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In this paper, we address the topic of inelastic electron scattering in mesoscopic quantum transport. For
systems where only elastic scattering is present, Landauer theory provides an adequate description of transport
that relates the electronic current to single-particle transmission and reflection probabilities. A formalism
proposed recently by Boacand Trugman facilitates the calculation of the one-electron transmission and
reflection probabilities foinelastic processes in mesoscopic conductors connected to one-dimensional ideal
leads. Building on their work, we have developed a self-consistent procedure for the evaluation of the non-
equilibrium electron distributions in ideal leads connecting such mesoscopic conductors to electron reservoirs
at finite temperatures and voltages. We evaluate the net electronic current flowing through the mesoscopic
device by utilizing these nonequilibrium distributions. Our approach is a generalization of Landauer theory that
takes account of the Pauli exclusion principle for the various competing elastic and inelastic processes while
satisfying the requirement of particle conservation. As an application we examine the influence of elastic and
inelastic scattering on conduction through a two site molecular wire with longitudinal phonons using the
Su-Schrieffer-Heeger model of electron-phonon coupling.

I. INTRODUCTION proach has been proposed by Barand Trugman for treat-
ing this scattering problem for a system consisting of a me-

The role of inelastic scattering in electron transportsoscopic conductoiwhich supports the phonon modes
through mesoscopic systems is a topic of current theoreticadoupled to two single-channel ideal leads that act as the elec-

and experimental interest. Recent experiments have revealén source and draitf. Their method approximates the
the importance of the electron-phonon interaction in transmany-body problem by a multichannel single-electron scat-
port measurements performed on certain mesoscopic sygering problem, which can be solved exactly. Here each
tems. In particular inelastic scattering effects have been okehannel corresponds to a different vibrational quantum state
served directly in scanning tunneling microscof§TM)  of the mesoscopic conductor. Using their approach it is pos-
measurements of the differential conductance of moleculesible to determine the transmission and reflection probabili-
adsorbed on metallic substrafes. Theoretically the effects ties for all inelastic and elastic scattering events that an elec-

of inelastic scattering on electron transport through mesosyon may suffer in the conductor as it goes from the source to
copic semiconductor devices have been investigated by fhe grain. This method has been applied to study the effects
variety of methods ranging from Green's function ot phonons on electron transmission through one-
technique§™® to the Fermi golden ruIé.So_me theoretical djmensional conductors where the electron-phonon coupling
models have also been proposed to elucidate the effects fhs been modelled using the Holstein Hamiltoiftdf*and
molecular vibrations on electron tunneling through mol-the Su-Schreiffer-HiegeiSSH Hamiltonian!®:17

10 ;
ecules contacted by an STM°Recent work has provided a The present paper is complementary to the above theoret-

method for calculating the electronic current at finite tem-. | K It is t lize the Land th f
peratures for electrons tunneling through a one-dimensionaf®' WOrK. ItS purpose Is to generalize the Landauer theory o

conductor in the presence of phondhsThese approaches electrical condgction to mesoscopic syster_ns with.electron—
have yielded valuable insights into the behavior of specifidn@non scattering, assuming that the latter is described accu-
systems. rately within the [nult|-channel smgleéelectron scattering ap-
In the absence of inelastic scattering and electron correlfroach of Boria and Trugman® le., given the
tions, Landauer theot§ provides a general framework for Bonca-Trugman® solution of the inelastic scattering prob-
calculations of the electronic current through mesoscopidem, our objective is to calculate the electric current by ap-
conductors that are coupled to ideal single- or multichannepropriately generalizing Landauer theory.
quasi-one-dimensional leads. It relates the electronic current When transport in a many-electron system is described in
to the transmission probability for an electron incident fromterms of one-electron scattering processes, the Pauli exclu-
the source lead to scatter elastically through the conductaion principle needs to be considered since in general elec-
and into the drain. The transmission probability is found bytrons involved in different transitions may compete to oc-
solving the single-electron quantum scattering problem.  cupy the same final state. In treatments of transport based on
When inelastic processes such as phonon emission aride Boltzmann equation, if the electron scattering is elastic,
absorption are considered, electron scattering becomes this competition has no effect because of a mutual cancella-
many-body phenomenon involving electrons and the variousion of terms'® However such a cancellation does not occur
excited phonon states of the system. A nonperturbative apwhen scattering is inelastf€.In Landauer theory scattering
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is assumed to be elastic and the electronic current is carridae resonant with the lower level. Such a process is found to
by electrons that occupy single-particle scattering states thde highly transmitting. When the voltage is high enough that
extend across the mesoscopic conductor from the source tbere is a sufficient number of electrons in the left lead that
the drain. These scattering states are orthogonal to eadt&n undergo this process, we find that the current in the right
other?® Because of this orthogonality, if an electron popu-le€ad due to elastically scattered electrons is reduced signifi-
lates one of these scattering states it does not compete wifi@ntly due to competition with these inelastically scattered
any of the other filled scattering states. Thus in Landauefl!€ctrons. Thus we find that the mutual exclusion between
theory (as in the elastic case of the Boltzmann equatibe the spattgred eIectrons that make up the nonequilibrium dis-
Pauli exclusion principle for the final states in the scatteringg)'bUtlon in the drain lead can have important consequences

processes does not play a role in the determination of th r the electronic current flowing through the molecule.
electronic current. In Sec. Il, we describe the class of systems that we study

