
Today's Agenda

Hour 1

Correlation vs association, 
Pearson’s R, 

non-linearity, 

Spearman rank correlation, 

Hour 2

Hypothesis testing for correlation

(Pearson) Correlation and regression.



Correlation vs association

Association refers to any sort of trend between between any
two variables.

Correlations are a specific type of association.

Correlation refers to a trend (usually linear) between any 
two variables of interval data pertaining to the same set of 
observations. 



In each case 'trend' just means 'happens together'. 

Examples of association:

Health science is more popular amongst women, computer 
science is more popular amongst men. There is an 
association between field of study and gender. 



Lifetime incomes of post-secondary graduates is higher than 
that of high school graduates. There is a (positive) 
association between education level and lifetime income.

See required reading note 2.1: Ordinal data. 

Examples of correlation*:

The weight of bearded dragons increases with the head-to-
tail length of bearded dragons. This is a positive correlation.



Country by country, life expectancy at birth increases as the 
income-per-capita increases. This is a positive correlation.

Heating costs decrease as outdoor temperature increases. 
This is a negative correlation.

*Some examples have a non-linear component, we will revisit these later.

The most common graph to show two sets of interval data 
together is the scatter plot.



Each dot represents a subject. In Length vs. Weight, each dot
is a dragon.





The height of the dot represents the length of the dragon.
How far it is to the right represents the weight of the

dragon.

The dragon for this dot is 18cm long, and weighs 700g.



There is an obvious upward trend in the graph. This shows a 
positive correlation.



The negative correlation between heating cost and outdoor 
temperature can be shown the same way.



The lack of correlation between two variables can also be 
show in a scatterplot.



Basil is happy(?) to be a data point.



Pearson coefficient

Pearson’s correlation coefficient refers to the strength and 
direction of a linear trend between two numerical variables 
(usually continuous, but not always).

It is the most popular to use and is considered the default 
option. If someone is referring to “the correlation”, it's 
almost always the Pearson correlation coefficient.

Much like how “mean” is the default of “average”.



Specifically, the Pearson correlation coefficient is...

 r when representing a sample statistic or                         

ρ, ( rho, pronounced 'row') when representing a 
parameter .  

Pearson correlation is always a value between -1 and 1 that 
tells how strong a correlation is and in what direction.



The stronger a correlation, the farther the coefficient is from
zero (and the closer it is to 1 or -1)



Positive correlations have positive coefficients r.

Negative correlations have negative coefficients r.

The stronger the negative correlation, the closer it is to -1.



A perfect correlation, one in which all the values fit perfectly 
on a line, has a correlation 1 (for positive) or -1 (for 
negative).



If there is no correlation at all, r will have a value of zero.

However, since r is from a sample, it will vary like everything else 
from a sample.  Instead of zero, it usually has some value close to
zero on either side.



The Pearson's correlation can be computed from a sample using 
a lot of different ways. This is my personal favourite.

...because it can be simplified with some intermediate steps.



First, recall the standard deviation formula, for x

and likewise for y,

which you have previously seen all in one square root.



Next, a handy property of square roots, they cancel. 

All this makes the Pearson correlation formula can be 
written as:



But we can go further by putting the standard deviations 
inside the sum. The sum is “over i”, so sx and sy are like 
constant values.

Do the parts the parentheses look familiar?

The parts in the parentheses are the standard values of x 
and y, respectively.



,

where zi is the number of standard deviations that xi is above
or below the mean of x.

If xi is above the mean, then zi is positive.
If xi is below the mean, then zi is negative.



Now we have this!

zxi and zyi are the standard values for each x and y, 
respectively.

n is number of (x,y) pairs. It's the number of observations as 
usual, but we have measured two variables from each.

(necessary complicated formulae like this will be available on exams)



When both x and y are above average, the term inside the 
sum, zxizyi is positive.

Likewise when they are both below average, because zxizyi  

becomes a product of two negatives.

So, when x and y are above average together and below 
average together a lot, r sums to a positive number.



Why are we looking at these formulae?



- Reminder of the formulae for standard deviation s and for 
the standardized value z.

- A demonstration of the how several of the classic statistics 
formulae connect.

- To show what's 'under the hood' of the correlation 
coefficient.



But sometimes it doesn't come together right.



Scatterplots show the interaction between two variables, 
and Pearson's correlation coefficient shows the strength and
direction of the linear trend in that interaction.



Pearson's correlation does NOT, however, indicate the slope 
of that linear relationship. Only whether it is negative or 
positive.



It is also not an appropriate measure to describe non-linear  
relationships between variables.



In real world contexts, the most common form of non-linear 
relationship is a curvilinear one. (See: Gapminder World)

http://www.gapminder.org/world


Life expectancy increases with the logarithm of income, not
linearly with income.  (See: Gapminder World)

In this case, the issue is one of diminishing returns.

http://www.gapminder.org/world


In other cases, a curvilinear relationship is the result of 
multiple competing factors.



Mathematically, non-linear means messy.



Spearman's rank-sum correlation.

The Spearman correlation coefficient is the go-to alternative 
to Pearson.

Calculation of the Spearman correlation doesn't use the 
values of x and y directly, but their ranks.

Compared to Pearson's r, the Spearman correlation is more 
flexible, but also less able to account for extreme values.

See: Optional reading note 2.2 – Non-Parametrics.



The rank of a value is where it falls within a sample. 
Amongst n numbers, the lowest value is given 1, the 
highest is given n. Ties are averaged.

Example data:
2,        10,      999,        4,         7,         -30,       12,       10

Ranks of example data:
2,        5.5,        8,            3,         4,          1,        7,       5.5



Using ranks allows the Spearman correlation to describe the 
strength and direction of any relation as long as the general 
trend it is always increasing, or always decreasing.

In other terms, Spearman correlation is 'blind' to the amount
of increase or decrease in a non-linear relationship.

Consider that in the above example data, the distances... 
from -30 to 2...
from 2 to 4, and...
from 12 to 999...
...are each only 1 rank.











Take a break, but stay warmed up.



reading note 2.1: Ordinal data.
Reading note 2.2: Non-parametric

the ‘window’ effect in regression, 

regression and the bivariate normal. 



Diagrams used:

"Spearman fig1" by Skbkekas - Own work. Licensed under CC BY-SA 3.0 via Commons - 
https://commons.wikimedia.org/wiki/File:Spearman_fig1.svg#/media/File:Spearman_fig1.svg 

"Spearman fig2" by Skbkekas - Own work. Licensed under CC BY-SA 3.0 via Commons - 
https://commons.wikimedia.org/wiki/File:Spearman_fig2.svg#/media/File:Spearman_fig2.svg

"Spearman fig3" by Skbkekas - Own work. Licensed under CC BY-SA 3.0 via Commons - 
https://commons.wikimedia.org/wiki/File:Spearman_fig1.svg#/media/File:Spearman_fig3.svg

"Spearman fig4" by Skbkekas - Own work. Licensed under CC BY-SA 3.0 via Commons – 
https://commons.wikimedia.org/wiki/File:Spearman_fig1.svg#/media/File:Spearman_fig4.svg 

https://commons.wikimedia.org/wiki/File:Spearman_fig1.svg#/media/File:Spearman_fig4.svg
https://commons.wikimedia.org/wiki/File:Spearman_fig1.svg#/media/File:Spearman_fig1.svg
https://commons.wikimedia.org/wiki/File:Spearman_fig2.svg#/media/File:Spearman_fig2.svg
https://commons.wikimedia.org/wiki/File:Spearman_fig1.svg#/media/File:Spearman_fig1.svg

