufficiently large so that the ratio of time scdes, T ~ / T ~ ,  is small and 

the CE type solution of the Boltzmann equation is valid. There is a clear separation of 
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WNE (b) - 

C - 

SNE 

Figure 3.4: Time dependence of the ratio ~ ( t )  to qMSNEl qWNE and vSNE for 
Tl(0)/T2(0) = 1. The ratio of elastic to reactive hard sphere collision cross section 
oll/o* = 1000 while oIz/o* equals (a) 1000, (b) 200, (c) 20, and (d) 1. The ratio 
oll/az2 = 1, E*/keT(0)  = 10, ml/m2 = 3 and nl(O)/nz(O) = 2. 
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Figure ull/u* aI2/a* q* 77asy/71WNE qasy/qSNE q w / q M s N E  
4 ( 4  1000 1000 2.89(-5) 1.000 0.278 1-00 
404 IO00 200 6.74(-5) 0.931 0.649 1.00 
4(c) 1000 20 9.77(-5) 0.633 0.943 1.00 
4(d) 1000 1 2.89(-5) 0.082 0.994 1.00 

Table 3.2: Comparison of time-dependent, WNE, SNE and MSNE values for for various 
o1 /a* = on/a8 and a12/a*. The mass ratio? ml lm2 = 3.0 and the initia1 density ratio, 
nl(0)/n2(O) = 2.0, and E*/kBT(0) = 10. 

time scales in Figure 3.4 with a very fast initial transient followed by a steady asymptotic 

result, which can differ from unity depending on the method used. Figure 3.4(a) with 

rnl/m2 = 3 and nl(0)/n2(0) = 4 shows the case for which cross sections for 1-1 and 

1-2 collisions are equal, all/o* = a22/o* = a12/a* = 1000. After the initial transient, 

one obtains identical results for qWNE and vMSNE equal to qwY. In Figures 3.4(b), 3 4 c )  

and 3.4(d), the ratio all/a12 is 5, 50 and 1000, respectively. With increasing o11/ai2 the 

results with MSNE remain in agreement tvith vw, however, the WNE result does not 

agree when the SNE result approaches qW. In Figure 3.4(d), virtually exact agreement 

is found between . q w  and 71SNE for al1/q2 = 1000. The results in Figure 3.4 are sum- 

marized in Table 3.2. It is shown that when c ~ ~ ~ / c r *  = al1/o* = a12/0*. the variable qw 

is in agreement with results obtained with WNE and MSNE. As u12/a* decreases? there 

is disagreement with the WNE result while agreement with the SNE result improves. 

There is uniform agreement with the MSNE result for al1 values of a12/a*. The elastic 

and reactive time scales in Figure 3.4 and Table 3.2 differ by more tliari a factor of IO-" 

are therefore sufficiently well separated to ensure that MSNE and the time-dependent 

resuhs agree as shown in Table 3.2. 

Table 3.3 illustrates the variation of q q  with decreasing rE/rR with al1 elastic cross 

sections equai, analogous to the situation of Figure 3.4(a). It is observed that when 

the separation of elastic and reactive time scales is large, rE/rR =  IO-^, there is good 
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Table 3.3: Comparison of time-dependent? WNE and SNE values for where 
u/c* = a11/a8 = o22/o* = o12/a*. The mass ratio, ml/m2 = 3.0 and the initial 
density ratio nl(0)/n2(0) = 2.0. 

agreement between q q  and T , I "~~ .  When there is only one elastic relaxation time scale: 

and the reactive time scale is long, it is anticipated that the WNE result d l  become 

vaiid whereas the SNE result is inapplicable. This behaviour is verified in Table 3.3. 

It is shown that q"y/qWNE approaches unity with decreasing rE/rR mhereas q ~ / q s " E  

remains significantly less than 1. 

If on the other hand, oll = 0 2 ~  # o12 and there are two elastic time scales which 

differ from the reactive time scale, it is expected that the WNE results would be inap- 

propriate and the SNE results to be correct. This behaviour is illustrated in Table 3.4 

mhere rI1/rR and rL2/rR are varied by changing the values of E*/kBT(0), 011 and 022 

appropriately. In Table 3.4, with E8/ksT(0) = 10 and ol1/os = 1000 and a12/u* = 2001 

v"9~/77WNE = 0.931, whereas for ali/cr* = 1000 and a12/a* = 20: qw/qwNE = 0.082. 

When the separation of the time scales for 1-1 and 1-2 elastic collisions increases mith 

all/ou becoming large, the ratio 71w/vsNE is close to unity. In Table 3.4, where for 

ull/o* = 1000 and oI2/c1 = 1, vay/qSNE = 0.999. Note that the 7-Y and values 

are close only when the time scales elastic and reactive coilisions are sufEcientIy well 

separated and the ratio of elastic time scales, rL1/r12, is of the order of  IO-^. 

Table 3.5 compares v w Y  and vMSNE over a series of different time scales for 1-1 elastic, 

1-2 elastic and reactive collisions. Table 3.5 shows disagreement between q X Y  and 
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Table 3.4: Cornparison of time-dependent, WNE and SNE values for for various 

ul1/o* = and alz/o*. The mass ratio, ml/m2 = 3.0 and the initial density 
ratio nl(0)/n2(O) = 2.0. 

whcn E*/kBT(0) = 2 and all/cr* = 1 and gi2/0* = 1. In this case, the separation of colli- 

sion time scales for elastic and reactive processes is small, with rI1/rR = rL2/rR = 0.135, 

and p/qbssNE = 0.686. Table 3.5 shows that the ratio Jlq/qMSNE approaches unity 

mhen the reactive time scale is long compared to the 1-1 and 1-2 elastic time scales. 

Table 3.5 shows that q q  and agree when both 1-1 and 1-2 elastiç collision and 

the reactive collision time scales are well separated. The MSNE result agrees with the 

time-dependent result over a range of all/a* and o12/a* values. The MSNE method is 

accurate so long as the elastic and reactive time scales are well separated, and in contrast 

to the WNE and SNE method, its applicability is not dependent on the relative Iength 

of the 1-1 collision and 1-2 collision time scales. 

It is interesting to note that the initial transient behaviour in Figure 3.4. which 

occurs on the elastic time scale, is not strongly affected by the change in the 1-1 elastic 

and 1-2 elastic collision time scales, Figures 3.4(a)-3.4(d) evolve on the same general 

time scale, with a sharp rise in on the elastic collisional time scale due to the perturba- 

tion from the chemical reaction followed by a slow relaxation on the reactive time scale. 
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Table 3.5: Comparison of time-dependent and MSNE values for q for various 
o l l / ~ *  = 022/a* and o12/0*. The mass ratio, ml/m2 = 3.0 and the initial density 
ratio n l  (0)/n2(0) = 2.0. 

In order to observe a pronounced effect due to changing the 1-2 collisional time scale, 

a system in which the two component temperatures are initiaily different is esamined, 

that is TL(0) # Tz(0). The resulting temperature equilibration perturbs the distribution 

function from the Maxwellian in addition to the reaction. Temperature relaxation in the 

absence of a reaction has been studied previously [95,73]. 

Figure 3.5 shows the time-evolution of systems with parameters identical t O to Figure 

3.4, except the initial temperature condition, Tl (0)/T2(0), is 1.5. The rate of tempera- 

ture relaxation between the two components is governed by the 1-2 collision cross section. 

The temperature perturbation results in an overshoot of q(t)/q above unity followed by 

relaxation to the steady result, that is close to MSNE result in al1 cases. The 1-2 elastic 

collision parameter, a12/a*, is 1000, 200, 20 and 1 in Figures 3.5(a) through 3.5(d) re- 

spectively, with all/a* = 1000. The time scales and the magnitudes of the overshoot for 

Figures 3.4(a)-3.4(d) are different and are determined by the 1-2 elastic collision cross 



Chapter 3. Non-Equiiibnum Reactive Systems : The Role of Species Tempera tures 85 

Figure 3.5: Time dependence of the ratio ~ ( t )  to vMSNE, qWNE and for 
Tl(0)/T2(0) = $. The ratio of elastic to reactive bard sphere collision cross sections 
is 1000 for al l /a8 and a12/a* equals (a) 1000, (b) 200, (c) 20, and (d) 1. The ratio 
u ~ ~ / o ~ ~  = 1, E*/keT(0) = 10, ml/mz = 3 and nl (0)/n2(0) = 2. 
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section. The sharp initial slopes that gives rise to the large overshoots in Figures 3.5(a)- 

3.5(c) arise h m  large values of the collision matrix elernents, < SV), sY) >. of Eqs. 

(3.6.4)-(3.6.7). The collision matrix elements are large in magnitude when the species 

temperatures are significantly different and the 1-2 collision cross section, al* is large rel- 

ative the reactive cross section. P hysically, this represents rapid temp erature relauation 

driven by collisions between particles of two components at very different temperatures. 

Agreement between the asymptotic steady state and the three non-equilibrium methods 

appears to be similar to the comparisons shown in Table 3.2 and Figure 3.4. The resuIts 

show agreement between values of g w  and qWNE when o11/oL2 = 1 (Figure 3 3 a ) )  and 

disagreement when o1 1/012 is large (Figure 3.5(d)). Figures 3.5(b), 3.5(c) and 3.5 (d) 

show the time evolution of q(t), qWNE, gSNE and qMSNE where oLi/oi2 is 3. 50 and 1000, 

respectively. The steady state vaiues of q(t) show progressiveiy poorer agreement with 

qWNE in Figures 3.5(a) to 3.5(d). in contrast, the values for q(t) in the steady state are 

closer to qSNE when all/o12 » 1. The value of disagrees with that for  JI^ in 5(a) 

and agreement between q q  and gSNE improves when oll/oL2 = 1000 in 5(d). Figures 

3.5(a)-3.5(d), also show the ratio q"Y~/gblS"E is very close to unity. This is because the 

elastic and reactive time scales are sufficiently well separated to ensure that hlS,ISNE and 

the time-dependent results agree as in Table 3.2. 

3.7 Stimmary of Results 

The perturbation of the distribution function fiom Maxwellian for species of the reaction 

A + C + products has been studied. For elastic collisions, a bard sphere elastic collision 

cross section was used while a line-of-centers reactive cross section with activation energy 

E* was used as a mode1 for reactive cross sections. The perturbation to the distribution 
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function was computed using three formalisms, the WNE, SNE and MSNE methods. 

These three formalisms are based on CE type solutions of the Boltzmann equation. The 

WNE method assumes the distribution functions of al1 species are characterized by one 

system temperature while the SNE and MSNE metfiods speciQ a temperature for each 

species of the system. 

Unlike the system studied by Pascal and Brun [41], WNE and SNE agree in the 

limit in which the distribution functions of al1 components are characterized by per- 

turbed Maxwellians at  the same temperature. The results of WNE, SNE and MSNE 

methods do not, in general, agree and an explicitly time-dependent solution of the Boltz- 

mann equation was used to validate the solutions obtained by the three methods. The 

tirnedependent method makes no assumptions about the ordering of the terms of the 

perturbation expansion of the i\/iaxwellian and is considered a reliable check of the solu- 

tions produced by the WNE, SNE and MSNE methods. It has been dernonstrated that 

WNE method is appropriate for systems characterized by two time scales, the elastic 

and reactive time scales, when both differ by a factor of greater than 10d". The SNE 

method is accurate when there are three distinct time scales, and the 1-1 or self collision, 

the 1-2 or nonself collision and reactive collision time scales are al1 well separated. It 

has also been shown that the MSNE method is more widely applicable than either of 

the previous two methods and is accurate mhen the reactive time scale is much longer 

that the elastic time scale. The formalisms in the present chapter should find useful 

applications to  non-equilibrium effects in spatially nonuniform systems and the study of 

nonlocal transport. 



Chapter 4 

Sound Dispersion in Single-Component Systems 

4.1 Introduction 

The previous chapters considered kinetic theory methods for reactive systems far re- 

moved from equilibrium. The SNE approach discussed in Chapter 3 was developed by 

several workers to provide a methodology for describing reactive systems that are far 

from equilibriurn. The SNE methods and similar generalized Chapman Enskog methods 

were developed by Kogan [42], Brun [41] and in particular, Nexeev [43-471, mho recentIy 

suggested that in some applications a generalized Boltzmann equation (GBE) should be 

considered. Aithough his work appears to grow out of the study of reactive systems. he 

has applied his formalism to the study of shocks, and dispersion of sound waves. 

in -4ppendix B, the GBE has been applied to a chemically reactive system in the 

spirit of Chapters 2 and 3. The methodology used is analogous to generalized methods 

that have recently been used to treat shock structures 1981. A second-order chemical 

kinetic rate law is treated in a manner prescribed by Alexeev [46]. A correction to the 

standard chemical rate of reaction for a second-order process is obtained. -4n analysis 

of this rate-Iaw correction shows that the correction is an adjustable parameter and not 

due to col!isional effects. 

in this chapter, the kinetic theory of dispersion of sound waves in monatomic gases is 

considered. Ln Chapter 5, the discussion is extended to mixtures of gases and the study of 

several anomalous effects reported recently. There are potential applications of acoustic 
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waves to the study of reactive systems [39] and there is considerable overlap with recent 

light scattering experiments [62-661. 