In our generalization of Landauer theory that includes in-&}'lf]d explain htOW the scattrgnr:_g staft(taﬁ a[e C(?ICUIa:ﬁd‘ In Sedc.
elastic scattering, this is no longer true: Different scatterind » We present our generafization of the Landauer theory an

processes can send electrons to the same outgoing state method for calculqting the non(_aquilibrium the electron
the Pauli principle plays an important role in determining the istribution and associated electronic currents. We then ap-

occupations of the outgoing channels. In the Boltzman trea ly our mef[hodology to a s_|mple model for a two-site mo-
ment of inelastic scattering the Pauli principle is applied to.ecular chain and calcul_ate its current—vo_ltage_ characteristics
the nonequilibrium one-electron distribution function for the" Sec. IV. Our conclusions are summarized in Sec. V.
system since transport is an inherently nonequilibrium phe-

nomenon. Here we apply an analogous principle: In our ex- Il. INELASTIC SCATTERING IN ELECTRON
tension of Landauer theory the Pauli exclusion principle is TRANSPORT THROUGH A MESOSCOPIC CONDUCTOR

applied to the nonequilibrium electron distributions in the | the absence of inelastic scattering and electron correla-
outgoingchannels of the scattering process and these distrions, electron transport through a mesoscopic conductor can
butions must be determined selfconsistently. $|nge SOMe Prgse described in terms of the probabilif{E, V) that a single
cesses may be excluded because of the Pauli principle, oVefieciron with energyE scatters through the conductor from
all particle conservation is another consideration that must bg,a source to the drain at an applied bias volt&gé When
taken into account when trying to generalize Landauepnsnons(or vibrational modesof the conductor are consid-
theory to include inelastic scattering. . ered, an electron entering from the source can suffer inelastic
We have developed a practical method for determining,qjisions by absorbing or creating phonons before entering
these nonequilibrium electron distributions for a class of Méine grain. Each of these processes can be described by its
soscopic systems. These systems are similar to those consiglyn, transmission probability. If we assume that the source
ered by Bona and Trugmat? in that they consists of @ me- and drain are single-mode leads, which are free from

soscopic conductor, which is attached to two single-modehonons, we can characterize the above single-electron scat-
ideal leads, which act as a source and drain, and phonons are.

1 1 H ,a’ !
assumed to be present only on the conductor and not on t r!ngd proc_gss by al transmﬁsmn prObfb'mﬁﬁR(lE’E ).
ideal leads. We consider scattering processes which chan IS describes an electron that enters from the eft kead
the conductor's phonon state or leave it unchanged. Each |t_h energyE, suffers inelastic coII_|S|ons on the conductor,
these processes contributes to the nonequilibrium electroffich ,change the phonon population on the conductor from
distribution. We determine each contribution self- ¢ [© @', and then scatters into the right led®) with energy

consistently(i.e., in the presence of the other processes tha't:',' S|m|IarI_y,_ an electron incident from the left lead can
can occur in terms of the transmission and reflection prob_suffer a collision and be reflected back into the I(/eft lead. This
abilities for the given process and the Fermi functions thaiS characterized by a reflection probabiligg“ (E,E’).
describe the incoming electron distributions in the left andElastic scattering processes are included wittbeing equal
right leads. Included in this self-consistent method is theto «. For all processes the total energy is conserved:'so
constraint of particle conservation. We do not however inplus the net energy of all of the created and destroyed
clude cumulative effects of the current on the phonon distriphonons is equal t&. We now describe a method for calcu-
bution in the conductor; i.e., we assume that the conductor ikiting these transmission and reflection probabilities for a
in contact with a heat bath. With the nonequilibrium electronmesoscopic structure.
distribution determined we then evaluate the current flowing A schematic of our model for the mesoscopic conductor,
through this system for finite temperatures and bias voltagesvhich consists of a sourcéeft) and a drain(right) lead

As an application of the above theoretical approach weattached to a one-dimensional conductor/wire is depicted in
calculate the electronic current as a function of voltage for &ig. 1. We assume that the leads are ideal and that they only
two site molecule. The molecule has two single-particle mo-have one electronic channel. Phonons are considered to be
lecular energy levels through which electrons from the leadenly on the conductor and not on the ideal leads. An electron
can resonantly tunnel. It also has two longitudinal phonorflows through the wire under an applied b¥sWe assume
modes that can be excited. A Su-Schrieffer-Hee@$H  that the voltage drop only occurs at the interface between the
Hamiltonian is used to represent the electron-phonon couwwire and the leads with the left lead held atv/2 and the
pling. For our model system one of the phonon modes isight lead held at+V/2. We solve the transport problem by
chosen to have an energy equal to the gap between the tveolving Schrdinger's equation for the many-body wave
electronic energy levels. Because of this, electrons which arkinction of the electron-phonon system from which we ex-
resonant with the higher energy level can emit a phonon anttact the transmission and reflection coefficients mentioned
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Left Lead Conductor Right Lead is controlled by the hopping paramef@r . Similarly, on the
right lead an electron can exist on sitdn an orbital with
energyeg=e—eV/2. The nearest-neighbor hopping is con-
trolled by the parameteBr. Since we assume that there are
no phonons on the leads the Hamiltonians for the left and
his VR right leads are given by

1 1
Hi=e X CicatfBL X (Cicy_qtH.C)
n=—o

n=-—w

| | Hg= 6R21 C,Tcn+/3R21 (chch_1+H.C).
n= n=

| | The wire is coupled to the leads W4 andVg. We assume
v that only the sites on the leads directly adjacent to the wire

FIG. 1. A schematic of our model for a one-dimensional meso-2'€ coupled to the wire. Electrons can hop from these lead

scopic conductor. The conductor bridges two one-dimensional ideafit€S 0 any sit¢ on the wire and this is governed by_

leads. The applied bias voltage\is The Hamiltonians of the indi-  for the left lead andw,; for the right lead. We take the
vidual elements making up the system are labeled. electron-phonon interaction between the leads and the wire

to first order. This allows for electrons from the leads to hop
above. These will be used in the calculation of the nonequionto the wire and excite a phonon in makl€This electron-
librium electron distributions and the current, which follows phonon interaction is given by* 1j for the left lead and“‘i,j
in the next section. for the right lead. Thus the coupling potentials are,
The HamiltoniarH of this system can be split up into the

