Review of Simple Matrix Derivatives
Let f:R" - R and y =f(x) = f(x1,...,Xxn).

Definition: Gradient

The gradient vector, or simply the gradient, denoted Vf, is a column vector containing
the first-order partial derivatives of f:
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Definition: Hessian

| N\

The Hessian matrix, or simply the Hessian, denoted H, is an n X n matrix containing the
second derivatives of f:
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Application: Differentiating Linear Form

by
x'b = [x1 s xn] = bixy + -+ byxy
by
Then,
rox'b
oxIb _ o
ox :
ax"'b
L dx,
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Application: Differentiating Quadratic Form

a1 o A | X1
xI Ax = [x1 - X
Ayl - Ann Xn
= [(anx1 + - +amxn) - (aax1+ -+ aunkn)|
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Application: Differentiating Quadratic Form

oxT Ax
ox:
oxT Ax _ . !
ox -
ax" Ax
dx,,

Consider the kth row in the above vector:

BxTAx_i L
axk _Bxk j
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i=1 i=1

9 n n n
= an<X1 Za,-lxiJr'--erk Zaikxi+~~~+xn Zumxi>
i=1

n
=X105 + 0+ (Z aikXi + xkﬂkk> + e A Xl
i=1
n n
=) agx + ) apx;
=1 iz1
= (K™ row of A)x + (transpose of k" column of A)x

= [(kth row of A) + (transpose of k" column of A)}x
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Application: Differentiating Quadratic Form

Therefore,
. [ [(1%% row of A) + (transpose of 15t column of A)]x
ox' Ax .

ox :
L[(nt" row of A) + (transpose of nt" column of A)]x

[ [(1%t row of A) + (transpose of 15t column of A)]

= . x
[(nth row of A) + (transpose of nt" column of A)]
(1 row of A) (transpose of 15t column of A)
= + X
(1™ row of A) (transpose of 1" column of A)

- (A+AT)x
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Application: Differentiating Quadratic Form

The following can be easily verified:

o If A'is symmetric, then
oxT Ax
0x

o Differentiating x” Ax w.r.t to x; is equal to

= 2Ax.

E)
axk Z Z agxp; | = o, Z XXy + Z [y

j=1i=1 j=1
o Differentiating a summation:
9 [ 9
— agxixg | =y — (agx;x
axk i:zllklk izzlaxk(zkzk)
n
= Zaikxz
i=1
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Application: Taylor Expansion

kth Order Taylor Expansion in R

Suppose f : IR — R is k times differentiable on R. Then for any x,x € R, there exists a &
between x and X such that

J_C 2 k=1r(%
ak
. f( )( _ )k
= 1 azf(x) + lakf(fc) (x _ J—C)k.

_ e Y
_i:O oo Y T o

Things to note:
o 0l'=1and

o The first (k — 1)t" order derivative is evaluated at ¥; whereas the k" order derivative

is evaluated at X.

aoax(f) = f(X). Thus the first term in the summation (when i = 0) is f ().
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Application: Taylor Expansion

Second Order Taylor Expansion in IR"

Suppose f : R” — R is twice differentiable on R". Then for any x,x € IR", there exists a
X between x and X,

F) =f(®) + V(®) (x = %) + %(X —x)TH(&) (x — x)
oy v L (%) - -
=fx)+ g ax; (x; — X;) + i/;; axlax] (2 — xz)(x] - x]),
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