The Navier-Stokes equations apply to a description of sound propagation in the limit 

where conventional continuum hydrodynamics holds. Experimental results obtained by 

Greenspan [49,50] and Meyer [511 over forty years ago demonstrated that continuum equa- 

tions of hydrodynamics for srnall amplitude periodic disturbances are not valid for rarefied 

gases and for high frequency oscillations. The breakdowu of the hydrodynamic approach 

occurs as the frequency of the applied oscillation approaches the collision frequency of 

the gas. Kinetic theory appears to be better suited to describing sound behaviour in the 

rarefied and high-frequency regions. One of the first kinetic theory treatments mas for 

Maxwell molecules by Wang Chang and Uhlenbeck (WCU) mho solved the Boltzmann 

equation with a moment expansion of the velocity distribution function about an eqiii- 

librium Maxwellian [48]. Maxwell molecules refer to particles that interact via a force 

law F ( r )  T - ~ ,  where .r is the intermolecular separation. They expanded the velocity 

distribution function in a finite number of Burnett functions and reduced the Boltzmann 

equation to a system of linear equations. Burnett functions are products of associated 

Laguerre polynomials and spherical harmonies. For a solution to elùst. the determinant 

of this set of equations must vanish? giving a dispersion relation. The phase velocity 

and attenuation of the sound wave have been calculated and compared with experiment. 

Successive truncations of the Burnett expansions correspond to successive terms in a 

power series representation of the roots of the dispersion relation [48]. The expansion 

parameter is the ratio of the disturbance frequency to the frequency of collisions in the 

gas (the Knudsen number, Kn). Comparison with experimental data shows that the 

WCU approach extends the validity of the dispersion relations beyond the range of con- 

tinuum models but is still restricted to systems in which the frequency of the disturbance 

is not significantly larger than the collision frequency, that is systems that are close to 
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equilibrium. Pekeris and CO-workers [52,53] solved the Boltzmann equation with up to 

483 Burnett functions and obtained a dispersion relation. in the rarefied (Knudsen) re- 

gion, Kn > 1, the results of Pekeris for the phase velocity and attenuation showed poor 

convergence and did not agree with experimental results, demonstrating the limitations 

inherent in the WCU method. 

The main challenge for kinetic theory is to obtain a description of sound that is 

valid over the entire range Knudsen numbers. Kahn and Mintzer [54], in contrast to the 

WCU method, started with the collisionless limit and used a finite polynomial expansion 

about the free flow solution. This approach mas based on the observation that particles 

in a system may not collide for several cycles of the disturbance at  low pressures for 

high frequency sound waves. This implies that the collisions are not sufficient to restore 

equilibrium and therefore there is no local thermodynarnic equilibrium in the gas. The 

results presented in 1541 were quite good over the range of experimental values. It was 

later shown that this une~pectedly good agreement with experiment in the continuum 

region was due to calculation errors [101,102]. Hanson and Morse (1011 showed that Kahn 

and Mintzer's [54] asymptotic evaluation of the integral zn+l exp (- 6 - i:)dx mas 

incorrect. Hanson and Morse computed the dispersion relation Rlth the corrected value 

and showed that calculated phase velocities and attenuations only agreed with experi- 

mental results in the high-fiequency/collisionless Iimit. The results obtained by Hanson 

and Morse show poor agreement with experiment [49-511 outside the collisionIess region 

as well as non-physical effects, such as growing or amplified sound modes. Kahn and 

Mintzer's free-molecule model [54] makes the unjustified assumption that a disturbance 

propagates as a plane-wave in a collisionless gas. 

Sirovich and Thurber [56,105] proposed a model of the linearized Boltzmann colli- 

sion operator that gave good agreement with experimental dispersion relations over the 

entire range of Knudsen number. The model used an approximation scheme proposed 
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by Gross and Jackson [106]. Aimost al1 work to that point describes the properties of 

single-component monatomic gases with Maxwell or hard sphere interatomic potentials. 

It is notable that a description of sound propagation a t  high frequencies has been ad- 

equately described by repulsive Maxwell molecule potentials and with neglect of internal 

degrees of freedom for diatomics. Experimental results obtained by Meyer [51] show that 

the nondimensionalized phase velocity and attenuation rate are relatively insensitive to 

the interparticle potential when Kn >> 1. This can be attributed in part to the fact 

that collisions play a only rninor role in the Knudsen region. It has been shown that gas 

kinetic models mith purely repulsive interparticle potentials [56,55,128] give reasonably 

good agreement with experimental results [49-511 over a wide range of Kn. in order for a 

disturbance to propagate as  a coherent plane-wave in a gas, the disturbed particles have, 

on average, to coliide at  a higher frequency than that of the oscillation. At very high 

frequencies, the perturbing frequency exceeds the mean collision frequency and coherent 

propagation is carried mainly through the high-energy tail of the distribution function, 

mhich also accounts for the observation that sound tends to propagate at  higher velocity 

at  higher frequencies. Since high-energy collisions tend to depend mainly on the repulsive 

part of the interparticle potential this may perhaps explain the accuracy of calculations 

using mode1 repulsive potentials. 

Gas kinetic approaches to the theory of sound yield a wealth of little-studied and 

poorly-understood phenomena that do not appear in conventional hydrodynamic treat- 

ments. Kinetic treatments predict sound modes in addition to the ones given by hydro- 

dynamics. These modes are often heavily damped and referred to as "spurious" although 

their significance and interpretation is not well understood. As the sound frequency in- 

creases and exceeds the mean collision frequency, the sound modes eventually disappear 

altogether [lO4]. 

I t  has been determined that some clarification is needed of fundamental properties 
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of gas kinetic solutions of the Boltzmann equation for a small-amplitude periodic distur- 

bance, especially where Kn >> 1. Much of the previous related work focussed entireIy 

on the development of kinetic models and contained extensive cornparisons with contin- 

uum/hydrodynamic treatments of small periodic disturbances. As a result, many of the 

features arising from kinetic theory with no analogue in hydrodynamics, such as 'spuri- 

OUS' propagation modes, single-particle modes and sound propagation cutofk, were left 

largely unaddressed (for example refer to [56]). 

in the following sections, the reasons for the failure of the WCU method a t  high 

frequencies/low pressures are examined, together with proposed solutions to the break- 

down of the WCU method. The recent theory of Alexeev [43-471 based on the GBE is 

examined along with the much earlier work of Sirovich and Thurber [56,105,124]. The 

purpose of this work is to understand the behaviour of sound waves at  high frequencies 

and low pressures, and in other cases where hydrodynâmic theories are no longer valid. 

One such case, to be studied in the next chapter, is the anomalous sound dispersion 

behaviour observed experimentally in mixtures of gases near the intermediate zone be- 

tween the hydrodynamic and collisionless regions [59-671. The experimental systems are 

those of disparate mass mixtures which exhibit 'fast' and %Iow' sound modes that do not 

correspond to any known effect from conventional hydrodynamics. 

4.2 A Simple Hydrodynamic Theory of Sound 

A theory of sound propagation in one dimension can be obtained from the standard 

equations describing conservation of mass, linear momentum and entropy for an adiabatic 

system 
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where p, v,,and S are the density, velocity and entropy per unit mass, respectively and 

P is the hydrostatic pressure [lll]. The rate of change of density in Eq. (4.2.1) can be 

re-Faitten in terrns of a pressure change 

where the subscript S denotes isentropic conditions. Applying the adiabatic condition 

P = Cpr (where C is some constant, and y is the ratio of specific heats) gives 

The density, flow velocity, pressure and entropy are perturbed from their equilibrium 

values (po , uZo, Po and Sn,  respectively) and are written 

v, = v: (vro = O, stationary fluid) (4.2.7) 

where the primed quantities are taken to be srnaII. If Eqs. (4.2.6)-(4.2.9) are substituted 

into the conservation equations Eq. (4.2.1)-(4.2.3) and only primed terms that are first- 

order are retained, a linearized set of hydrodynamic equations is obtczined 
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if Eq (4.2.10) is differentiated with respect to t and Eq. (4.2.11) with respect to x, and 

the two results are equated one obtains a wave equation 

characterized by a sound speed, 

referred to as the adiabatic or Laplacian speed of sound. This is the Euler approximation 

to sound dispersion and since there is no energy dissipation, the wave does not decay in 

amplitude, and the attenuation is zero. 

4.3 Boltzmann Equation for Small-Amplitude Disturbance 

The time-evolution of the velocity distribution function of a gas in the absence of extemal 

forces is 

where J [  f ] is the Boltzmann collision integral 

where a(g, $2) is the differential collision cross section of the collision process. 

if an oscillation is applied to the gas, the velocity distribution function departs from 

the Maxwellian by a small term 

f (c, r, t) = f(O)(c)[l+ h(c, r ,  t ) ] .  (4.3.3) 

If Eq.  (4.3.3) is substituted into Eq. (4.3.1) and only linear terms in h are taken, followed 

by use of the identity fo)' f(O)'  = f (O) f(O), it is found that the linearized Boltzmann 
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equation is of the form 

where K is a nondimensional form of the linearized Boltzmann collision operator and 

The dimensionless time variable rd = t ( y ) L / 2 / 1  scales inversely as some parameter 1, 

the rnicroscopic length scale of the system. The rnicroscopic length scale of the system 

corresponds to  a mean free path for the particles in the system and this is given as 

1 = l/noo, where oo is some constant cross section of the order of magnitude of the 

collision cross section. 

A pressure fluctuation propagates as a plane wave (normal mode) in the ideal 0uid 

approximation [104] and the perturbation h is written as 

where the wave vector k = klkl defines the direction of propagation, and the fiequency 

of the oscillation is W .  With Eq. (4.3.6) and the x axis of the space coordinate. r. along 

k, Eq. (4.3.4) is now 

where 



Chapter 4 .  Sound Dispersion in Single-Component Systems 96 

Equat ion (4.3.7) is the Iinearized Boltzmann equation for a rarefied gas system perturbed 

by small-amplitude oscillations. The following sections discuss methods for solving Eq. 

(4.3.7) in order to obtain the dispersion relation for the system. The dispersion relation 

is the equation relating the wave number, k, to the harmonic frequency, W .  

4.3.1 Method of Wang-Chang and Uhlenbeck 

The disturbance is a plane wave propagating in direction k, talien to lie dong the polar 

axis x. The perturbation h is written as an expansion in the auially-symmetric Burnett 

functions (c, O), 

where tl is the angle betmeen and the polar a-uis and 

The Legendre polynomials, P l ( p ) ,  p  = COSO, are defined by 

where 

and La 

- I ! - 
m!(l  - m)! 

J is the largest integer less than or equal to a. The associatec 

L : * / ~ ( [ ~ )  are given by 

(-i)ni?(n + 1 + $) ~ ; + q p )  = C cZrn , 

m = ~  m!r(m + 1 + $)(n - m)! 

i Laguerre polynomials, 
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Table 4.1: The first five axially symmetric Burnett functions 

The normalization factors in Eq. (4.3.13) are 

such that the basis functions Srnl are normalized according to 

The first five orthonormal axially symmetric Burnett functions are listed in Table 4.1. 

Equation (4.3.7) is solved by substituting the e-xpansion Eq. (4.3.12). multiplying by 

each ba is  function and integrating over 6.  The result is a set of simultaneous linear 

where the indices n' and P are truncated at ,V and LI respectively, giving (N + 1) x (L + 1) 

expansion terms in Burnett functions. In matrix notation this is nrritten 

The matrix 1 is the identity matrix, 
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and 

is the matrix of the linearized Boltzmann collision operator. For Maxwell molecules. the 

axially-symmetric Burnett functions, $,,' Eq. (4.3.13), are eigenfunctions of the collision 

operator K. For this special case, 

where A,[ are the eigenvalues of collision operator, h'. The eigenvalues for Maxwell 

molecules are given by [94] 

n- 
A,, = 1 sin(B)F(B) 

x [cosh+' (n) 8 (cos ( 4 ) )  + sin2-+' (n) 4 (sin2n+' (%)) - (1 + d0 

where F(B) gives the angular distribution of the collision cross section 

and b is a dimensionless impact parameter for a repulsive pomer law potential and is an 

implicit function of 9 given by 
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The integral Eq. (4.3.22) was evaluated by Gaussian quadrature using Legendre weights 

and points. Tables of An[ are also available [53]. 

A variety of schemes have been developed for computing the matrix elements for ar- 

bitrary interparticle potentials (reference [94] and references cited therein). The precise 

form of the matrix of the collision operator will differ according to the mode1 potential 

used. This work focuses on Maxwell molecules since for this potential the matrix rep- 

resentative of the collision-operator is diagonal. Previous theoreticai calculations and 

experimental data suggest the precise form of interatomic potentials plays only a smail 

role in the phase velocity and attenuation of sound as shown by Meyer's [51] experimental 

data for the sound dispersion behaviour of a series of very different gases (argon, air and 

water vapour). 