Hamiltonians for the isolated systems consisting of the left N - N P .
leadH, , the right leadHg, and the conductor . It also Vi= Zl WZgj(cZibj+ H.c.)+; 21 Ij(actan
includes the coupling between the wire and the left and right = =

leads,V, andVg respectively. Thus we write, X (cflbj +H.c)

H:HL+HR+HC+VL+VR' (1) N

N

We treat each of the above Hamiltonians in the tight-binding ~ Vr= > wij(cibj+He)+2> > Il (af +ay)
approximation. We model the wire using a set of orthogonal )= Kot
atomic orbital|i)}. Each atomic state has an eneggyvith X (cfbj +H.c).
a corresponding creation operatnt, which creates an elec-
tron in that state. In our Hamiltonian for the wire an electron We now determine the scattering wave function from
can hop from orbital to all nearest-neighbor orbitajsand  Schralinger’s equationH| ¥ *)=E|¥ ), wherea labels the
this is governed by the hopping paramat,%r for the equi- initial phonon state on the conducting wire. The wavefunc-
librium configuration of atoms. The wire also has a discreteion describes the many-body system consisting of a single
set of vibrational modes, each characterized by a frequencgiectron and the phonons. As shown by Baand Trugman,
w,. The phonons on the wire are described by the statéhe scattering process can be represented graphicallye
|@y=1|{n.}), where{n,} is the set of mode occupation num- power of this representation is in that the many-body prob-
bers. A phonon in modk is created by the operatag, . To  lem can be viewed as a multichannel single-electron scatter-
first order in phonon creation/destruction operators thdng problem. Thea' channel in either the left or the right
electron-phonon interaction is given by , and this governs  leéads corresponds to an electron propagating in the single-
the process of an electron hopping from dit® sitej and  €lectron mode of that lead with the wire being in s
exciting or de-exciting a phonon in mo#teThe Hamiltonian ~ Phonon state. A scattering process that changes the phonon
of the N-site wire that we consider is, state from|a)=|{n,}) to [a’)=[{n}) can then be repre-
sented graphically as an electron incident fromdhehannel
and then scattering into the’ channel. Figure 2 shows a
HC:; eibieriJF;j tﬁj(bﬁbj+H.c.)+; IE] graphical representation of the scattering channels for a

simple single site wire described by the above Hamiltonian.

N

Kt N N An electron incident in thex channel in the left lead can
Xyii(@c +ad(b; bi+H-C-)+2k ho@y - scatter elastically or inelastically into any of the outgoing
channels in the left and right lead. Channels are connected
The leads are modelled as a chain of atoms each with Rorizontally by the electron hopping part of the Hamiltonian
single-atomic orbitaln), wheren labels the site. For the left whereas they are connected vertically by the electron-phonon
lead n ranges from—« to —1. On the right leach ranges interaction.

from 1 tow. On the left lead an electron is created on site With this picture in mind, we now write explicit forms for
by the operatorc, . The site energy is given by =e the wave function on the left lead ), right lead(R), and the
+eV/2. Electrons can hop to nearest-neighbor sites and thigire conductor(C). We assume that the wire is initially in
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the phonon statix) and that there is a rightward propagat-
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FIG. 2. A graphical represen-
tation of the inelastic scattering
problem for a single site wire with
first order electron-phonon cou-
pling between the leads and the
wire. Each phonon state of the
wire along with the Bloch state of
the electron in a lead can be visu-
alized as a separate scattering
channel. Scattering channels are
connected horizontally by the
electron hopping parameterand
B, while they are connected verti-
cally by the electron-phonon inter-
actionI’,y. An electron is initially
incident in thea channel and can
scatter into any of the other chan-
nels.

Inserting the above wave function into Schimger's

ing electron in a Bloch mod&,e™"“|n) with energyE in

equationH| W)= E|W¥*) yields a system of linear equations

the left lead. The electron can then be reflected elastically dihat can be solved numerically for thg: ., s, and the
inelastically into any of the other channels in the left Ieadu“ ' at each energ¥. For our particular model based on

and propagate in a new Bloch mode with eneEjyin the
left lead with the wire in a new phonon stdt’). Thus, the

smgle -channel leads we then determine the transmission and
reflection coefficients for each inelastic channel using,

wavefunction on the left lead will consist of the initial state
plus a sum over all possible reflected states with some un-
known coefficients , ,. On the wire the wave function will

be a linear combination of the product of the atomic orbitals
with all of the different phonon states. On the right lead the
electron can be transmitted into any of the outgoing channels

and propagate in a Bloch state with an endegyleaving the
wire in a phonon statfa’). Thus the wave function on the

aa’ ! U;
T R(EE) = | —||tar ol (6)

UL

e ot
RL (E!E ): _a |ra’,a|2 (7)

UL

right lead will be a sum over all transmitted states with co-wherev " andvg  are the velocity of the electron in the

efficientst,. , to be determined. Thus, we have

-1
|\Pa>L:n2 einy“|n>®|a>+2 ra’,a
= —00 a/

x 3 e ™ |n)ala’) @
N
W)= E gl urjyela’) (3)
|~P“>R=§ tar,aﬁl e Iny®la’) (4)
with
(W)= W)+ [P+ [T g, (5)

The total energy of the system is conserved, B E’

+ 2 (ng— nk)hwk, whereE' is the energy of the scattered
electron.y®
electron propagating with enerdy/ and is determined from

the condition E'=q g+ 2,8L,Rcos§/”‘) depending on
whether it is in the left or right lead.

channel of the left or right lead, respectively.
We then solve the corresponding problem for electrons

incident from the right lead to determiﬁ@ﬁ{_(E,E’) and

Rg'“'(E,E’). We now proceed to show how these quantities
are used to calculate the nonequilibrium electron distribution
and current for the above system.

