What to do today (March 14, 2023)?

Part 3. Important Topics in Statistics (Chp
10-13)

§3.1. Analysis of Variance (ANOVA, Chp 10-11)
$§3.1.1 Introduction
§3.1.2 One-Factor ANOVA (Chp 10)
§3.1.3 Multi-Factor ANOVA (Chp 11)
§3.1.4 Further Topics on ANOVA
§3.2. Introduction to Regression Analysis (Chp 12-13)
§3.2.1 Introduction
§3.2.2 Simple Linear Regression (Chp 12)
§3.2.3 More Advanced Topics (Chp 13)

Some Logistics.
» Homework 8 has been assigned. It's due on Monday March 20.

» Marked Midterm 2 papers will be distributed at next week's tutorial.



What ifn # 1 (i.e. n=1)7
Example 6.4 (p438)

» Study. to remove marks on fabrics from erasable pens with A:
brand of pen and B: wash treatment.

» Data. overall specimen color change (lower, better): | = 3,

J=4and n=1

B
A 1 2 3 4 | total average
1 R 2.39 .508
2 g7 L 1.38 .345
3 b7 L 1.82 .455
total 241 101 127 .90 | 5.59
average | .. .. 466

> To test on Hya, Hog and Hpag?

two factor study but n = 1: in 2-factor ANOVA table ny = 1J

= consider ujj = p+ a; + f;.



» ANOVA table.

Source of Variation df SS MSS F-value
A 31 0.128 Faobs = 4.43
B 4-1 0.480 FB,obs = 11.05
error (3—-1)(4—-1) o0.087
total 12-1 0.695

» Making inference.

fa(2,6) =514 > FA,obs = don't reject Hya.
fo(3,6) = 4.76 > Fp ops = reject Hop.



§3.1.4 Further Topics on ANOVA

3.1.4A Multi-factor ANOVA

For example, a study on how adult body weights relate to (A) gender
(f,m), (B) age (y,m,e) and (C) education (lh, h, u, pu)
— a 3-factor study: / =2, J=3 and K =4.

what to consider: (i) main effects of A, B, C? (ii) two-factor
interactions: AB,BC,AC? (iii) three-factor interactions: ABC?

observations. Xijjy: /th obs from group (i,j, k), I =1,..., nji with
i=1,...,0,j=1...,Jand k=1,... K.

3-factor ANOVA model.
Xk = ik + €jut, €5t ~ N(0,0?) iid

pik = po+ o + Bi + v + (aB)ij + (B7)jk + (@7)ix + (B7)ijk with
constraints y . c; =0, ...



hypotheses to test?

> Set 1. on main effects
Hoa : a; = 0 vs Hy4 : otherwise;
Hog : Bj = 0 vs Hip : otherwise;
Hoc : v« = 0 vs Hic : otherwise
> Set 2. on two factor interactions
Hoag : (af)ij = 0 vs Hiag : otherwise;
Hosc : (87)jx = 0 vs Hipc : otherwise;
Hoac : (a’y),-k = 0 vs Hyac : otherwise
» Set 3. on three factor interactions

Hoasc : (Ozﬁ’y),jk = 0 vs Hyagc : otherwise.

variation decomposition. Only if njy =n>1

557 = 554+ 558 + SS5¢ + 5548 + SSec + SSac + SSasc + SSe



testing procedures. Test statistics: for example

>

>

SSa/(1—1
Fa= s = SSQ/E;(T_,]K) ~ F(I = 1,(n—1)IJK) under Hoa.

Fap = Mooge = 320Ul ~ F((1 - 1)(J = 1), (n = 1)IUK)

MSS, 55 /(nr—1JK)
under Hoag
_ MSSagc _ SSasc/(I-1)(J-1)(K-1)
Fagc = MSS, 5S¢/ (nT— 1K)

F((I —1)(J —1)(K —1),(n— 1)IJK) under Hoagc

3.1.4B* ANOVA with Random (Mixed) Effects
For example, in a study with one factor A: [ is large.

| 4

One-factor random effect ANOVA model.

X,-j:u,-—l—e,-j:u—i—a,-—&—e,-j

aj ~ N(0,62)iid, i=1,...,1; o; L ej;
€ijj ~ N(070'2) id, j=1,....,n;and i=1,... /.
= The value of «; is not of the primary interest but the patterns of «;,

i=1

/

geeey



> F-test.

2
i

SS7 =SS, + SSe; E(SSy) = 0% + (n7 — )o?,

/-1 nr

Ho : 02 =0 vs Hj : otherwise

_ MSS;, - SStr/(I_l) NF(/—l nT_[)

F =
MSS. — SS./(nt — 1)

under Hy

For another example, in 2-factor study: effect of A is random, effect of B
is fixed

— a mixed-effects ANOVA model

e.g., a new drug's efficacy — 30 hospitals (sites) participate in the trial
and both male and female subjects are enrolled



Example 6.6 (p457)

» Study. two potential causes of electric motor vibration: A. the
materialused for the motor casing; B. the supply source of bearings

used in the motor.

» Data. on amount of vibration: =3, J=5, K=2

» Model. (two-factor mixed effects model with «; as fixed effect, B

and (af);j random): X = u+ o + B + (af)ij + €iji,
€ijk ~ N(O,Uz) Ild, ﬁj ~ N(O,J%) and (aﬁ)u ~ N(070(2x/3);

Bi L (aB)y L e

» Test Hyoa : a; = 0, Hop : o*% =0 and Hyas : aiﬁ =07
» ANOVA table. (using the MINITAB output)

Source of Variation df SS MSS F-value p-value
A 3-1 0.7047 Fa,obs = 0.24 .790
B 5-1 36.6747 FB,obs = 6.32 .013
AB (3-1)(5-1) 11.6053 Fag,obs = 13.05 < .001
error 3)()(2-1) 1.67
total 30-1 50.6547

» Making inference.
Using significance-level o = .05,
— reject Hog and reject Hoas.