The matrix elements of C defined Eq. (-1.3.20) are evaluated from the recursion 

relation [48] 

and the rnatrk C is given by 
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4.3.2 Sound Dispersion Relations 

The dispersion relation that is sought relates the phase velocity and attenuation of a 

disturbance to its frequency. The form of the dispersion relations depends on mhether 

the oscillations are free or forced. Taking the +x-axis to be the direction of propagation, 

the wave number is 

and the space and time-dependence of the perturbation Eq. (4.3.6) is given by 

Forced oscilations decay over distance, and the wave number, k is a complex number 

for mhich the real component @ corresponds to the phase of the wave and the imaginary 

component a corresponds to the attenuation (/3 and a are real and positive). The applied 

frequency w is real. The following properties of forced normal-mode oscillations must 

t herefore be satisfied in physical systems 

where v is the propagation or phase velocity of the normal mode. 

Free oscillations, on the other hand, decay over time and in this case, 
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where the perturbation is now given by 

&kz-wt) ot+i(ke-f i t )  = e 

and 

4.3.3 Solution of Dispersion Relations for t h e  WCU Method 

A solution for the system of homogeneous equations, Eq. (4.3.19) esists only mhen the 

secular determinant vanishes, 

The determinant Eq. (4.3.35) yields the dispersion relation for the system. Phase ve- 

locities and attenuation constants at a given frequency or mvelength disturbance are 

computed from the roots of Eq. (4.3.35). The dispersion relation obtained from Eq. 

(4.3.35) can often be computed numerically with greater efficiency [132] by solving the 

eigenvalue problem corresponding to Eq. (4.3.19), mhich for the case of free sound is 

where D(E) = CC + K and D, C and K are real matrices. The eigenvaiues E ( E ) ,  are 

transformed into the dimensionless form of dispersion relation w(k), using the relations 

Eq. (4.3.8) and Eq. (4.3.9). The real and imaginary parts of w give the wave phase and 

attenuation, respectively, as a function of the wave number k. 
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The eigenvalue matrix for forced sound is obtained by multiplying Eq. (4.3.19) 

through by the inverted matrix C-' giving 

with F = (EI - K)C-I. Appling the transformations Eq. (4.3.8) and (4.3.9) to the 

computed eigenvalues E(E)  gives the forced sound modes k ( w ) .  The real and imaginary 

parts of k are the phase and attenuation, respectively, of the wave given as a function 

of fiequency, W .  This method was exploited by Pekeris [53] for solution of the WCU 

dispersion relations up to 483 t ems.  

Successive truncations of the matrix Eq. (4.3.19) to (N + 1) x ( L  + 1) terms gives 

a dispersion relation in ponter series expansions in E [48]. Wang Chang and Uhlenbeck 

demonstrated that for the speciai case of Maxwell molecules, successive approximations 

obtained by adding new terms merely add higher order terms in E to the previous ap- 

proximation (481. This was demonstrated with specific examples of 3,  5 and 8 term series 

solutions. The 3-term truncation uses the Burnett functions .$Oo, r j ~ ~ ~  and ~ l o .  Adding 

polynomials Sro2 and $1 gives a 5-term truncation and the fûrther addition of polynomials 

$20 and q5S'12 gives the 8-term truncation. The choice of these polynomials corresponds 

respectively to the Euler, Navier-Stokes and Burnett approximations to hydrodynamics. 

Wang Chang and Uhlenbeck note that the pomer-law dependence in E of the dispersion 

relation can be proven for al1 cases and aises from the selection rule of the matrix C of 

Eq. (4.3.26), which is CnI,,,p = O, unless 2n' + 2' = Zn + 1 I 1. The selection rule ensures 

a band-diagonal matriv that does not extend farther fiom the diagonal as one adds more 

elements in going fiom an nth order approximation to an n + l t h  order approximation. 

They showed that each new term in the series added higher order terms to the hydrody- 

namic dispersion relation and noted that the dispersion law would be unsuitable for cases 

where the ratio of the mean-fiee path to wavelength was large. Ford and Foch [104] later 
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confirmed this by showing that higher order approximations to sound modes can also be 

obtained by writing E as a power series expansion in E.  At low frequency or in collision- 

dominated systems, roots t hat exist about the hydrodynamic modes rapidly converge as 

successive terms are added. At high frequencies and lom collision rates? as the gaç ap- 

proaches the Knudsen region, Kn > 1, the power series converges more slowly? if it does 

so at all. This implies that in the Knudsen region, sound modes are strongly perturbed 

fkom the hydrodynamic roots. Results obtained with the FVCU method are shown in the 

next section. The data fiom earlier work [104,52] mas reproduced in order to confirm 

the results and corroborate the conclusions of these studies as well as to provide a basis 

for cornparison with other approaches, the discussion of which is deferred to later sections. 

4.3.4 Solutions of the WCU Method 

For the case of forced sound studied by Greenspan and Meyer [49-511: the frequency of 

oscillation, w is real and the wave number takes a complev value of the form k = B + ia 
where /? is the phase and a is the attenuation. In the physical situation addressed, a 2 0. 

The ratio a / w  is termed the attenuation rate by Greenspan [49,50] and w / p  is the phase 

velocity of the plane wave. Changes in phase velocity and attenuation mith frequency 

are presented in the dimensionless forms auo/w and pvo/w, respectively. Calculations for 

the simplest case, that of Maxwell molecules, are presented. 

The lowest-order WCU matrix is the set of equations that conserve mass, momentum 

and energy and is identically the Euler approximation to hydrodynamics discussed in Sec- 

tion 4.2. The three conserved quantities, corresponds to retaining three expansion terms 

represented by the Burnett functions @Otoi and respectively. The perturbation is 



Chapter 4. Sound Dispersion in Single-Component Systems 

written as the polynomial expansion 

and the hydrodynamic sound modes arise from these consewed quantities , d ~ ~ ~ :  lDol and 

which correspond to the eigenfunctions of the linearized collision operator K with 

zero eigenvalues. 

The solution to matriv Eq. (4.3.19) to lomest order (3 x 3) can be used to illustrate 

some features of the dispersion relations. The matrk elements of the collision operator for 

conserved quantities are zero, the collision term K[h] vanishes and the 3 x 3  determinant 

is 

where 1 is the identity and 

where the result Eq. (4.3.26) for C has been used. The secular determinant gives a cubic 

equation in E, 
5 

E(E~ - -c2) = O 
6 

(4.3.41) 

with three solutions 

The solution E = O is spurious since the applied frequency is not identically zero. Equa- 

tions (4.3.42) and (4.3.43) can be written in terms of k and w using Eqs. (4.3.8) and 
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(4.3.9) to give 

which is consistent with Eq. (4.2.14) for an ideal gas, y = 513. in the Euler approxima- 

tion there is no dissipation and therefore no damping term, resulting in a = 0. 

It is instructive t o  examine the four-term expansion for the WCU method in order to 

observe some general characteristics of the solution. In addition to the three conserved 

quantities, the term $11 is added to the expansion. For the case of Mâ,wvell molecules, 

the resulting 4 x 4 matrix is 

C C - K =  

where the collision operator element KlrTl = XI = -2/5. The secular determinant is 

divided through by E4 giving 

The term is a dimensionless complex number of magnitude 

(a, P and w are real) where p / w  and a / w  are the reciprocal of the phase velocity and 

the attenuation coefficient, respectively. The hydrodynamic limit is the limit of low 

frequencies, w + O or 1/E -+ oo. The quantity €1 E goes to a constant in the asymptotic 

limit w -P O consistent with the phase velocity and attenuation rate in the hydrodynamic 



Chap ter 4.  Sound Dispersion in Single-Componen t Systems 106 

limit. Equation (4.3.46) in this limit is 

which gives the phase velocity 

consistent with Eqs. (4.2.14) and (4.3.44) for an ideal gas. Equation (4.3.48) also gives 

the correct attenuation factor in the hydrodynamic limit 

Cr - = O, (4.3.511 
W 

which is also consistent with the Euler approximation to hydrodynamics. 

The Knudsen limit is that of u + oo or 1/E + O. The quantity E / E  goes to a coustant 

in this limit, as shown by experimental results [49,50], and Eq. (4.3.46) becomes 

and the dispersion relation in the limit of large applied frequencies is 

The phase velocity of sound a t  high frequencies is typically greater than than tbat at low 

frequencies, and Bvo/w < 1. This is attributed to the fact that slower-moving particles are 

less able to transmit a high-frequency disturbance. The fastest-moving particles tend to 

have higher collision frequencies and are able to transmit the disturbance more effectively 

[99]. This leads to the choice of the conjugate pair of solutions from Eq. (4.3.53) 

Bvo lim - .- k0.7826 
w - t w  W 
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as the Pterm approximation to the phase velocity in the Knudsen limit. This agrees 

qualitatively with experimental results [49-5 11 which show that the phase velocity of a 

gas increases to a k e d  asymptotic limit (IPuo/w( - 0.5) in the Knudsen region. 

Higher-order dispersion relations were obtained by successive truncations to the WCU 

matrix. The matrix equation Eq. (4.3.19) was tmncated at n' = N and 1' = L and the 

phase velocity and attenuation as  well as the numerical convergence was studied. For 

higher-order truncations in the Burnett function series approximation, numerical meth- 

ods of solution were used to obtain the zeroes of the secular determinant. The zeroes 

of Eq. (4.3.35) were computed numericdly for successively higher-order truncations 

using the Newton-Raphson method. The numerical double-precision "zero of the poly- 

nomial" was less than 10-l5 on substitution of the final Newton-Raphson iterate into the 

poiynomial. The results from the root-searching were cliecked for cousistericy by cross- 

cornparison with results obtained from the numerical solution of the eigenvalue problem 

Eq. (4.3.37). 

The zeroes of the secular determinant for forced sound gave k ( w ) .  The real part of k 

corresponds to B, the phase, and the imaginary part of k is a, mhich corresponds to the 

attenuation. The phase velocity, w / a ,  and attenuation rate, Plu,  obtained for a series of 

N and L truncations and the results were compared with those from experiment [49-511. 

Matrix truncations of higher order than the Euler approximation result in dispersion re- 

lations with more solutions than there are sound modes. For systems mith multiple roots, 

the sound modes were identified by their Low-frequency behaviour [57]: as w + O, wlp 

(corresponding to the hydrodynamic phase velocity) goes to a known positive constant 

mhile a / w  (the hydrodynamic attenuation rate) goes to zero. 

Figure 4.1A shows pw-'vo, the reciprocal of the dimensionless phase velocity. plotted 

against 1/Kn for a series of successive truncations. 
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Figure 4.1: Log-log plot of WCU method results for (A) Dw-'uo and (B) crw-ho versus 
l /Kn.  The number of moments retained are 4, 6, 16, 20 and 36, NS is the Navier-Stokes 
result and experimental results are denoted by o. 
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The numeric labels on the curves correspond to the number of Burnett fiinctions ex- 

pansion terms retained in the WCU matrix. The Pterm expansion is truncated at R = 1, 

L = 1, the 6-term is truncated at  R = 2, L = 1, 16-term at R = 3, L = 3, 20-term a t  

R = 4, L = 3 and 36-term a t  R = 5, L = 5. The Navier-Stokes result form conventional 

hydrodynamics fails to reproduce the experimentai result and is shown by a dashed Line 

labeled NS. Phase velocities obtained form the WCU method converge quickly in the 

limit of small Kn and coincides with the hydrodynamic result (flw-'uo = 1) for this 

limit. The phase velocity becomes larger than the hydrodynamic phase velocity around 

1 /Kn < 10, and reach asymptotic values that vary between 0.8 and 0.5 around Kn - 1. 