IIl. NONEQUILIBRIUM ELECTRON DISTRIBUTIONS
AND THE EVALUATION OF THE ELECTRONIC
CURRENT

As mentioned in the introduction, when calculating the
current using Landauer theory the Pauli exclusion principle
for final states does not play a role; scattered electrons do not
compete with each other. A complication that arises when
inelastic scattering processes are considered is that electrons
can now compete with other electrons that are scattered to
the same final state; the Pauli principle becomes important.
For instance, for the system discussed in Sec. Il, an electron
that suffers an inelastic collision that puts it into a final state
with energyE’ in the drain competes with all other scattered
electrons that can occupy that final stéde shown in Fig. B

corresponds to the reduced wave vector of anthe Jikelihood that this state is unoccupied in the drain is

[1-f(E')], wheref(E") is the nonequilibrium electron dis-
tribution function in the drain. Using the equilibrium electron
distribution (Fermi function here is not correct since we are
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By mmmmm e e
+evlf
E
------------------------------------------------------------------------------------------- e, FIG. 3. A schematic of the various elastic and
E, - inelastic scattering processes that can occur
A3 = s within the mesoscopic conductor that contribute

to the rightward propagating electron distribution
in the right lead. The applied bias voltage\is
The electrochemical potentials of the two leads

E, N = g . under this applied bias are labelpd and u, for
AR Bl 1 the left and right leads, respectively. They share a
common Fermi energy labeled lay . Scattering
E, - E, processes originating in the left lead are labeled
A2 B2 A1-A3, and for those originating in the right lead,

they are labeled B1-B2.

Left Lead Conductor Right Lead

discussing transport, an inherently nonequilibrium phenombution function that exists deep in the left lead. This is the
enon. We will now explain how to determine this nonequi- Fermi function for the left leadr (E) =14 exd (E—u )/KT]
librium distribution for the model presented in Sec. Il. +1} where the electrochemical potential jg =eg+eV/2
Figure 3 depicts the processes we are considering fawith ex being the common Fermi energy of the two leads
electrons that scatter from various initial states with differingand V the applied bias voltage. An electron incident with
energiesk to the same final state at enerBy in the right energyE from the left lead can then scatter elastically or
lead. Some assumptions must be made about which prdarelastically into the final state with enerdy/ with a trans-

cesses can compete with each other. To be consistent witfission probabilityTﬁ‘ﬁ‘g(E,E’). (Elastic scattering corre-
Landauer theory we assume that elastic scattering Processgsonds tav=a’ andE=E’.) Because we now have a num-
do not compete with other elastic scattering proceéb@se  per of processes that can place electrons into this same final
correspond to those processes, which both begin and end &hte the Pauli exclusion principle must be considered. To
energyE’ labeled Al and B1 in Fig.)3 With this assump- jncorporate this into our determination of the distribution
tion an electron that is elastically scattered from the source t@,nction we must then consider the probability that this state
the drain at energf’ does not compete with an electron that js ynoccupied by competing electrons in the drain. For the
is elastically reflected back into the drain at the same energystribution due to elastically scattered electrons, this prob-
(process BL However, elastically scattered electrons cangpjlity will be determined by the non-equilibrium electron
compete with all electrons that can be inelastically scatteregjjstributions of the inelastically transmitted and reflected

to the same final state. The inelastically scattered electrongiectrons, according to the above assumptions. It is given by
correspond to those electrons that start at various endegies., @' \Ri=1y N - i
labeled A2, A3, and B2 in Fig. 3. We also assume that inL1=Za (T3) "(E) = 2o (f25,)"(E")]. For the distribu

elastically scattered electrons compete with all other scat—Ion of a specific inelastic transmitiing pracess, the prababil-

tered electrons that start in a different initial electron statéty that the state in the right lead is unoccupied by competing

(i.e., electrons undergoing process A2 compete with clecelectrons is determined by the distributions due to all other

trons suffering processes Al, A3, B1, and)B2 scattering processes. It Is given bya — (f &) ™(E")

At a given final scattered enerds/, we consider the fol-  —(F*%)RE) == (F“S)E) == 5. o (FC5)R(E)]. The
lowing contributions to the non-equilibrium rightward mov- transmitted electron distributions will be proportional to the
ing electron distribution in the right lead: elastically scatteredproduct of the above probabilities with_ and with the re-
electrons transmitted from the left leatf!(%)R(E’), inelas- ~ spective transmission probabilify We define the appropri-
tically scattered electrons transmitted from the left leadate proportionality constant for electrons incident from the
(fi"i’r; R(E’) (the final phonon state ia’), elastically scat- left lead with energyE, to be c(E). This proportionality
tered electrons that originate in the right lead and are regonstant will be determined by imposing the constraint of
flected back into the right Ieadfi'f‘e,)R(E’), and inelasti- particle conservation. Combining the above considerations

cally scattered electrons which start in the right lead and ar - arrive at the following expressions for the contributions
y 9 fo the nonequilibrium electron distribution due to elastically

reflected back into the right lead{,)X(E"). [The (+)  and inelastically transmitted electrons:
denotes transmitted electrons, the )( reflected electrons
and theR signifies that these are the distributions in the right
|ead] a,a \RIpry — ’ T r e
To determine the contribution to the nonequilibrium dis- (Fre) (B =c(EDFLEDTIZAELED
tribution in the right leadhat is due to transmitted electrons @' \Ry e @ \R)
we must first consider the distribution of electrons incident X 1_2 (i) "(E )_2 (fZ5n) (E")
from the left lead. As in Landauer theory, we assume that “ “
this distribution is given by the equilibrium electron distri- (©)]
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(FETRE) =c(E)FLE)TIR(E.EN)| 1= (FUg)R(E) FLUE) =(FEL)RE) +(F E)+ X (F5)RE)
@a )R(E")— Z (fa )R(E") +2 (F5)E). (12
i This equality* expresses that the incident electron distribu-
- 2 (FERREN|. (9 tion is equal to the sum over all transmitted and reflected
pre! electron distributions that arise from that incident channel.

