
Review of Simple Matrix Derivatives

Let f : Rn → R and y = f (x) = f (x1, . . . , xn).

De�nition: Gradient

The gradient vector, or simply the gradient, denoted ∇f , is a column vector containing
the �rst-order partial derivatives of f :

∇f (x) =
∂f (x)

∂x
=


∂y
∂x1
...

∂y
∂xn



De�nition: Hessian

The Hessian matrix, or simply the Hessian, denoted H, is an n× n matrix containing the
second derivatives of f :

H =


∂2y
∂x2

1
· · · ∂2y

∂x1∂xn

...
. . .

...
∂2y

∂xn∂x1
· · · ∂2y

∂x2
n

 = ∇2f (x) =
∂2f (x)
∂x∂xT

H. K. Chen (SFU) Review of Simple Matrix Derivatives Oct 30, 2014 1 / 8



Application: Di�erentiating Linear Form

xTb =
[
x1 · · · xn

] b1
...

bn

 = b1x1 + · · ·+ bnxn

Then,

∂xTb
∂x

=


∂xTb
∂x1
...

∂xTb
∂xn



=


∂

∂x1
(b1x1 + · · ·+ bnxn)

...
∂

∂xn
(b1x1 + · · ·+ bnxn)



=

b1
...

bn


= b
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Application: Di�erentiating Quadratic Form

xTAx =
[
x1 · · · xn

] a11 · · · a1n
...

. . .
...

an1 · · · ann


x1

...
xn



=
[
(a11x1 + · · ·+ an1xn) · · · (a1nx1 + · · ·+ annxn)

] x1
...

xn



=

[
n

∑
i=1

ai1xi · · ·
n

∑
i=1

ainxi

] x1
...

xn


= x1

n

∑
i=1

ai1xi + · · ·+ xn

n

∑
i=1

ainxi

=
n

∑
j=1

xj

n

∑
i=1

aijxi

=
n

∑
j=1

n

∑
i=1

aijxixj
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Application: Di�erentiating Quadratic Form

∂xTAx
∂x

=


∂xTAx

∂x1
...

∂xTAx
∂xn


Consider the kth row in the above vector:

∂xTAx
∂xk

=
∂

∂xk

 n

∑
j=1

n

∑
i=1

aijxixj


=

∂

∂xk

(
x1

n

∑
i=1

ai1xi + · · ·+ xk

n

∑
i=1

aikxi + · · ·+ xn

n

∑
i=1

ainxi

)

= x1ak1 + · · ·+
(

n

∑
i=1

aikxi + xkakk

)
+ · · ·+ xnakn

=
n

∑
j=1

akjxj +
n

∑
i=1

aikxi

= (kth row of A)x + (transpose of kth column of A)x

=
[
(kth row of A) + (transpose of kth column of A)

]
x
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Application: Di�erentiating Quadratic Form

Therefore,

∂xTAx
∂x

=

 [(1st row of A) + (transpose of 1st column of A)]x
...[

(nth row of A) + (transpose of nth column of A)
]
x



=

 [(1st row of A) + (transpose of 1st column of A)]
...[

(nth row of A) + (transpose of nth column of A)
]
 x

=


(1

st row of A)
...

(nth row of A)

+

(transpose of 1st column of A)
...

(transpose of nth column of A)


x

=
(

A + AT
)

x
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Application: Di�erentiating Quadratic Form

The following can be easily veri�ed:

If A is symmetric, then
∂xTAx

∂x
= 2Ax.

Di�erentiating xTAx w.r.t to xk is equal to

∂

∂xk

 n

∑
j=1

n

∑
i=1

aijxixj

 =
∂

∂xk

 n

∑
i=1

aikxixk +
n

∑
j=1

akjxkxj


Di�erentiating a summation:

∂

∂xk

(
n

∑
i=1

aikxixk

)
=

n

∑
i=1

∂

∂xk
(aikxixk)

=
n

∑
i=1

aikxi
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Application: Taylor Expansion

kth Order Taylor Expansion in R

Suppose f : R→ R is k times di�erentiable on R. Then for any x, x̄ ∈ R, there exists a x̂
between x and x̄ such that

f (x) = f (x̄) +
1
1!

∂f (x̄)
∂x

(x− x̄) +
1
2!

∂2f (x̄)
∂x2 (x− x̄)2 + · · ·+ 1

(k− 1)!
∂k−1f (x̄)

∂xk−1 (x− x̄)k−1

+
1
k!

∂kf (x̂)
∂xk (x− x̄)k

=
k−1

∑
i=0

1
i!

∂if (x̄)
∂xi (x− x̄)i +

1
k!

∂kf (x̂)
∂xk (x− x̄)k.

Things to note:

0! = 1 and
∂0f (x̄)

∂x0 = f (x̄). Thus the �rst term in the summation (when i = 0) is f (x̄).

The �rst (k− 1)th order derivative is evaluated at x̄; whereas the kth order derivative
is evaluated at x̂.
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Application: Taylor Expansion

Second Order Taylor Expansion in Rn

Suppose f : Rn → R is twice di�erentiable on Rn. Then for any x, x̄ ∈ Rn, there exists a
x̂ between x and x̄,

f (x) = f (x̄) +∇f (x̄)T(x− x̄) +
1
2
(x− x̄)TH(x̂)(x− x̄)

= f (x̄) +
n

∑
i=1

∂f (x̄)
∂xi

(xi − x̄i) +
1
2

n

∑
j=1

n

∑
i=1

∂2f (x̂)
∂xi∂xj

(xi − x̄i)(xj − x̄j),

where H(x̂) = ∇2f (x̂) is the Hessian evaluated at x̂.
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