The results agree qualitatively with e,xperimental results for argon (circles on Figure 

4.1A) but after 36 terms, still do not appear to converge in the Knudsen region. Pekeris 

reports convergence usiug 483 terms [52] 

The corresponding attenuation rates are shown in Figure 4.1B. The 3-term or Euler 

approximation (not plotted here) predicts no attenuation. The 4 t e m  approximation 

(N = 1, L = 1, Eq. (4.3.45)) of the WCU rnethod gives attenuation rates that are 

significantly smailer than al1 higher-order approximations (curves labeled 6, 16, 20 and 

36 in Figure 4.1B). This behaviour is consistent with the hydrodynamic interpretation of 

the effect of higher-order terms. The moments used in the four-term approximation are 

qOl, and which correspond to mass, velocity, energy and heat flux. The 4-term 

solution gives the behaviour of sound in a thermally conducting, frictionless gas. The 

influence of heat conduction and viscosity are of the same order of magnitude and there- 

fore both must be accounted for a consistent solution. (The Prandtl number measures 

the importance of viscosity and heat conductivity and has been found experimentally to 

be of order unity for ail gases). The 4-term solution is analogous to early treatments 

of sound propagation (Stokes, c. 1845) [IO71 that included the effect of viscosity (which 

corresponds to to the next highest moment, but not heat conduction. Lamb 11081 
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obtained a hydrodynamic solution for the case involving both viscosity and and heat 

conduction and the results showed that sound waves in that case are more strongly at- 

tenuated than when one of the effects is neglected. Lamb's results ais0 showed that 

the hydrodynamic propagation velocity remained virtually unaffected by the influence 

of dissipative effects. These results are consistent with 6-term and higher order WCU 

results for the hydrodynarnic region (curves 6, 16, 20, and 36). The phase velocity in the 

hydrodynamic region is unaffected by higher moments and virtually al1 attenuation in 

the hydrodynamic region arises from low-order moments (that, is heat conduction and 

viscosity) . 
Al1 attenuation rates obtained for 5-term and higher-order truncations coincide mith 

the Navier-Stokes result (dashed line) in the hydrodynamic limit. The attenuation rates 

obtained from the bVCG method show poor agreement and poor convergence with ex- 

perimentd results as Kn > 1. The WCU method predicts that the attenuation rate 

for sound vanishes as  in the limit of large K n ,  while experimental results show that the 

attenuation rate approaches constant value N 0.22 in that limit. 

4.3.5 The Generalized Boltzmann Equation (GBE) Method of Alexeev 

Recently, Alexeev [43-471 has proposed a GBE which has been cIaimed to be valid over 

al1 Kn. The method of Alexeev is in sharp contrast to the efforts of other workers who 

proposed approximate solutions based on various treatments of the collision operator 

[54-561. Alexeev has suggested that the difficulty with the sohtions of the Boltzmann 

equation in the collisionless lirnit, Kn -+ oo, lies not with the method of solution of 

the Boltzmann equation but with the Boltzmann equation itself [46,47]. Alexeev has 

attempted to  solve the problem of sound dispersion a t  high-frequencies and low-pressures 

by rewriting the LHS of the Boltzmann equation, Eq. (4.3.1). 

The time-evolution of the velocity distribution function, f (c ) ,  of a gas in the absence 
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of external forces is typically written [l] 

where J[f ] is the Boltzmann collision integral, Eq. (4.3.2). Alexeev has proposed instead 

writing Eq. (4.3.55) as 

where T is the mean free time between collisions. 

An oscillation perturbs the MaxweIlian by a small term, and the velocity distribution 

function is 

if Eq. (4.3.57) is substitued into Eq. (4.3.56) and only linear terms in h are taken. use 

of the identity f (')If ('1' = f (O) f ('1 gives the linearized form of the GBE, which is found 

to be 

A periodic perturbation h of the form Eq (4.3.6) is substituted into Eq. (4.3.57) in 

the manner of the WCU giving the linearized GBE 

where the nondimensionalized collision frequency is 

The behaviour of sound as described by the GBE is obtained solving Eq. (4.3.59) for the 

dispersion relation. 
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Aiexeev has presented the generalized hydrodynamic solution which he has suggested 

extends hydrodynamic theory past the intermediate region and into the Knudsen region 

[46]. Alexeev called these new hydrodynamical equations the generalized hydrodynamic 

equations. These generalized hydrodynamic equations are 3 and 5-term approximations 

to the generalized Boltzmann equation, which Alexeev has called the generalized Euler 

and generalized Navier-Stokes equations, respectively [46]. Presented here is the solution 

to Alexeev's GBE, which, if consistent to al1 orders in h, should address the failure of 

the WCU solution to agree with elrperimental results over al1 Kn. 

As was done in previous sections, Eq. (4.3.59) is soived by substituting the expansion 

Eq. (4.3.12), multiplying by each basis function and integrating over e. The result is a 

set of simultaneous linear equations in an[. The generalized Boltzmann approach gives 

the matrix equation 

EI- yi(eC+K) 
V 

where 

and the elements of C and K are defined in Eqs. (4.3.20) and (4.3.21), respectively. The 

elements of the matrix D, 

are obtained in an analogous manner to the calculation of Cnl,nrr and using the expression 

Eq. (4.3.25) twice 
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A solution for the system of hornogeneous equations, Eq. (4.3.60) exists only when the 

secular determinant vanishes, 

The zeroes of the determinant yield a dispersion relation for E in terms of E .  

4.3.6 Cornparison of WCU and GBE Methods 

The GBE, Eq. (4.3.60), can be truncated at 3-terms to give the Euler approximation to 

generalized hydrodynamics. The coIlision rnatriu. K is equal to zero. From Eq.(4.3.20) 

for C ,  (4.3.21) for K and (4.3.64) for D, a 3 x 3 matrix 

is obtained. The dependence of the dispersion relation upon the Knudsen number, Kn, 

was of particular interest. For the case of the GBE, Kn appears explicitly in the dispersion 

relation. Since Kn = [ E / v ( ,  the dispersion relation of the linearized GBE for E # O, to 
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lowest order, can be written as a 6th order polynomial in E / E  by dividing through by Es 

giving 

The GBE is reported to describe phenomena over the full range of Knudsen number and 

therefore the asymptotic properties of the dispersion relation Eq. (4.3.67) are of interest. 

The limit of hydrodynamic limit Kn + O F V ~ S  discussed in the analysis of the WCU 

method above. The Knudsen region, for which Kn + cm is conveniently treated using 

the form of Eq. (4.3.67). 

In the limit Kn + m, Eq. (4.3.67) is a cubic equation in X = ( E I E ) ~  

with roots 

where A and B are constants 
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Collecting real and imaginary components of Eqs. (4.3.69) and (4.3.70): and taking a 

and ,f? to be both real, explicit values for the nondimensionalized phase velocity, puo/w 

and attenuation rate auo/w were obtained. Equation (4.3.69) gives a nonpropagating 

mode 

Nonpropagating modes also appear in hydrodynamic treatments, where they are knomn 

as heat conduction modes [48]. Since a 2 0, the growing or amplified mode a < O is 

considered spurious and y is set to 513 giving 

lim avo/w - 1.4117 
Kn+m 

Collectiag real and imaginary parts of Eq. (4.3.70) gives 

and 

respectively. Squaring Eq. (4.3.76) gives 

When Eq. (4.3.77) is substituted into Eq. (4.3.75), a quadratic in terms of the square of 

the phase velocity is obtained, 
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where C = (A+ B + 4 / 3 ) y / 4  = -0.1631 and D = 3(A-B)'y2/64 = 0.1095. The result is 

a conjugated pair of roots that ultimately give rise to four solutions for the phase velocity 

for the case of an ideal gas y = 513. Two of the roots are spurious since they give 

imaginary phase velocities. The remaining hvo roots give the asymptotic phase velocity 

lirn @! % 10.650 
Kn-tm w 

The corresponding attenuation rate is obtained from Eq. (4.3.28) 

where for an ideal gas 

The above treatment agrees with the generalized Euler equation [46], for which -4lexeev 

also reports pvo/w = 0.650 and auo/w = 0.509 in the Iimit Kn + m. The Euler ap- 

proximation to the GBE gives attenuation rates that only agree qualitatively with the 

experimental results of Meyer for the case of greatest rarefaction, where /3vci/w zz 0-45 

and auo/w z 0.22. 

Numerical solutions were computed using the Newton-Raphson method and disper- 

sion relations obtained for a series of successive truncations for the GBE over a range of 

Kn. Figure 4.2A plots /3w-'vo versus l /Kn ,  obtained from the dispersion relation for 

the GBE (Eq. (4.3.65)) with 3, 4, 5, 20 and 36-terms. Experimental results are shown 

with circles. Al1 results converge to the hydrodynamic phase velocity for large Kn. In 

the Knudsen region, the result does not appear to converge and as more terms are added 

to  the matrix (9, 20, 36-term truncations), the solutions appear to become unstabie and 
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Figure 4.2: Log-log plot of GBE method results for (A) / ? U - ~ U ~  and (B), a u - ' v o  versus 
1/Kn. The number of moments retained are 4, 5, 6, 16. 20 and 36 and experimental 
results are denoted by o. 
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no longer agree with experiment. The solutions obtained from using 3,5 and 6 terms 

agree qualitatively with experimental results (circles). 

Figure 4.2B shows a plot of aw-'uo versus 1 / K n  for a series of successive trunca- 

tions of the GBE As with the result for phase velocities in Figure 4.2A, the low-order 

(3, 5 and 6-term) solutions for attenuation rates in Figure 4.2B show only qualitative 

agreement with experiment in the asymptotic limit 1 / K n  -, O. Agreement of the GBE 

with experiment becomes worse as more terms are added. As more terms are added, 

the GBE no longer agrees with either experiment or the WCU method in both hydrody- 

namic and Knudsen regions. The solutions of the GBE appear to converge only slowly in 

the hydrodynamic region, but in the Knudsen region appears to diverge as more terms 

are added (16, 20 and 36-term solutions in Figures 4.2-4 and 4.2B). The WCU method 

fails in the Knudsen region but is consistent witli experimeritai results a ~ i d  coriventional 

hydrodynamic behaviour in the hydrodynamic region K n  << 1. 

These findings do not support Alexeev's claim that the GBE-derived GHE represents 

an interpolation of hydrodynamical solutions into the collisionless region. This work 

suggests that the GHE results presented by Alexeev appear to be unconverged series 

solutions of the GBE. When carried to high orders, the GBE suffers the same defects 

as WCU, namely nonphysical behaviour and poor convergence. It is concluded that the 

GBE fails to describe sound propagation behaviour over the entire range of Knudsen 

number. 

4.3.7 The Sirovich-Thurber (ST) Method 

Citing convergence problems and obvious discrepancies between theoretical and experi- 

mental results [52,101], Sirovich and Thurber long ago proposed abandoning the WCU 

method in favor of a mode1 of the linearized Boltzmann collision operator suggested by 
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Gross and Jackson [105,56]. 

When Eq. (4.3.12) is substituted into the RHS of Eq. (4.3.1): the result is 

where Knl,nlr is defined in Eq. (4.3.21). The straightforward ( N  + 1) x (L + i )th order 

approximation to the Boltzmann collision operator would be 

where ( N  + 1) x (L + 1) is the number of Burnett functions retained in terms of n 

and 1 indices, respectively. Gross and Jackson [106] suggested that for a more accurate 

approximation of the full Boltzmann collision operator, Eq. (4.331): is 

where X is some constant that approximately preserves the remainder of the collision 

term and a useful choice might be X N + L , L + l .  Equation (4.3.83) is transformed by aclding 

giving 

An essential aspect of the rnethod of Sirovich and Thurber is to factor out E from the 

LHS of Eq. (4.3.85) 

and then divide by the velocity-dependent term in brackets giving 
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where 

E-X f = -. 
E 

The derivation of the dispersion relation from Eq. (4.3.87) appears to be physically more 

correct than from Eq. (4.3.19) because of the term ({, - f )  as discussed later. Equation 

(4.3.87) is solved by substituting the series expansion on the LHS of Eq. (4.3.83, multi- 

plying by each b a i s  function and integrating over 6 .  The result is a set of simultaneous 

linear equations in a-,,[. in matrix notation this is written 

where the matrix elements of K correspond to 

where 

and 

Eq. (4.3.90) is not an  eigenvalue problem since the matrix K of Eq. (4.3.92) depends on 

E and E .  The integrals R,,l,,~,lr, in Eq. (4.3.92) can be written in a closed form as a series 

involving the Plasma Dispersion function 
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which can be computed numencally to high accuracy [129,130]. The expression derived 

for the integral Eq. (4.3.92) agrees with the result of Sirovich and Thurber [128]. The 

derivation is presented in Appendix C. 

The ST method introduces tmo modifications to the WCU approach. The first is 

the use of the GJ approximation of the collision operator in mhich the eigenvalues of 

terms of higher order than T / J ~ ~  are represented by the single eigenvalue X,v+L ~ + l .  This 

procedure collapses the eigenvalue spectrum of al1 eigenvalues of higher order than XNL 

to the single value L+i - The second aspect, shared by the treatments of Foch and 

Ford [104], Buckner and Ferziger [55] and Shortsov [131], involves the division by the 

drift term in Eq. (4.3.86) yielding Eq. (4.3.87). Sirovich and Thurber employed 3, 5,  

8 and Il moments in their mode1 Boltzmann equation and reproduced the results of 

Euler, Navier-Stokes and Burnett approximations to hydrodynamics as weI1 as a good 

agreement with experimental results in the rarefied region. The ST method also gives 

the same solutions as Grad's 13-moment method in the hydrodynamic region but the hvo 

do not agree in the rarefied region [127,128]. A detailed comparison of the WCU and ST 

methods of solution is presented in the ne- section. 

4.3.8 Effects of ST Modifications to the WCU Method 

Modification of the straightforward approach of Wang-Chang and Uhlenbeck by others 

[54-561 appears to be motivated primarily by the failure of the WCU method to predict 

correct attenuation behaviour in the Knudsen region. 