Similarly for the contributions to the nonequilibrium electron Since all of the transmitted and reflected distributions origi-
distribution in the right lead due to elastically and inelasti-nated from the same incident channel, they all involve the
cally reflectedelectrons, we must consider the distribution of sSame proportionality constart(E). Inserting the expres-
incident electrons given by the Fermi functiofiz(E)  Sions for thef’s into Eq. (12) allows us to solve foc(E).
=1/{exd (E— ug)/KT]+1} for the right lead wherqug=ez  This yields,
—eV/2. Those electrons which are incident with eneigy
can be inelastically or elastically reflected into the final state _ 1

: . . / _ c(E)= : (13
with energyE’ with a probability R (E,E’). Again we Aei T Aint Beit By
take into account the competition for the occupation of this
state using the Pauli principle. For elastically reflected elec?
trons the probability that this state is unoccupied is the same
as that for elastically transmitted electrons. For inelastically Ag=T %r(E,E)
reflected electrons the probability that the state is unoccupied
is determined by all distributions due to different scattering

R a,a \R

processes It is given byl—(f3¢)"(E")—(FLE)™(E") A= 2 L—>R(E E’ ){1 (fﬂz_zél)R(E )—( _eI)R(E)

— 3 (FYORE) =2 pra (F*E)R(E)]. Again, the re-
flected electron distribution will be proportional to the prod-
uct of the above probabilities witR andFg. For electrons - (f*B)REH- D (fillin (E’)}
incident from the right lead with enerdy, the proportional- B ' B #a’
ity constant isd(E). Based on these considerations we write
the nonequilibrium distributions in the right lead due to elas-
tically and inelastically scattered electrons as

where

1- E(h.n RE)- 2 e RE)

. Bei=RI"“(E, E){l 2 (fE8)NE) - E(f“)L(E)}
(f4)*(E")=d(E")Fr(E )RR “(E',E")

1- Zm.n RE")— Z(f““ R(E')}

=2 REC(EE)| 1-(FE e (E) = (F g (E")
(10 a’
(14 ) = d(E)Fr(E)RE (ELE >{1—<fi"fél>R<E’> Ty (WRNET 2 (HRNED|

v R vl R Similarly, d(E) can be determined by applying a similar

—(F2eD™(E") E (F&i) " (E") equality for the distributions originating from the right lead.
This yields,
- 2 (Fef)REN). (1D
B*a’' d(E)= (14

CeI+Cin+ Del+ Din '
Similarly a system of equations is set up for the nonequi-
librium electron distributions in the left lead,f{%)",
(f* In)L (frent, and “)t [Here, (+) signifies trans-
mitted electrons from the rlght lead to left leads ) refers to Ce=TRIL(EE)
reflected electrons in the left lead, afid denotes that all
these distributions are in the left leqd.
The last consideration we must impose is particle conser-
vation. Particle conservation requires that the total incoming Cm—z TRHL(E E")
current be equal to the sum of the total transmitted current
plus the total reflected current. This will allow us to deter-
mine the constants of proportionality for both the left and =X (f*8ONEH—- 2 (F98)HE")
right leads. For the left lead we apply the following equality: p B #al

where

-2 (FER)NE) =2 (1))

1-(FEeH(ED) —(F2E)(E)
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+eV/2

DeI_Ra a(E E {1 2 (fi(rn R(E)_Z (f‘f,‘ilr; R(E) -CV/2

OO
Left Lead Right Lead
E R& ' (E,E’ ){1 (FLEREN—(FCLRE") Molecule

, FIG. 4. A schematic of our two-site molecular wire. We model
- E (f+ fin RE")— 2 (ff‘fn R(E’)}. the longitudinal vibrations of the molecule using a nearest-neighbor
B'#a! ball and spring model. The two atoms of the molecule are coupled

by an effective spring coupling, while they are coupled to the
The above self-consistent system of nonlinear equationgads with a spring couplin.

must be solved iteratively to determine the unknown distri-

butionsf, and the unknown proportionality constar#E)  Similarly, the total current in the left lead due to transmitted
andd(E) For an initial trial SOlUtlon, we let thé’s take on leftward propagating electrons is given by’

the following values,

) 2e
FLE)TER(EE) (0= [ dEt W@, D
TﬁfR(E,E)‘i‘Rﬁ’a(E,E)

TRE)=

where ;o) (E)=(f{4)" (E) + o (f{5,)(E). The net
Fr(E)RZ(E,E) current flowing through the mesoscopic conductor is then

(F2)R(E) = — , . .
ROL(E,E)+RR“(E,E) ioi(V)=(1 0 )RV) + (i (V). (18)

(fent(E)= FREITRZU(EE) IV. APPLICATION TO A DIATOMIC MOLECULE

TR (E,E)+RR“(E,E)

We now proceed to apply the above formalism to a simple

molecular wire system. It consists of two identical one-
FUE)RM(E,E) 4

(foa)L(E)= L dimensional leads, which are attached to the left and right
el TH“R(E,E)+R"“(E,E) ends of a two-atom chain. Figure 4 shows a schematic of our
system. Each atom making up the molecule has just one

(f2“)R(E)=0 atomic orbital, so the isolated two-atom molecule has two

+.in - . . .

discrete electronic energy levels. When this molecule is
(fM )L(E)=0 coupled to the leads, incident electrons with energies that