What will we study next?

§3.2. Introduction to Regression Analysis (Chp 12-13)

§3.2.1 Introduction

§3.2.2 Simple Linear Regression (Chp 12)

3.2.2A modeling

3.2.2B estimation of model parameters
3.2.2C additional inferences

3.2.2D residual analysis

§3.2.3 More Advanced Topics (Chp 13)

3.2.3A multiple linear regression

3.2.3B regression with transformed variables
3.2.3C categorical predictors

3.2.3D discussion



§3.2. Introduction to Regression Analysis
§3.2.1 Introduction. (Why and What?)

» Recall a function in math
x—y:y="Ff(x)

e.g. y = mileage, x = time =—> y = ax with a = speed if the
speed over [0, x| is uniform.

> In reality, examples of “given x, is y fully determined”?
e.g. x = height,y = weight: can we have y = f(x)?

» What if it is of interest to establish how a variable Y depends
on another variable X?
— Regression Analysis.



» Key idea: focus on studying E(Y|X) = f(X)
Y=f(X)+e E(e)=0

What is f(-)?

> to start with f(+) is a linear function:
Y =00+ X +e
— Simple Linear Regression Analysis (Chp 12).

» if () is not linear? => Nonlinear Regression Analysis.

» What if it is of interest to establish how a variable Y depends
on several variables X, ..., Xk?
= Multiple Linear (Nonlinear) Regression Analysis
(Chp 13).



§3.2.2 Simple Linear Regression (Chp 12)

§3.2.2A Modeling

Goal. to establish how r.v. Y depends on a variable X linearly

Y =00+ /X+e

> Y: response variable, dependent variable
> X: explanatory variable, independent variable, predictor
» ¢: random error E(¢) =0 and V(¢) =02, and X L ¢

» parameters By and (1: intercept and slope



Data. Consider a study of n independent units,
with the values of the predictor X are xi,..., x,, corresponding to
the observed responses yi, ..., y,, respectively.

squares
i(obs) | 1 2 ... .. n | total total
Xi X1 X2 e e Xn | DUXi > x?
Yi Vioye e e oy [y 3N
cross-product total: > xy;

Simple Linear Regression Model
Given data from independent units: {(X,-, Y):i=1,..., n}

Yi = Bo+ B Xi + €
with €; independent and E(¢;) = 0 and V(¢;) = o2.

What are 3o, 31 and 027
— to estm the parameter with the data ...
that is, to fit the regression model



§3.2.2B Estimation of model parameters

Recall the Simple Linear Regression Model:
Yi = Bo + b1 Xi + €,

for i =1,...,n, ¢'s are independent and E(¢;) = 0, V(¢;) = o2
(i) to estm Sy, fi.

thinking ... If by and b; are good estimates for By and (1,
— (bo + b1X;) should be small for all i

50,ﬂ1 Z{Y 0+/81Xi)}2

should be small at (bg, b1).

Least Squares Estimation (LSE). The estimators o, 31 are the
LSE of ,80,51, if

L(fBo, 1) = églﬂq L(Bo, B1).



I'he LSE ot bp, 01 I1s the solution to

{ OHGRA) — 3701 2(Yi — Bo — B1X)) = 0
0 )
Lfglﬂl) =31 2(Yi = o — P1Xi)Xi =0

X =3 Xi/n, Y =3, Yi/n.

—
5~ T - X)(%—9)
i (Xi — X)?
Bo = Y —pHAX
Often denote ﬁAl = Sxy/SXX with
Sxy =Y _(Xi— X)( ZXY—n)_(\_/
and

Sxx :Z(X X)(X; — X)

i

sz — nX2.



Properties of the LSE 3 and [1:
» linear. (linear functions of Y;'s)

s X=X X=X
n Zle(Xi—x)ziz Sx
. _ Ao 1 (X -X)X

fo = V-BX=) [0 =5 IV

i

3

» unbiased. Note that

E(B1) = E(Sxv)

Sxx

E(Sxy) = Y (Xi = X)(Bo+ BiX; — [Bo+ i X]) = B D (Xi — X)?

i

1

A

= E(f1) = b1



> variance.

ST (X = X)2V(Y)) | o
V(ﬁl) - 5)2<X - Sxx
2
Vido) = P+
XX

Study designs: to have a large Sxx. (Why?)
» the best unbiased linear estimator

V(B1) < V(B1); V(Bo) < V(o)

if By, B1 are unbiased linear estimators of g, 1.



(i) to estm o2

thinking ... 0> = V/(¢) can be estimated by the sample variance
S0 (e —€)?/(n—1)if & = Y; — [Bo + B1Xi] were observable.

How about using ¢; = Y; — Yi=Y, - [30 + 31X,-]?

— an unbiased estimator of o2

n 2

5_2 _ Zi:l € _ SSe — MSSe

n—2 n—2

Further inferences, e.g. Cl and testing? What are the distributions
of the LSE 5y and (17

— to be studied later ... ...



What will we study next?

Part 1. Introduction and Review (Chp 1-5)
Part 2. Basic Statistical Inference (Chp 6-9)

Part 3. Important Topics in Statistics (Chp 10-13)
§3.1A One-Factor Analysis of Variance (Chp 10)
§3.1B Multi-Factor ANOVA (Chp 11)

§3.2A Simple Linear Regression Analysis (Chp 12)
§3.2B More on Regression (Chp 13)

Part 4. Further Topics (Selected from Chp 14-16)
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