The ST method gives excellent agreement with experimental results for the dispersion 

of sound in monatomic gases, even at fairly low orders (3, 4 terrns) [56]. The results 

obtained by Sirovich and Thurber were reproduced in this work and the results are 

presented in Figure 4.3. It demonstrates fairly good agreement with experiment a t  low 
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orders (3 or 4 Burnett terms) and nonvanishing attenuation factors the Knudsen region. 

The convergence of the ST solutions is markedly better than those of the WCU 

method (Figure 4.1). Figures 4.3A and 4.3B show that retaining only 12 terms in the 

ST method gives very good agreement with the experimental data. 

A survey of the literature suggests that little is known as to mhy the ST method 

succeeds in describing the behaviour of sound at high frequencies. The applicability of 

the ST method also does not seem to have been extended beyond simple monatomic 

gases. The purpose of the mork fiom this point is to determine the validity of some 

assertions of Sirovich and Thurber regarding their method. The ST method is then 

applied to a more complicated system, namely that of a gas mixture. 

It is instructive to illustrate the impact of the Gross-Jackson (GJ) treatment on the 

dispersion relation by examining some of the lomer-order solutions. For a Maxwell gas, 

the 3-term approximation mith the choice of Burnett functions q ! ~ ~ ~ ,  luol and qio gives a 

collision operator of the following form 

The 3 x 3 GJ matriu is 

where &llntit is given by Eq. (C.6) in Appendix C and X is sorne appropriate constant 

that preserves the form of the truncated collision operator. The first few values of R&tlt 

are 
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Figure 4.3: Log-log plot of ST solution results for (A) ,ûw-ho and (B) au-'vo versus 
1/Kn. The number of moments retained are 3 ,4 ,9  and 12, arrows denote the collisionless 
approximation and experimentai results are denoted by o. 
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Setting X = Xzz to approximate the truncated part of the operator can be shown to give 

a reasonable result for velocity and attenuation rates. In this case, XoO = Xoi = X = O 

and the dispersion relation can be computed fiom the roots of the secular determinant 

which is 

where 

and ~ ( f )  is the Plasma Dispersion function of Eq. (4.3.94). The complex roots of the 

complex function Eq. (4.3.98) were computed numerically using the Newton-Raphson 

method. The phase velocity and attenuation rate for 3, 4, 9 and 12-term GJ solutions 

are shown in Figures 4.3A and 4.3B. The results agree well with experimental data 

[51] for forced sound in argon. In contrast to the WCU method which gives dispersion 

relations over the entire range of Kn, the ST method fails to  give solutions above a 

frequency referred to here as the cutoff frequency. For the S t e m  solution, the cutoff 
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is approximately Kn = 0.7. For higher order approximations it is closer to Kn - 0.1 

(Figures 4.3A, 4.3B). A further discussion of high-frequency cutofk is deferred to Section 

4.3.9. 

The ST method makes two modifications to the WCU method. The first modification 

uses the GJ approximation (Eq. (4.3.83)) that can be shown to affect only solutions 

obtained to low order. Sirovich and Thurber apply Eq. (4.3.83) to approximately preserve 

the truncated portion of the collision operator. The value of X is unspecified, but Sirovicb 

and Thurber base their argument on an approximate spectral representation, and consider 

X to be the value for which which al1 eigenvalues L+I and higher are approximated 

with truncated spectrum. 

The case of Maxwell molecules suggests another possible value for the choice of A. If 

orle replaces X with -v, a dinrerisionlss coliisiori frequency, the RHS of Eq. (4.3.85) is 

the kernel of the Hilbert form of the Boltzmann equation, 

where K*.rc)nr is the kernel 

Equation (4.3.100) is, for the case of Maxwell molecules, identically the formulation of the 

sound dispersion problem suggested by Ford and Foch [104] and by Shcortsov f1311. It is 

useful to note that the S term approximation to the ST collision operator, Eq. (4.3.95), 

with X = -v is identically the BGK mode1 operator (Appendix D). Setting X = O gives 

the WCU collision matrix on the RHS of Eq. (4.3.85). The ST method is, in effect, 
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dividing the collision operator into two tems and rnoving one term over to the drift side 

prior to division of the RHS by the drift term. Some calculations demonstrate the effect 

of changing A. 

Figures 4.4 and 4.5 show the effect the choice of X on the phase velocity and attenu- 

ation, respectively, for a set of ST solutions truncated a t  6 (N=2, L=i),  9 (N=2, L=2) 

and 12 (N=3, L=2) terms. The corresponding values A = Xlv+r L+L in step Eq. (4.3.83) 

are X3 2 = -0.8949v, Ag 3 = -1.058~ and X4 3 = -1.112~. 

There is some small variation in the phase velocity and attenuation depending on 

whether X = ANS1 ~ + 1  or X = -V for 6 and 9 term approximations. No solutions were 

found for settiag X = O in the 6-term case (Figures 4.4A ancl  4.5A). The 9-term solution 

shows some dependence on the choice of A, especially in the Knudsen region. The choice 

of X = O for the 9-term solution moves the cutoff froni LYIL M 0.2 to  h'n M 1. The 12-terni 

solutions appear to be insensitive to the value X (Figure 4-42 and Figure 4-32}. This 

suggests that the influence of X on the solution declines as more terms are retained. The 

intended purpose of ST for introducing X in Eq. (4.3.83) is to increase the convergence of 

low-order solutions. As more terms are added, and the solutions converge, the inclusion 

of the term X becomes unnecessary. This suggests that the choice of X is to  a large 

degree arbitrary and that as more terms are used in the expansion and as the expansion 

converges, the use of the term X becomes redundant. 

The second modification of Sirovich and Thurber is the division by the drift term in 

Eq. (4.3.87) and this appears to significantly affect the nature of the solution. Equation 

(4.3.81) is of the form 

where for forced sound, (L = E - E(E)&) and K is the Boltzmann collision operator. 
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Figure 4.4: Graph of pw- ' u~  versus l / K n  for (A) 6-term approximation with X equal to 
and -v, (8) 9-term approximation with X equai to X33t -V and 0, and ( C )  12-term 

approximation with X equal to Xd3, -V and 0. 
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Figure 4.5: Graph of aw-'vo versus 1/Kn for (A) 6-tem approximation with X equal to 
X32 and -v, (B) 9-term approximation with X equal to X337 -V and 0, and (C) 12-term 
approximation with X equal to Xd3, -V a d  O. 
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The problem is to determine the eigenvalues and eigenfunctions of Eq. (4.3.102) and ulti- 

mately, c(E).  Grad showed that the operator {, on the LHS has a continuous eigenvalue 

spectrum [120]. The operator K on the right hand-side has a discrete eigenvalue spectrum 

for Maxwell molecules. In the present study, Eq. (4.3.81) is discretized by expressing 

h in terms of a series expansion eigenfunctions of the RHS operator. This approach 

is convenient in that it gives easily-treated representations of the discretized operators? 

defined by the matrices K and C (Eqs. (4.3.20) and (4.3.21)). The discretization of h 

in eigenfunctions of the RHS operator does not guarantee that the LHS operator, with 

a continuous spectrum, will or can be accurately represented in a discretized form. It 

appears that in the collisionless limit, the discrete representation is inadequate and the 

WCU method fails. This raises the question as to mhy the WCU method works in the 

hydrodynamic limit. The reason for this appears to be that the iiydrodynamiç regiori 

is the collision-dominated region and terms of the collision operator, which has discrete 

eigenvalues, dominate the solution. 

Buckner and Ferziger [55] approached the problem by expanding h in a complete set 

of eigenfunctions of that was the sum of both the discrete and continuous spectra the 

linearized Boltzmann equation. They obtained reasonably close agreement with experi- 

mentally determined dispersion relations for Knudsen numbers in the range 10-2 to 100. 

Their result is characterized by good agreement with experiment at  the limits mhere 

Kn is large or small, but poorer agreement 

Kn 1 [102]. 

Solutions obtained by the WCU method 

with experiment in the intermediate region 

in the Knudsen region appear to arise frorn L 

a class of solutions that do not correspond to the physical system. The 483 moment 

solution of Pekeris [103] shows the attenuation a / w  going as l / w  in the Knudsen region. 

This implies for the ViTCU method, a is no longer a hnction of w for large values of w ,  a 

fact that is inconsistent wi th  the definition of a dispersion relation. 
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Sirovich and Thurber have modified the WCU met hod by f i s t  dividing Eq. (4.3.102) 

through by L and then discretking the equation. This procedure gives a very different 

result than the WCU method. The difference can be noted by examining the f o m s  of 

the respective matrix equations and the dispersion relations. 

The dispersion relation obtained from four-term ST method with X = O, analogous 

to the 4-term WCU is 

The difference is self-evident from a comparison between Eq. (4.3.46) obtained fiom the 

WCU method and Eq. (4.3.103) from the ST method as well as the phase velocity and 

attenuation factors that result from the respective solutions, as s h o m  in Figures 4.1 and 

4.3. Division by the drift term prior to discretization appears to preserve the correct 

physical character of the solution. 

4.3.9 High-Frequency Cutoff and Free-Molecule Approximation 

It can be demonstrated that under some conditions, there are no roots to the secular 

determinant for the ST matrix. If one considers a determinant of the ST matris 

The existence of roots of the secular equation can be proven by obtaining the winding 

number of the determinant for any given value of E (for the case of free sound, E would 

be the adjustable parameter). The winding theorem may be stated as follows : "The 

nurnber of zeroes of a complex finction D(<) of a complez variable f in a region of the 

complex c-plane for which D zs an onalytic f inct ion o f f  is equal to  the number of times 
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the representative point D C Z T C ~ S  the origzh of the complex D plane as 6 is carried around 

a boundary region in the 6 plane " [104]. If the winding theorem is applied above the 

so-called cutoff frequency, it can be shown that there are no plane wave solutions to 

the linearized Boltzmann equation for sound. The precise value of the cutoff frequency 

depends on the collision mode1 and for the case of Maxwell molecules is around Kn .V 10. 

The winding theorem can be used to locate regions for which there are no roots of 

the secular determinant. The sound modes for forced sound waves lie in the range 

-1 < Buo/w < 1 and O < auo/w < 1. The domain of interest is the upper half of the 

complex (-plane. A large semicircle as shom in Figure 4.6 (A) bounds the solutions. 

A trajectory around a large semicirde requires computing D(J) for I f 1  large. Hand 

computation for low orders is feasible (Eq. (4.3.98)), since ~ ( f )  has the asymptotic form 

The ~ ( 6 )  trajectory resulting from a path f very close to and parailel with the real axis 

can also be computed by hand for low orders, since near the real axis z ( J ~  iq5) (f, 4 both 

real) has the asymptotic form 

iim z(< + im) - -2eC ~'eZtdz + inL/2e-p 
#+O+ 

Figures 4.6(B) and 4.6(C) show winding plots for the Cterm approximation denoting 

the existence (Figure 4.6(B)) of four roots below the cutoff frequency, corresponding to 

1/Kn 0.18 and none above it (Figure 4.6(C)). 

There is some evidence to suggest that the cutoff represents the high-frequency limit 

at which normal modes no longer physically ex&. in collision-dominated systems, the 

impulse is carried as a plane wave by coherent collective modes. This is because parti- 

cles have an opportunity to collide numerous times between oscillations. in collisionless 

or high-frequency situations, the impulse is carried by incoherent single-particle modes. 
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Figure 1.6: (A) Bounding region in complex for roots of dispersion relation ~ ( f )  
and winding plots for 4term D, 1/Kn equal to (B) 5 and (C) 0.05. 
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There wiil, in the later case, be an insuficient number of collisions between oscillations 

to restore the system to  equilibrium. Kahn and Mintzer recognized this problem and 

suggested that the reason for the breakdom is that Maxwellian velocity distribution 

function constitutes a poor first approximation in the Knudsen region [54]. 

A simple mode1 of a forced periodic disturbance in a collisionless system can be con- 

structed as follows. The collisionless gas kinetic equation for a system with a disturbance 

in the x-direction is 

Equation (4.3.107) has a solution of the general form 

The solution can be interpreted as a perturbed velocity distribution in mhich particles are 

emitted with the MameIlian characteristic of the source but have a harmonic component 

d o n g  the suis of propagation (in this case the x-asis) 

where A represents an amplitude of the perturbation. An impulse, Pt, generated by the 

disturbance is 

mhere the limits on the integral emphasize that only particles traveling in the +z direction 

are considered. In Eq. (4.3.110), time and space dependencies are separable and 
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The impulse is assumed to decay through the random motion of the particles in the 

collisionless system. The magnitude of the impulse P' a t  x then depends on the magni- 

tude of the impulse a t  the origin P1(0) and the distance x over which it has passed. A 

Beer-Lambert law for the decay of the impulse can be written 

where k is the propagation constant that clescribes the amplitude and phase of the im- 

pulse. Following the work of Meyer, [51], the term k is identically the wave number 

k = ,B + ia! where 

- - dl n [Pl (x)] 
d z  

OP1(x)  

When P1(x) from Eq. (4.3.113) is substituted into Eq. (4.3.115), an expression for k is 

ob tained 

The dimensionless propagation speed fivo/w and attenuation rate avo/w are obtained 

fiom the real and imaginary parts of Eq. (4.3.116) which, following some manipulation 

are found to be 

where 
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and 

Meyer and Sessler computed B/w and a / w  numerically for the case of w x  large [51] and 

obtained 

which mas in excellent agreement with their experimental result. 