+.,in -

roughly coincide with the energy of either of these two states
Using this initial guess for thé’s, we evaluate the constants will be favorably transmitted. In the absence of phonons we
of proportionalityc(E) andd(E) from Egs.(13) and (14).  expect two strong peaks in the transmission spectrum at the
With these determined, we then evaluate a new setof energies of the two molecular levels. When longitudinal
from Egs.(8)—(11) using thesec’s andd’s and the oldf's. phonons on the molecule are considered we expect interest-
We then iterate until thé’s have converged. ing physics to occur when one of the phonon energies cor-
With the nonequilibrium electron distributions thus deter-responds to the energy gap between the two energy levels of
mined we proceed to evaluate the electronic current flowinghe molecule. When an electron is incident at an energy cor-
through the wire for an applied voltagé and at a given responding to the higher molecular level it can emit a pho-
temperatureT. At a given energyE the current, 6i,)R, non and drop to the lower electronic energy level. This pro-
flowing in an energy intervabE due to rightward propagat- cess should have a significant transmission probability
ing transmitted electrons in the right lead is given by thebecause the electron will be resonant with the higher energy
charge—e times the velocityvg(E), times the density of level and then also with the lower energy lev@rocesses
statesdg(E)/dE, times the electron distribution for transmit- Where phonons are created and the electron is not resonant
ted rightward propagating e|ectrons in the right leadwith either of th.e'two molecular energy levels Wi||’ not b?
(f. tot)R(E):(faal)R(E)+E (foe R(E)_ Thus, we can strongly _transmlttlng If we assume that the leads’ Fermi
write (including a factor of 2 for Sph energy lies betw_een the tv_vo molecular energy _Ievels, we
expect the following behavior for the nonequilibrium elec-
2e tron distributions: For low voltages and temperatures, the
(5i+)R:_F(f+,tot)R(E)5Ei (15  nonequilibrium electron distribution in the drain will be
dominated by resonant electrons elastically scattered through
where in one dimension the density of states cancels thiéhe lower energy level and elastically reflected electrons. As
velocity factor. The total current due to rightward propagat-the voltage increases the electrochemical potential in the left
ing transmitted electrons in the right lead is found by inte-lead rises while it decreases in the right lead. Eventually, at

grating Eq.(15), yielding, sufficiently high voltages there will be electrons in the left
) lead with enough energy to undergo the inelastic scattering

e . _ .
N Y R process mentioned above. The nonequilibrium electron dis-

()7(V) h f AE(T+ 100" (E) (16) tribution in the drain will then have a significant contribution
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due to these inelastically scattered electrons. These inelasti- 10 ‘ I
cally scattered electrons will compete with elastically scat-
tered electrons that are transmitted through the lower energy i (a)
state. This competition between electrons due to the Pauli .
principle will play an important role in determining the cur-
rent of this two site system at higher voltages.

We have chosen the following set of tight-binding param-
eters for the system described above. On the leads, the sit

IOI’]

‘?ransmiss
o
'

energy ise= —10 eV and the nearest-neighbor hopping en- 02 r

ergy is B.=Br=—2 eV. For the molecule, the two atoms

have the same site energy=e,=—10.0 eV and the hop- %010 105 100 o5 0.0
ping energy ig; ,= —0.15 eV. The coupling of the left lead E (eV)

to the first molecular site isv_; ;= —0.2 eV and the cou-

pling of the second molecular site to the right leadnis; 1.0

=—0.2 eV. We use the SSH Hamiltonian to model the vi-

brational modes of the molecule and electron-phonon cou- ~ 0.8 (b)

pling as is discussed in the Appendix: Our vibrational model .g

of the molecule has two longitudinal phonon modes with .@ %8

energiesfiw,=0.24 eV andfw,=0.33 eV The electron- §,

phonon (e-p) couplings on the chain ar&12 0.0 eV and § o4y 1
712 —0.24 eV. The e-p coupllngs between the leads and +

the chain arel'';,=0.12eV, I'*;,=0.12 eV, I'} 2|

—0.12 eV andl“z1 0.12 eV. We assume that the system is 0.0

at a temperature of =77 K. -11.0 -10.5 -10.0 -95 -9.0
For the transport calculation, the initial phonon stat E (V)
=|{nk}) is taken to be the average phonon distribution on

the chain for temperaturd, with n“=1/exdfw/(ksT)] ergy E of the incident electron for the two site molecule. The
—1}. We approximate each average mode occupation NUMyashed curve corresponds to the transmission probability in the ab-
bern¥ by the nearest integer. At the temperature of interestsence of phonons. The solid curve is with the inclusion of longitu-
|ay=[{n1,n,})=|{0,0}). The other phonon states that we dinal phonons in the calculation at a temperaturd ef77 K. (b)
include in the calculation are those obtained by taking alfThe transmission probability for the elastic scattering channel of the
Ni=0, ... NpnaxWhereNy,=2. two site. Both graphs are &=0 molecule.

In Fig. 5a), the total transmission probability found by
summing over all outgoing channe(solid line) is shown lecular energy level after the creation of this phonon. The
along with the transmission probability in the absence oftwo tunnelling peaks C and D at the energies of the molecu-
phonons (dashed ling (These transmission probabilities lar resonant states correspond to an electron entering the
were calculated for 0 V applied across the molecule. Weesonant molecular energy levels prior to emitting the same
emphasize that they are tl@e-electrontransmission prob- phonon. The second graph, FigbBcorresponds to the cre-
abilities defined in Sec. Il and do not reflect the effects of theation of a single excitation of the second phonon mode with
Pauli principle discussed in Sec. Ill. The latter is taken intoenergy% w,=0.33 eV, equal to the molecular energy level
account in the calculated nonequilibrium distributions andgap. As discussed previously, we expect electrons with en-
currents presented later in this secjiom the absence of ergies incident on the higher energy molecular state to be
phonons the two strong resonant tunnelling peaks are seestrongly transmitting and this process corresponds to the
With the inclusion of phonons, there are extra peaks due tpeak labeled A in this graph. Gragh) is for the process
the creation of phonons. The two resonant peaks are shiftaghere a single excitation is created in both phonon modes.
because the inclusion of vibrations alters the hopping beThe transmission probability of this process is essentially the
tween sites, which in turn shifts the energies at which elecsuperposition of Figs. (@) and Gb), with an overall reduc-
trons are resonant. In Fig(9, the transmission probability tion in amplitude because this corresponds to a higher order
for elastically scattered electrons is shown. The elastic spegrocess.
trum show two strong peaks at the molecular energy levels. We now proceed to calculate the nonequilibrium electron
It also has other smaller peaks which are due to the interadistributions from the calculated one-electron transmission
tion of the electrons with virtual phonons. and reflection coefficients using the method presented in Sec.

Figure 6 shows the inelastic one-electron transmissioll. We take the Fermi energy of the leads to lep=
probability for three of the inelastic channels vs the endétgy — 10 eV. The nonequilibrium distributions play an important
of the incident electron state. The first graph, Fig) @s for  role in the calculation of the current because of the Pauli
the process where a phonon withw,=0.24 eV is created principle. For instance, the presence of inelastically transmit-
on the molecule. The peak labeled A corresponds to an eleted or back-scattered electrons can result in a significant sup-
tron emitting this phonon and dropping into the lower reso-pression of the elastically transmitted current. In this system,
nant molecular energy level at10.26 eV. The peak labeled as mentioned above, the process whereby an electron creates
B corresponds to resonant tunnelling through the higher moa phonon with energ§ w, and is then at resonance with the

FIG. 5. (a) Total transmission probability as a function of en-
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c 0= ' ' FIG. 7. Nonequilibrium electron distributions in the right lead
2 i for the two site molecule(a) Total nonequilibrium electron distri-
7] 0.15 (C) . . g
R bution for transmitted elastically scattered electrons at @ashed
E 0.10 | ] curve and 1 V (solid curve. (b) Total nonequilibrium electron
S oos | ] distribution for transmitted inelastically scattered electrons at 0.5 V
= ) A (solid curvg and 1 V (dashed curje The postion labeled “A”
0.0011 5 5% 700 w %0 shows how there is a dip in the inelastic distribution due to the
o e E(eV) - - sharp rise in the elastic distribution at that enekgy

FIG. 6. Transmission probabilities for three of the inelastic scat-ate the current flowing through the two atom molecule. In
tering channels of the two site molecul@ Scattering from the  Figs. §a) and §b) we show the total rightward flowing cur-
initial state|a)=10,0) to |a')=[1,0). (b) Scattering from the initial  rent that is elastically and inelastically transmitted through
state|@)=10,0) to |a’)=|0,1). (c) Scattering from the initial state the molecule, evaluated using our method.
|a)=[0,0) to |a")=|1,1). All graphs were calculated at=77 K We also show(dotted line$ the corresponding currents
andV=0. evaluated assuming instead that the nonequilibrium distribu-

tion of electrons in the drain that appears in the Pauli exclu-

lower electronic resonant tunnelling state, is strongly transsjon factor is replaced simply by the equilibrium Fermi func-
mitting in the inelastic spectrum &= —9.9 eV. At low

voltages there are not very many of these particular inelastic .,
processes occurring since there are not many electrons wit _ 445 | (a)
this energy incident from the left lead, and the final electron 2 44 |
states for the transitions are almost fully occupied by com- 2 o5 f—" L cecemmmemmmmmmmommomooes ]
peting elastic processes. At higher voltaggseater than = oo be=z=z=m2"7 07"

0.55 V) there is a significant number of these processes anc 00 ) B

o,

the nonequilibrium distributiorf;yi,;(E) where a’ corre- 0.08
sponds to the phonon stae,}=1{0,1} is significant. As the = %% (b)
voltage increases further, the total distribution due to inelas—== %% |

tically scattered electrons continues to grow as more pro-< % = -
cesses become energetically favorable. The total nonequilib %5 oo =5 Y o8 10
rium Fermi distribution for all of the transmitted elastically v
scattered electrons is shown in Figa)7for 0.5 V (solid line) 0.20 ‘ ‘
and 1 V(dashed ling Figure 7b) shows the corresponding = %[ (¢) -
distribution for inelastically transmitted electrons. It high- < °° [ ]
lights how this distribution function increases as more inelas-— % [
tic processes become energetically favorable. It also show: %% 0z 04 06 08 1.0
that there is a significant presence of inelastically scattereu v

electrons in the drain for energies around0.25 eV. At this FIG. 8. (a) Total rightward flowing electronic current in the

energy, elastically scattered electrons are also particularlygnt jead due to elastically transmitted electroft®. Total right-

strongly transmitting and the dip in the distribution of the ward flowing electronic current in the right lead due to inelastically

inelastically scattered electrons at this energy is due to thgansmitted electrongc) The net electronic current flowing through

presence of these elastically scattered electrons in the draithe two-site molecule. The solid curves are calculated from the

This is labeled “A” in Fig. 7(b). nonequilibrium electron distribution and the dashed curves are cal-
These nonequilibrium distributions are now used to evaluculated using Eq(19). The current is in units of &/heV.
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tion in the right lead. For transmitted elastically scattered ACKNOWLEDGMENT
electrons this simplified expression for the current is This work was supported by NSERC.