Figure 4.3 shows that the asymptotic values for phase velocity and attenuation, 

Eqs. (4.3.120) and (4.3.121) correspond closely to the converged values O btained for 

the collision-dominated system at the cutoff point. The fact that phase velocities and 

attenuation rates near the cutoff agree with the free-molecule result suggests that the 

observed cutoff may represent the limit of the collisionless region. 

The accuracy as me11 as the limitations of the ST method have been established for 

one-component systerns. The nedut chapter attempts to apply the ST method to the 

complicated sound dispersion behaviour that has been observed in rn~eures .  



Chapter 5 

Anomalous Sound Dispersion in Two-Component Systems 

5.1 Introduction 

Recent experimentai studies of sound propagation in mixtures of gases have demonstrated 

a new set of dispersion behaviours that are not described by conventional hydrodynamic 

treat ments [5%67]. These anomalous properties have been measured in mixtures of gases 

of disparate mass. Some experiments bave shown the existence of sound modes with 

propagation velocities and attenuation rates that exhibit significantly different charac- 

teristics than hydrodynamic modes. This phenornenon is attributed to the decoupling 

of the light and heavy cornponents when the frequency of sound approaches the order of 

the collisional frequency of the gas mixture. Related phenomena, such as sound mode 

degeneracies and propagation gaps at critical frequencies and gas composition have also 

been studied in these systems [59,63,67]. 

The possibility of multiple sound propagation modes in gas mixtures was originally 

raised by Liboff [112]. Huck and Johnson [57] were the first to suggest the possibility 

of measuring fast and slow sound propagation modes in a gas mixtures. They termed 

this 'double sound propagation'. The term 'fast sound' describes the mode that prop- 

agates exclusively through the light component was coined by Bosse et al. [116] to cle- 

scribe a peak in the selfstructure factor for Li in molecular dynamics simulation of liquid 

Li0.8Pb0.2. This high-fiequency peak was attributed to rapid Li density fluctuations in 

a background of heavy Pb. Campa and Cohen [58] later predicted the existence of fast 
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sound modes in mixtures of dilute binary fluids using a BGK model of a modified En- 

skog fluid [58J 17,118]. Their calculations indicated the existence of fast sound modes 

that propagate only through the light component a t  much higher velocity than ordinary 

sound. These propagation modes do not involve the heavy component a t  dl. Experimen- 

ta1 data has since revealed the existence of analogous slow sound modes. ünlike the work 

of Huck and Johnson [57] (and later that of Wegdarn et al. [62]), Campa and Cohen's 

[117] work suggested for the first time the existence of nonhydrodynamic propagation 

modes associated with nonconserved quantities. 

The first experimental measurement of fast-propagating fiee sound waves was in He- 

Ne mixtures using neutron scattering [61]. Rayleigh-Brillouin light scattering revealed 

slow sound in He-Xe mixtures [64]. Both fast and slow sound modes mere then later 

observed through light scat tering in Hz-Xe and &-Ar mixtures [62,65,66]. Other studies 

reported fast sound in Hz-Ar and slow sound in Hz-SFs [60]. 

Foch et al. [Il91 calculated phase velocities of sound in mixtures of noble gases and 

compared them with experimental results but failed to observe anomalous dispersion 

behaviour . Since no conventional hydrodynamic model of sound dispersion has yet ac- 

counted for anomalous sound dispersion, al1 current analysis of experimental data has 

thus far involved the use of tmo-temperature hydrodynamics [59,62,114,115]. This treat- 

ment is based on Burger's representation of a hornogeneous multi-component fluid in 

which densities, flow velocities and ternperatures are individualiy cornputed for each com- 

ponent [68]. Burger's treatment is based on the thirteen-moment approximation of Grad 

[24] for which each species velocity distribution function is a local Maxwellian distribu- 

tion with respect to a species flow velocity and species temperature. A set of generalized 

hydrodynamic equations, allowing for separate species temperatures, are O btained by 

taking appropriate moments of the coupled Boltzmann equations for the mixture. For 
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comparison with experimental work on He-Xe mixtures, Johnson used transport proper- 

ties calculated for a mode1 interatomic potential. 

Recent experimental data  obtained from Rayleigh-Brilloiun scattering has revealed a 

wealth of anomalous sound dispersion phenomena in multicomponent gases, especially 

a t  large Kn. Al1 current approaches thus far suffer from the defect that agreement with 

experiment is quantitative only for small Kn. This conclusion is apparent from a compar- 

ison of Johnson and Bowler's 1591 measured and calculated attenuation rates for He-Xe 

mixtures as well as Schram and Wegdam's [62] measured and calculated values for the 

phase velocity in H2-Xe mixtures. The treatment of Cohen and Campa has only been 

applied to simple mode1 systems (BGK treatment of hard-sphere Enskog fluids) [118]. 

Gas kinetic approaches are an obvious method for exploring anomalous sound dispersion 

phenomena due to the fact that anomalous sound behaviour is frequentiy observed near 

the limits of the hydrodynamic region [59,62]. 

The purpose of this work is to apply a gas kinetic theory of mixtures to small- 

amplitude oscillations near or in the Knudsen region of a gas. E.xperimenta1 data suggests 

that oscillatory disturbances in gases exhibit complicated behaviour in this region [59-671. 

Experimental measurements of anomalous sound dispersion have been conducted in gases 

near ambient temperatures and pressures that are still within the region of validity of 

kinetic theory. It seems reasonable to use gas kinetic thcory as a tool for exploring 

anomalous sound dispersion properties of real systems. This work attempts to  examine 

and interpret non-hydrodynamic behaviour O bserved in real systems using methods of 

gas kinetic theory. The ST method appears to successfully reproduce the behaviour of 

simple gas systems [49-511 but have never been applied to mixtures gases of disparate 

mass and a the rich set of dispersion behaviours recently reported. 
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5.2 Boltzmann Equation for Srnail Amplitude Disturbance: Two-Component 

System 

Consider a dilute mixture of gases labeled 1 and 2 where the distribution functions are 

given by two coupled Boltzmann equations 

where J,, is the Boltzmann cross cotlision term, 

The distribution functions, f ,  are close to a bIaxweI1ian distribution, characterized by 

the number density n, and a common temperature T. 

The distribution function for species is mritten as a Maxwellian perturbed by a 

small term h,, 

The linearized Boltzmann equation is 

where the Km operator corresponds to the linearized self-collision term 

1 
( 0 )  h' + h' KWh,= - / f ,  [ , $ - h, - h",lgo,dQd%f 

% 

while linearized cross collisions are given by, 
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and 

where 

L/Z 

- (y) / lm % - 

and ar and air are self and cross-collision constant cross-sec tions. 

The oscillatory disturbance for each component is 

where the z axis Lies along k. With Eq. (5.2.12) in the Boltzmann equations Eq. (5:2.6), 

one has that 

where 
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5.3 ST Method for Two Component System 

The perturbation of each component 7 fiom the Maxwellian is given by 

and the self-collision operators for each component are identical as in the one-component 

case, 

where 

The linearized cross-collision operators L,, and L,, may be written in an analogous 

fashion, 

where 

The eigenvalues of Km, Lq, and L,, have been caiculated by Lindenfeld and Shizgal [94]. 

Equations (5.3.2), and (5.3.4) are substituted into Eq. (5.2.13) 
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where 

and 

The E, is factored out of the LHS of Eq. (5.3.6) 

where 

Dividing by the veiocity-dependent term in parenthesis on the LHS of Eq. (5.3.10) and 

multiplying by each basis function and integrating over gives a coupled set of linear 

equations 

and 
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where 

The coupled, homogeneous set of Equations (5.3.12) and (5.3.13) is written in matrix 

form 

where the elernents of the submatrices G(ll), G("), H(LL), H(=) ,  H("), N('l). R(l): R(~) 

are given by Eqs. (5.3.7)-(5.3.9) and (5.3.14), and subarrays a(') and a(2) are the expan- 

sion coefficients. The dispersion relation is obtained from the secuiar determinant D = O 

where 

5.4 Solution of the Dispersion relation for a Two Component Mixture 

The roots of the dispersion relation were computed for some physical systems using the 

simple mode1 of Maxwell molecules discussed previously. Phase velocities and attenua- 

tions were calculated using masses and collision cross sections corresponding to He-Xe 

mixtures for which experimental data is available [59]. The experimental work of John- 

son and Bowler [59] measured phase velocities and attenuations over a range of helium 
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mole fractions XHe. The acousticai properties, P/w and a /w  are expressed relative to 

the adiabatic speed of sound in helium, v ~ , .  

Straightforward application of the conventional Newton-Raphson root-finding method 

to the determinant of Eq. (5.3.16) for He-Xe mixtures does not give satisfactory re- 

sults. Figure 5.1 shows a plot of the real and imaginary parts of Dt Re[D] and Irn[D], 

respectively, for a/wuH, ranging from O to 0.8 for -Ge = 0.45, 1/Kn = 10.5 and 

B W - ' / V ~ ,  = 3.23. The determinant D approaches the abscissa very slowly and has 

multiple roots in the region P/wwH, M O(1) ~ / L J - ' u ~ ,  N O(I). The determinant D bas 

several roots in the region between a/w-luH, between 0.2 and 0.6 where its value is very 

close to zero. The Newton-Raphson method was found to be inadequate under these 

conditions and was abandoned in favour of a root-finding procedure that essentially uses 

the method of bisections. 

A root can be determined for a given w and P t o  high accuracy by first obtaining the 

set of values of a! for which Re[D] = Im[D] = 1. Each value of a! for a given w and B 

corresponds to a branch of the solution. The parameter i is the distance of the point of 

intersection of the red  and imaginary parts of D from the zero. The value of 0 is varied 

slightly and new d u e s  1 are obtained. 

Figures 5.2A and 5.2B show values of the determinant D in the region ctw-'vH, be- 

tween 0.2 and 0.8 where P W - ~ V H ~  is 3.23 and 2.13, respectively. The intersection points 

between the curves Re[D] and Im[D] at Re[D] = h [ D ]  = 1 in Figure 5.2 correspond 

to points on the trajectory i (B,a) .  l n  Figure 5.2.4, three branches ((a),(b) and (c)) of 

I are visible for ûw-lwHe equal to 0.20, 0.27 and 0.51. As /?u-'wH, goes from 3.23 in 

Figure 5.2A to 2.13 in Figure 5.2B, branch (b) vanishes, and branches (a) and (c) move 

to  aw-IvH, equal to 2.35 and 5.55 respectively. The branches are plotted against 0 and 

the point a t  which 1 vanishes corresponds to solutions of D = 0. 

Figure 5.3 shows the trajectories of two branches, (a) and (b), of I for XH, = 0.45, 
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Figure 5.1: Plot of Re[D] and Im[D] versus ~ w - ~ v ~ ,  for a He-Xe mixture XH. = 0.45, 
1/Kn = 10.5, and = 3.23. 
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Figure 5.2: Plot of Re[D] and Im[D] versus c ~ w - ~ v ~ ,  for a He-Xe mixture -YHe = 0.45, 
l / K n  = 10.5 where PW -luHe equals (A) 3.23 and (B) 2.13. Intersection points of Re[D] 
and Irn[D] are (a), (b) and (c). 
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1/Kn = 10.5 plotted versus P. The point at which the trajectory I crosses the abscissa 

in Figure 5.3 ( vertical dotted line) gives the value of P/wuHe of the dispersion relation. 

Branch 1 was selected as the hydrodynamic root over Branch 2 as its trajectory is over 

much smaller values of a, corresponding to less-strongly damped modes. Branch 2 is an 

example of what is often termed a "spurious" mode. Johnson and CO-workers did not find 

clear evidence of non-hydrodynamic modes although from their data they conclude that 

non-hydrodynamic modes do influence the experimental result, especially at large Kn 

[59J. There is clear experimental evidence from other workers [62] of nonhydrodynamic 

sound modes in disparate-mass gas rnlutures. The data presented by Wegdam et al. [62] 

is for free sound waves and is not as complete as that of Johnson as only phase velocities 

for a Iimited number of mole fractions -YHe are reported. 

Mixtures of monatomic gases with disparate masses have been show11 to exhibit com- 

plicated sound dispersion behaviour [59,62] that deviates significantly from the behaviour 

of single-component systems discussed in Chapter 4. Phenomena such as the decrease 

of phase velocity with increasing Kn [59] and the decoupling of sound into 'Tast" and 

"slod' modes [62] have been observed experimentally. Conventional hydrodynamics does 

not predict these effects and as a result, these effects present an opportunity to test gas 

kinetic models. 