o=~ % f dET{"r(E,E)FL(E)[1-FR(E)]. (19 APPENDIX

To find the vibrational modes of a molecule the atoms and
For models that dmot include electron-phonon interactions, bonds may be modelled by a set of balls and springs. For our
the net current through the molecule obtained in this way ismodel, we consider chainlike molecules, and represent the
the sam&' as is obtained from Landauer theory, although thechain as a set of balls with effective springs connecting
factor[1—Fg(E)] does not appear in the latter as was ex-nearest-neighbor atoms. The longitudinal displacement from
plained in the introduction. However, if electron-phonon in- equilibrium of theith atom with massn; in the molecule is
teractions are present, approximating the effects of the Paugjiven by the coordinatg; . We assume that each atom only
principle in this way does not account for competition be-interacts with its nearest neighbors via an effective spring
tween elastic and inelastic processes whighhigher volt-  couplingV; ;. The molecule has a discrete set of longitudinal
ages inject electrons into states that are unoccupied accordaormal modes which vibrate with a particular frequengy
ing to the equilibrium distribution. This approximati¢éeven  and have atomic displacements givenq@: drexp(—iwkt)_
at low voltage$ also violates particle conservation when These normal modes satisfy the familiar eigenvalue problem,
electron-phonon interactions are present.

By using the nonequilibrium distributions described in
Sec. Il these effects are properly taken into account and
current is conserved. All of this is reflected in the graphs: In
Fig. 8a) initially the solid curve(the present resylishows Where for our model, the sum ovgis just over the nearest
significantly more elastic currefas expected from Landauer neighbors of aton. Solving this equation yields the eigen-
theory), and then eventually the elastic current is reducedrequencies and eigenvectors for the longitudinal normal
due to the presence of transmitted inelastically scattered elegrodes.
trons in the normally unoccupied states of the drain. The The problem is canonically quantized by assuming
total current flowing through the molecule as a function of[d;,p;1=i%; j, wherep; is the conjugate momentum ¢g.
voltage is shown in Fig. @). The larger total current exhib- We transform into normal mode operato@y and P, by
ited by the solid curve is a manifestation of current conserwriting qizEkd!‘Qk and pizEkdikmiPk. It is easily verified
vation in the present formalism. The dashed curve falls bethat[ Q,,Py/]=i%dy . Performing second quantization on
low the solid curve because the approximations used tthese operators gives,
calculate it do not conserve current.

; Vi jdf= wimdf (A1)

i
Q= Z_(ak+al<+) (A2)
V. CONCLUSIONS Wi
We have shown that to generalize Landauer theory to in- hwy
clude the effects of inelastic scattering, it is necessary to P =i T(a;—ak), (A3)

calculate selfconsistently the nonequilibrium contributions to

the electron distribution in the source and the drain leads. WWherealzr anda, are creation and destruction operators for
have developed a method for determining these nonequilithe normal modeor phonon with frequencyw,, respec-
rium distributions and applied it to a simple model. Thetjyely.

model was based on single-channel ideal leads attached to a The effects of longitudinal vibrations on the electronic

mesoscopic conductor. Phonons were only considered on thgoperties of the molecule can be taken into account by using
conductor. The nonequilibrium distributions were deter-the Su-Schreiffer-HiegetSSH model® In it, the nearest-
mined SOIer in terms of the Fermi functions of the left and neighbor hopp|ng parameterj between two neighboring
right leads and the transmission and reflection probabilitiegtomic sites is expanded to linear order in terms of their
for the various one-electron elastic and inelastic scatteringtomic displacements from equilibrium. This gives,
processes considered. We showed how to properly take ac-

count of the Pauli exclusion principle and particle conserva- ti | =tﬂj— a; (0= ;) (A4)

tion in the calculation of the nonequilibrium electron distri-

bution. We applied our approach to a two site molecule. Onavhere t?; is the hopping parameter af=q;—q;=0 and

of the phonons had an energy that corresponded to the mey j=(dt; ;/dQ)q-o. (NOte @} j= — «; ;).

lecular energy level gap. For this system we found that the By using the above expression fgrin terms of theQ,’s,
details of the nonequilibrium electron distribution had an im-and writing them in their second quantized form, this gives
portant role in the determination of the current. At highert; ; as,

voltages we found that the distribution in the right lead due

to inelastically scattered electrons began to compete signifi- [ h

cantly with elastically scattered electrons because of the ti,J:tiO,j_ai,iik‘f (dik_d}() Z_V\,l((akJra:)' (AS)
Pauli exclusion principle. We found that this competition

resulted in a reduction of the elastically scattered current athis defines the mode dependent electron-phonon coupling,

higher voltages. '}/ik’j as,
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v oo modes with energies diw;=0.24 eV andhw,=0.33 eV.
Yii= @i\ oy (di —d) (AB)  The corresponding eigenvectors amt=0.054 A, dl
=0.054 A, andd2=0.054 A, d5=—0.054 A.
In the SSH model the electrons are coupled to the
onons via the parametes ;. The nearest-neighbor cou-

in terms of the known quantities; j, o, and thed®’s.

We now proceed to evaluate the eigenfrequencies angh
eigenvectors of the longitudinal modes for our two atom lina bet the lead gi.th lecul d bet th
molecule attached to two semi-infinite leads. The atoms i 9 P€Ween the leads an € molecule and between the
the leads are assumed fixed in their static positions. The eE\-NO. sites on the m_olecgle IS assumed tqcb§=25 eV/A
fective spring coupling between the leads and the neares}e" | 10 the right ofj. This gives the couplings betwezen the
neighbor atoms on the molecule is given bi first site on the molecule and the left lead ]é%,l:l“ly,l
=180 eV/A2. The effective spring coupling between the two = 0.12. The couplings between the right lead and the second
atoms of the molecule ik=90 eV/A2. Each atom of the site on the molecule arEj,=—0.12 andl' ,=0.12. The
molecule has a mass= 13 A.M.U. Solving the eigenvalue electron-phonon couplings on the molecule gig=0 and
problem using the above parameters we find two phonory§,1=—0.24.
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