Calculations of phase velocities and attenuation factors were computed using the ST 

method for a Maxwell molecule mode1 system of a He-Xe mixtures and the results are 

presented in the following section. 

5.5 Results for a Two-Component System 

Dispersion relations were obtained for a series of mixtures of He and Xe, with -YHe rang- 

ing from 0.3 to 0.8 over a range of 1/Kn from 5 to 30. Nine Burnett functions (N=2, 



Chap ter 5. Anomalous Sound Dispersion in Two-Componen t Systems 

Figure 5.3: Plot of I versus Pu-'vH, for (a) and (c) branches of the trajectory of 
Re[D] = Im[D]. 
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L=2) were used for each component and collision cross sections for He and Xe with a 

Maxwell power-law potential were calculated from standard references [133]. Figure 5.4 

shows curves for phase velocities for several helium mole fractions -YHe. For XHe = 0.8 

and 0.7, the ST method (solid line) and Ztemperature hydrodynamic method of Johnson 

and Bowler [59] (dotted line) agree fairly well with experimental phase velocities (cir- 

cles). For XHe = 0.45, Figure 5.4 shows that neither the ST result nor the calculation of 

Johnson and Bowler agrees mith experiment for smaller Kn. As the mole ratio of He is 

decreased to 0.3, Johnson and Bowler's result shows good agreement with experiment, 

that is a steady phase velocity, while the ST method predicts a small decline in the phase 

velocity for 1/Kn below 10. 

Attenuation factors for He-Xe mixtures versus 1/Kn are shown in Figure 5.5. Agree- 

ment betmeen experimental results (circles) and those calculated by the ST method 

(solid line) in this case is better for X H ,  small than for cases mhere -YHe is close to 1. 

For -YHe = 0.8 and XHe = 0.7, the ST method severely underestimates damping. For 

XHe = 0.45 and XKe = 0.3, agreement is much better. The results of Johnson and Bonrler 

(dotted line) are consistent with the analysis for phase velocity. Johnson and Bowler's 

results are fairly close to the experimental result, except when -yHe = 0.45. 

The values of a and P computed by the ST method tend to show better agreement 

with experiment as the number of Burnett functions is increased from 4 (N=l. L=l )  to 

6 (N=2,L=1) and then to 9 (N=2, L=2) (shown in Figures 5.4 and 5.5) terms per com- 

ponent. Numerical calculations using more than 9 moments gave numerical ovedows, 

which were assumed to be the result of evaluating a large determinant with over 400 

elements. While further work needs to be done to accurately establish the numerical 

convergence of the results presented in Figure 5.4 and 5.5, some qualitative observations 

about the effect of increasing the numbber of moments upon the dispersion relations can 

be made. Mixtures in which helium is the dominant species (-YHe = 0.8 and -YH, = 0.7) 
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Figure 5.4: Plots of P W - ~ V ~ ,  versus 1/Kn for XH, equal to 0.8, 0.7, 0.45 and 0.3. The 
ST result is the solid line, Johnson and Bowler's calculation is shown by the broken line 
and experimental results are denoted by o. 
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Figure 5.5: Plots of au-'vH, versus 1/Kn for various XHe equal to 0.8, 0.7, 0.45 and 0.3. 
The ST result is the solid line, Johnson and Bowler's calculation is shown by the broken 
line and experimental results are denoted by o. 
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tend to show faster convergence for ,f3 and a! than mixtures in mhich xenon is present in 

larger amounts ( X H ~  = 0.45 and XHe = 0.3). Also, more moments are requirerl to obtain 

converged values of P and a as Kn increases. The latter observation is common to both 

single-component systems of Chapter 4 and the two-component systems in the present 

chapter. 

The calculations performed on the He-Xe system show that the ST method for a 

real system is feasible. The agreement with experiment still leaves much to be desired, 

however. There may be a few reasons for this. First and foremost, the convergence 

properties of the dispersion relation should be ascertaineci to ensure that the series is 

in fact convergent. Secondly, more realistic interaction potentials are probably worth 

investigating, although they would involve more computation. Thirdly, use of a b a i s  set 

other tliau Buruett furictious may heip the convergence of the dispersion relation and 

this possibility should be investigated. 

5.6 Conclusion and Siimmary 

In spite of the overall success in modelling the acoustical properties of gases, there are 

some ma.jor defects common to gas kinetic treatments. In hydrodynamic caiculations, 

any thermodynamic and transport coefficients for any system can be obtained from em- 

pirical data and inserted into the equations. Ln gas kinetic theory, one cannot do this 

without modiSring the transport properties. Interna1 degrees of freeclorn can also be 

incorporated into hydrodynamic equations through phenomenological data and should, 

in principle, be modelled using inelastic Boltzmann collision terms. Another deficiency 

arises from the effects of modelling interatomic potentials. 

Phase velocities and attenuation coefficients provide onIy a simple check of the va- 

lidity of the models discussed in this and the preceding chapters. Comparisons with 
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Light-scattering data provide a still more comprehensive test of these cdculations. For 

the detailed modelling of Rayleigh-Brillouin lineshapes obtained fiom light scattering, 

thermodynamic and transport coefficients affect the line-broadening in the peaks. For 

example, the Maxwell potential yields a system in which the thermal difision coeffi- 

cient is zero. It is known that thermal difision causes significant line-broadening in 

Rayleigh-Brillouin scattering and a mode1 that neglects this effect will predict signifi- 

cantly narrower spectral lines than are observed experimentally [110]. As a result, light 

scattering calculations that assume Maxwell potentials between the particles can never 

give quantitative results. 



Chapter 6 

Summary and Outlook 

This thesis has considered corrections to the equilibrium rate of reaction from the 

perturbation of the velocity distribution function in a number of mode1 systems. The 

effects of reversibility and irreversibility as well as the effect of reaction products on the 

nonequilibrium reaction rates have been studied. The role of the departure of species 

temperatures from the equilibrium values in reacting species have also been examined. 

The region of validity of the CE and related SNE and MSNE methods have been estab- 

Iished using expiicitly time-dependent calculations of the departure of the reaction rate 

and temperature from their equilibrium values. A critical evaluation was provided of the 

work of Cukromki et al. [31], which questioned much of the earlier work in the field. 

An aspect of this subject that is lacking is that there has been. to the author's knoml- 

edge, no direct experimental observation of these nonequilibrium effects. Only recently 

have there been experimental developments in this direction that rnay permit direct ver- 

ification of nonequilibrium reactive effects in realistic systems. The direct meâsurements 

of velocity distribution functions in reacting systems have been reported recently by sev- 

eral groups [85]. These generally involve the determination of the details of the velocity 

distribution function of a product of a reaction (often hydrogen) from the Doppler profiIe 

of an emission Iine. Similar methods have been used to characterize the distribution of 

atomic hydrogen about the Earth at  altitudes above 500km [86]. The rnethods disciissed 

in this paper have been used by Lindenfeld and Shizgal[87] to study the escape of atomic 
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hydrogen from Earth; a process with an activation energy analogous to the mode1 re- 

active systems of this work. In ~articular, the cooling of the escaping hq-drogen over 

the background major species which is atomic oqgen has been estimated and measured 

fiom the Doppler profiles of Lyman-P emission [Ml. This is an excellent example of the 

departure of the temperatures of different species from the system temperature. 

It is sp eculated t hat significant translational non-equili brium could exist in react ing 

gas-phase systems with large temperature and density gradients such as flame fronts 

[134J. Unpublished calculations by the aut hor on mode1 reactive systems suggest that 

large gradients alone are insufficient to cause significant nonequilibrium effects in reac- 

tion rates. It is suggested that nonequilibrium effects could be enhanced by a feedback 

mechanism in a multistep reactions. Such a situation could involve a system in which a 

translationally exited products of one reaction step are consumed in other reaction steps 

of the reaction sequence. The t heoretical methods developed in this thesis are anticipated 

to be of practicd use in the interpretation of such experiments when the results become 

available. 

The WCU, GBE and ST methods for calculating sound dispersion properties in sim- 

ple gases have been examined. The WCU method fails to converge and gives incorrect 

results outside the hydrodynamic region. Solutions of the sound dispersion problem ob- 

tained from GBE method are shown to diverge in the limit of high frequencies and low 

pressures. Sound dispersion properties caIculated using the ST method give fairly good 

agreement with experiment. The importance of the Gross-Jackson modification as well 

as the significance and interpretation of cutoff fiequencies of the ST method have been 

examined. The ST method is applied to the problem of anomalous sound dispersion in 

gas mixtures. The results show qualitative agreement with the calculations of previous 

workers [59] and some agreement with experiment. 
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The methods of Chapters 3 and 4 have applications to ongoing work on light scatter- 

ing in gas systems. The theory of sound waves applies directly to the study of propagating 

density fluctuations [135], a phenornenon that is studied in light scattering experiments. 

The spectrum of density fluctuations is experimentally obtained by Rayleigh-Brillouin 

light scattering [136]. A beam of monochromatic light, having frequency wo and wave 

vector ko is scattered by a neutral gas giving a broadended spectrum of scattered light 

centered about WQ. When the gas pressure and angle of observation relative to ko are 

appropriately selected, a fine structure in the spectrum consisting of three lines appears. 

The Rayleigh line is undisplaced and centered about frequency wo, while a symmetrically 

displaced doublet at fkequencies wo - W B  and wo + W B  make up the Brillouin doublet, 

where W B  is the frequency shift. The Rayleigh peak is undisplaced but broadened by 

thermal fluctuations. The Brillouiri doublet is displaced as a result of acoustical waves 

which diffract the incident beam and cause a Doppler shift in its frequency. 

Light scattering measurements at large angles of observation involve fluctuations in 

the region where the wavelength is comparable to the mean free path. The predictions 

of continuum theory have long been known to give poor agreement with experimental 

results in this region (reference [137], for more recent results, see [110]). As the viewing 

angle increases, the widtb of the Brillouin peaks increase by as much as a factor of ten, 

a fact that continuum theories have not been able to account for. Gas kinetic meth- 

ods that are identical to methods applied to the theory of sound have been applied to 

the interpretation of wideangle light scattering measurements [138]. The calculations 

[138] have confirmed the accuracy of comrnonly used gas kinetic models. Most recent 

measurements of anomaious sound dispersion have been obtained from measurernents of 

the Rayleigh-Brillouin spectrum of light scattered from mixtures of gases of disparate 

masses [62-661. Qin and Dahler [39] have recently shown that the spectrum of scattered 

light from a mixture c m  be influenced by reactions. There is the potential for studying 
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reactive systems and reaction-induced density fluctuations using acoustic waves and the 

Rayleigh-Brillouin spectrum. It is b elieved that light-scattering can provide experimental 

verification of the methods applied in this thesis, and that the methods of this thesis can 

in turn can be used to interpret the results of future light scattering studies on reactive 

and acousticd systems. 
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Appendix A 

Isothermal Systems 

Cukrowski et al. [31] suggested in a recent paper that the neglect of the different 

species temperatures in the treatment of the one component reactive system 

A + A + products ( A 4  

is in error. Cukrowski et al. [31] argued that even for this one component system, there 

must be a contribution from the al expansion coefficient owing to a difference in the 

temperature of species A and the temperature in the h~a.xwellian. in order to introduce 

this effect they replaced reaction (A. 1) with the reaction, 

For this system, they set dT/dt = O so that this term is no longer included in the 

inhornogeceous function (compare with Eqs. (2.2.10) and (2.2.11) in the CE equation). 

This assumption is not correct as discussed in Section 2.2.2. 

The elastic A - A collision operator that was used in their work is given by Eq. (20) 

of the earlier paper [32], and to first order is of the form, 

This is not the same 

(1) (1) Id [f ] = /l[f(l)' /!O)' - f ('1 f:O)]ollgd~dct. (A-3) 

linearized operator used in the other works [13,20,40] (see also Eqs. 

(2.2.2), (2.2.3), (2.2.35) and (2.2.36)) since one of the distribution functions of the same 

species has been set equal to the Maxwellian. With the substitution, f(') = f(')d, the 



Appendix A. iso themal Systems 

elastic A - A collision operator is 

and is not the correct linearized one component collision operator. The correct operator 

is the one given by the first term on the LHS of Eq. (2.2.8). The operator in Eq. (2.2.8) 

conserves both the number density and the energy wherem the operator gîven by Eq. 

(A.4) conserves only the number density. With the neglect of dT/& and the way in mhich 

the operator was linearized, the system studied by Cukrowski et al. [32] corresponds to 

the reaction Eq. (A.1) occurring in a large excess of a second species (with the same 

mass as A) that acts as a heat bath. This is the isothermal system studied in the paper 

by Shizgal and Karplus [22]. The CE equation considered by Cukrowski et al. [32] is of 

the form, 

The Boltzmann equation for the product is not included so that there is no density 

dependence considered. 

It is important to  notice that in this equation the cross section that appears in the 

collision operator on the LHS is for A-A elastic collisions, and not A-B collisions if B 

were in large excess and acted as a constant temperature heat bath. For the system 

studied by Cukrows1;i et al. [32] (and in [21]), the temperature of the one component 

reactive species is diflerent from the bath temperature as given by Eq. (2.2.24). The 

leading term in the expansion is indeed al and a first approximation to the correction to 

the equilibrium rate of reaction is given by, 

which with Eq. (2.2.33) is given explicitly by, 



which is given by Eq. (3.2) of Cukrowski et al. [31]. 

The CE equation for the one-component system, Eq. (A.1): is given by 

The important distinction between this equation and Eq. (A.5) is that  the energy is not 

a summational invariant of the first equation whereas it is for the second equation. The 

coefficient al is nonzero for the solution of Eq. (A.5) but it is zero for Eq. (A.8). The 

lowest order estimate of the fractional decrease of the rate coefficient from the equilibrium 

value is obtained with a;! and is given by, 

which appears as Eq. (3.3) in Cukrowski et ai. [31]. This result is twice the result given 

by Eq. (2.2.34) as explained in Section 2.2.1. The results Eqs. (A.7) and (A.9) are for 

different systems and cannot be compared directly. 



The Generalized Chemicd Kinetic Equation of Alexeev 

The system studied is the mode1 reactive system 

with the complete neglect of products. The system is a simple one for mhich many cal- 

culations have been carried out. In this case, an isothermal constraint is applied and 

nonequilibrium effects are neglected. Alexeev's "physical method" [46] is used to obtain 

a hydrodynamic rate equation for the rate of change of the density of the system. The 

resulting "generalized hydrodynamic" result is compared to the conventional hydrody- 

namic result. 

B.0.1 Physical Method of Derivation 

For a gas of particles having velocity distribution function fl(c?x, t ) ,  the change in the 

number of particles having velocity c over the small time interval At in the absence of 

external forces is 

mhere c,x and t are velocity, displacement and time coordinates, respectively. The 

t e m s  on the right-hand side of Eq. (B.2) are the Boltzmann collision operators mhich 

represent the gain and loss through elastic and reactive collisions, JE  and JI, respectively. 

For spatially homogeneous system, Alexeev expands the LHS of Eq. (B.2) in a Taylor 
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The GBE is obtained by setting the time interval, At, to be of order r7 the mean time 

between collisions. Al1 terms of order ri) and higher are ignored. The result is the 

standard GBE of Alexeev 

Equation (B.4) is the linear form of the GBE that is obtained from the physical method 

of derivation [46]. The nonlinear form of the GBE is [46,47] 

dfl d dfl ,-, [T,] = & + J .  

and both forms of the GBE for the model system A + A + products were examinecl. 

B.0.2 Reactive System A + A + products 

An isothermal gas of elastic hard spheres with a line-of-centers reactive model was used 

to model any measurable effects that would characterize the GBE. The total reactive 

collision cross section is given by 

a* = naR(l - E V / E )  E 2 E* 

= O E < E*. 

where E* is the threshold energy and OR = d2,/4. The hard sphere elastic and reactive 

diameter was dR-  This simple system can be solved exactly and adequately describes the 

reaction kinetics of some real systems. 

The model A + A + products describes a system in which bimolecular collisions 

between particles exceeding the activation threshold results in the escape of particles 

from the system. Reactive collisions change the density as well as mean time between 
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collisions in this hypothetical system. This case corresponds to an example of which T is 

not a free parameter [47]. 

The hydrodynamic expression for the rate change of density of the reacting system is 

obtained by integrating the velocity distribution function, fl over ail velocities, c. With 

Jfidc = nl Eq. (B.3) is 

where a7 is the time step, At,  written as the product of T ,  mean time between coIIisions, 

and some constant scaiing factor, a. Alexeev's "physical method" is the special case of 

a = 2. In contrast to Eq. (2.44) of reference [46], Eq. (B.7) is not tmncated after two 

terms. The series in Eq.  (B.7) can be solved exactly for the system A + A + products. 

Integrating the right-hand side of Eq. (B.7), for a Mâuwellian velocity distribution, 

fl = n l ( t ) [ m / 2 ~ k B ~ ] 3 / 2  exp[ -m2/2kBT] ,  the elastic Boltzmann collision operator van- 

ishes, 

The result for the reactive collision operator using the line-of-centers collision cross section 

the farniliar Arrhenius reaction-rate law. 

B.0.3 Generalized Hydrodynamic Equation for a Reactive System 

The following discussion treats a "generalized hydrodynamic" reactive system comprised 

of particles whose velocity distribution is almost Mmellian. The generalized h y d r ~  

dynamic equation for the homogeneous case of the mode1 system A + A + products 
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dnl  ar  d2nl  (ar ) 'd3nl  -- -- +--- expi- ES/kBT] . (B. 10) 
d t  2! dt2 3! dt3 

For the mode1 system, the mean time between collisions is the number of particles in the 

system divided by the rate of collisions. The rate of collisions, is 

where a is the total collision cross section for A and the mean time between coIlisions is 

Re-writing nl, t and r in dimensionless form, 

(B. 13) 

(B.14) 

(B. 15) 

where the zero subscript refers to the values at some inital time t = O. Combining Eqs. 

(B.13)  and (B.14), 

? = l/&. (B. 16) 

Rewriting Eq. (B. 10) (omitting the "hat" ' over dimensionless units) 

(B. 17) 

where R = exp[-E*/kBT]. 

Writing r in terms of nl (Eq.  (B.16)) is observed that Eq. (B.17) has an exact 

solution nl in t of the form 

(B .  18) 
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This is consistent with observed reaction rates for second-order chemical kinetics, except 

that the rate constant no longer corresponds to R, but to some 'Lcorrected" generalized 

hydrodynamic value, r. 

The left hand side of Eq. (B.17) can be summed by substituting in the relation 

Substituting the Nth order derivative Eqns. (B.19) into the Taylor series Eq. (B.17), 

the GHE, the rate equation becomes 

Applying the summational identity 

the result 

is obtained. if the physically reasonable assumption is made that the rate of reaction 

is always less than the rate of binary collisions in the gas, then O < R < 1. If R < 1, 

then ar < 1, and the series Eq. (B.21) is convergent. Equation (B.22) represents the 

correction to the rate of reaction as a result of solving the chemical kinetic equation 

as a difference equation. Note that the correction is independent of the density (and 

hence the mean free path) and depends only on the hydrodynamic reaction rate and a 

free parameter a, corresponding to a %tep size". There is no obvious justification for 

choosing a = 2 as in [46]. 
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B .O.4 Relation between DifFerence Equations and GBE Result 

The above treatment is just one of a number of possible difference equations that one can 

solve anaiytically for this system. For example an alternative treatment to Eq. (B.10), 

also has an exact solution of the form Eq.(B.22). Both sides are expanded as Taylor 

series and using the identis for the Nth derivative on the RHSt 

one obtains 

The forward difference equation 

nL( t  + UT) - ni(t) = -TL~(~) 'RUT 

when evduated in an analogous manner gives the reaction rate correction 

For the bacbwards differences the corrected rate , T Eq. (B.29), is smaller that the 

hydrodynamic rate, R (4.2.28), while for the forward difference equation, r is larger than 

R. Note that Eqs. (B.23) and (B.29) are, as expected, equivalent for the case ar << 1, 

since 1/(1+ ar) = 1 - ar + ar2 - ar3 + . . .. The corrections to the rate equation that as a 
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result of the generalized treatment appear to  arise from numerical inaccuracies resulting 

from the choice of the pararneter a in the finite-difference chernical kinetic equation, and 

not any physical phenomenon. 

The standard generalized hydrodynamic expressions for this system (Eq. (B.4) and 

(B.5)) can be easily solved by the method analogous to the one above. or by standard 

numerical methods. The nonlinear case Eq.(B.5) is solved for the model system by 

observing that $ = Solutions of the h e a r  and nonlinear equations, Eqs. (B.4) 

and (B.5) respect ively, bot h coincide giving the "correct ed" rate 

Figure B.1 shows the reciprocal of the density evolution in time for the hydrody- 

namic and generalized equations. The solid line is the standard hydrodynamic result for 

E*/kBT = 2 while the points are the numerical solution of Eq. (B.5) and the dotted line 

the analytic solution. The boundary conditions for soIving the second order ordinary dif- 

ferential equation numerically by finite differences were ni = no a t  t = O and d n l / d t  = O 

for large t. The slope of the solid line corresponds to R: while the slope of the dotted 

line corresponds to r . 

Figure B.2 shows a semilogarithmic plot of numericd and analytical solutions for 

the "corrected" rate r versus the threshold energy, E"/kBT. This is compared the hy- 

drodynamic value, R, which has an Arrhenius form and gives a straight line. The dotted 

line shows the analytical solution (Eq. (B.23)) and agrees we11 with the cuve  for the 

numerical result of Eq. (B.4) (shown by +). 

An exact solution of the generalized hydrodynamic equation for the model system 

A + A + products based on Alexeev's "physical method of derivation" [46] was carried 

out. The exact solution contains a single adjustable pararneter for the given system. This 
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Figure B.l: Plot of (1/ i i  - 1) versus time for a second-order reaction A + A + products 
with E*/ksT = 2. The solid line represents the standard hydrodynamic solution, R, while 
the dashed line and (+) represent the analytical and numerical solutions, respectively, 
of the GHE. 
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ob 0 Hydrodynarnic (R) 

+ Generalized Hy drodynamic ( 
le, 

Figure B.2: Semilog plot of the reaction rate constant for A + A + products versus 
E*/kBT. The hydrodynamic solution, R, is denoted by O, while the numerical and 
analytical solutions to Eq. (B.4) are denoted by (+) and the dashed line, respectively. 
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parameter is shown to be equivalent to the step size of the Boltzmann difference equation. 

This parameter controls al1 deviations fiom the known hydrodynamic result. This demon- 

strates that this deviation does not arise from physical effects but rather from numerical 

errors arising from the choice of step size. Based on these observations. it was concluded 

that Alc~eev's GBE and GHE do not describe the mode1 system A + A + products . 



Appendix C 

ST Collision Matrix Elements 

The matrix elements defined in Eq.  (4.3.92) 

where 

are evaluated with Legendre polynomials e ( p )  and associated Laguerre polynomials 

L : ' / ~ ( < ~ )  defined in Eqs. (4.3.14) and (4.3.16), respectively. The product of tmo auiaily 

syrnmetric Burnett functions is given by 

where 

and 
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With Eq.  (C.3), the &r,,~lr  integrals, can be mritten in the form 

where Zij is 

The integral Z i j  is evaluated by setting c& = ~ & d ~ ~ c . &  and c2 = <:+ci+[: the integrand 

of Eq. (C.7) is expanded into a polynomial in 5,: Cu and Cz of the form 

In Eq. (C.8). 

and 

- [ n-L/zI. (y) n even 
- 

1 O n odd 

multiplying Eq. (C.ll) by rr-4 ewp (-6:) and integrating over al1 <, gives the recurrence 

reIation 
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Present Work Sirovich & Thurber 
Ir- 
& 

f The truncation constant is normalized to 1 in S&T notation while their choice of 
reduced velocity CI results in a factor &. 
Table C.l: Some notation used in the present work and equivaIent notation in Sirovich 
and T hurber [128]. 

which when evaluated gives 

(C. 13) 

where ~ ( f )  = &(f) is the well-known Plasma Dispersion function [129]. 

The integral R,,l , , t l ,  is equivalent to  the result obtained by Sirovich and Thurber [128], 

-4ppendiu B. Table C.1 gives notational equivalents between this and their work. 
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The linearized BGK Mode1 

The BGK approximation to the Boltzmann equation is 

mhere v is the collision frequency, and the gain part of the collision term is approximated 

by a local Maxwellian fLM. The nonequilibrium veiocity distribution function, f is mi t -  

ten in terms of the equilibrium velocity distribution function f ((') which is perturbed by 

a small term h 

The constitutive relations for density, n, momentum, rnê. and translationai energy. 

3kBT/2 give 

n = n(')(l+ h) = f O ) ( l  + hjdc 1 0 3 )  

E = C = 1 fcO)(i + h)cdc (c'O) = O stationary fluid) (D-4) 

where 
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The local Maxwellian distribution function is mritten in terms of the perturbed mass, 

momentum and energy 

and substituting in Eqs. (D.3), (D.4) and (D.5) into Eq. (D.9) gives fLM in terms of the 

equilibrium properties do) and ~ ( ' 1 ,  

A linearized form of Eq. (D.10) is obtained for for small values of t& < and T by substi- 

tuting the identities 

into Eq. (D.10) giving 

where exponentials in in r and (' of Eq. (D.13) are expanded in a Taylor series and 

quadratic and higher-order terms are dropped. Expanding Eq. (D.14) and neglecting 

quadratic and higher-order terms in 4, T and C gives 

The BGK mode1 collision operator is obtained from Eqs. (D.2) and (D.15) for K[h] = 
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which is essentiaiiy Eq. (4.3.95). 
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