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5.1.2
a)

If X1,...,X, are iid with bernoulli(P) distribution, > ! ; X; ~ Bin(n,p). We have that
Y, =" ,X;, and

Y, _ 1. < 1
E(;) = E(X,) = ZE(;Xi) =—Xnxp=p.

Since the sequence {X1, ..., X, } has finite variance, Var(X;) = p(1 — p). By WLLN,

. Y,
Xn3>p<:>—n3>p.
n

Alternatively, by Chebyshev’s inequality,

Y, np(1 —p)

limnHOOP(\;" —pl =€) =limpeo P 0.

b)
If g(x) =1 — x, g(z) is continuous. Since % 2, p, by theorem 5.1.4,

Y, Y,

(=) =1--"Sgp)=1-p
c)
First, we have that v v vy

Aoy -T2y = 2oy -y,

Also, we already got that % 2y p, so by theorem 5.1.5,
Yo, Yoy b o
—)(—) = p°.
()2 B

Then by theorem 5.1.2,

() - (X2

n n n

3

) & p—p° =p(l—p).



5.2.3

We have that

Then
Fy (2)=P(Z,<z)=Pn(l-F(Y,)) <z)=P(1-F(,) < %) =P(F(Y,) >1-
= P(Y, 2 F (1= 2)) = 1= P(Y, < F{(1=2)) = 1= Ry, (F7(1-2))
—1-F(F'(1- %))” —1-(1- %)”.

To compute lim,, oo{1 — (1 = £)"}, consider the special limit

k

iy —yoo(1 — =)™ = ™",
X

=e
With k =z, x = n, and m = 1, we get
. z _
limpsoo{l—(1—=)"}=1—¢"% 2>0.
n

Therefore the limiting distribution is Exponential(1).

5.2.12

The mgf of Z,, is
My, (t) = e =D,

n

SO
My, (t) = E(eﬁ(zn—n)) _ e—tﬁen(eﬁfl).

oo g™

Since the Maclaurin series of e = Y /£,

t 28

t? t3

Il
(9]
m“*w

which is the mgf of N(0,1).

5.3.6

We have that )
E(Y) =400 x F = 80,
1
Var(Y) =400 x %
Then
P(0.25 < Y/400) = P(Y > 100) = 1 — P(Y < 100).

With continuity correction, this is approximately

100.5 — 80

1—P(Y <100.5) =1 — &( NG

+ ...

) =1— ®(2.5625) = 1 — 0.9948 = 0.0052.

-1)



6.1.2
a)

We get that

L) = ﬁea;f—l = en(ﬁxi)"*l
=1 =1

1(0) = nlogh + (0 — 1)log(] [ i)

i=1
o) n <
%5 =+ Lot

Setting the last equation to 0, we obtain

é - —-n
Ylizy log(xi)
Also, we have that
o%l0) —n
o0z~ <

Therefore 6 is a local maximum, so 6 is the MLE.

b)
We get that

L) =[[e ™ P12 > 0) = e 2= " I (21, .., w) > 0) = ™" 2= % () > 6).

i=1

. — n . . . . . . . .
Since e™~2i=1% is a monotone increasing function of @, L(#) attains its maximum at

0= 1‘(1)7 SO éMLE = x(l).

6.1.9

We get that

n

e Mt efnuﬂﬁ:m

L([L) - H :L‘l' N H.’L’Z'

i=1

() = —np+ Y ilog(u) — log(] [ =:!)
Al(p) 4+ 2 Ti

op 7
Setting the last equation to 0, we obtain

fivMLE = T.

Therefore _

e HMLE
2!

Now we use R to find the estimator’s realization for the data in the table:

ﬂ?WLE
P(X = 2)MLE =

mean=sum( (0*7), (1%14), (2%x12), (3*13), (4%6), (5x3)) /55
dpois(2,mean)

From this we get that mMLE =0.27.



6.2.3

We get that
log(f(x;0) = —logm — log(1 + (z — 6)?)
% Alog(f(x;0)) _ 2(x —0)
00 1+ (z—6)2
Then ol X;0 o0 4 0)?
1(0) = E((%’))Q) = /OO Tr(lfc(;_)w)gdx.

Let £ — 0 = tanz. Then
z =0+ tanz = dx = sec®zdz.

We get

3 4dtan®zsec?z
1(0) = ——dz.
(©) L (1 + tan?z)3 :

Since 1 + tan?z = sec®z,

2

jus
2

I(@):/ *(w)(coszz)deZ/ —sin®zcos®zdz.

T cos?z

EN
Using cos?z = 2522t and sin?z = =052z
24 ,1—cos2z, ,cos2z+1 1
10)= [ O e =
Therefore the lower bound is . )
nl(6) T

Using theorem 6.2.2, we can also get that

Va0 —0) 25 N (0, ——) = N(0,2).

6.2.10

First, we have

E(|1X;]) :/ Me%ﬁd% = 2/ Li e da;.
0

—oo V270

Let u = 2? = du = 2z;dx;. Then

o0 1 —u 20
E(X;]) = ez du=1/—.
(1) / — i

We want
VOE(Y) = E(CZ 1X,]) = CZE(UQ\) = ncq/?.
=1 =1
Therefore for Y to be unbiased, ¢ = %\/g

Now to calculate E f ficiency = %@’

n

Var(Y)=c) Var(|Xi]) = &Y (E(X*) - E(1Xi)*) = & Y (E(
i=1 =1

=1



Since E(X?) = Var(X;) + E(X;)? =0,

n

20 2 0
Y)=¢? — ) =nc9(1-2) = —(= —1).
Var(Y)=c¢ ;(9 7T) ncf( 7r) n(2 )
Also for f(x;,0) = 2171_96%,
log f (21 6) = —Llog(2m) — logh — L1
0g.f(x:30) = —-log(2m) — Slogh — o
dlogf(xi;0)  —1  aF
a0 20 20
From this we get
dlogf (Xi; 0) -1 X7 XZ_ 1 Xi o
1(0) = LG 2Ty — iy = Ly= — :
(0) = Var(—=55=—) = Var(5g + 555) = Var(5gs) = 3z Ver( 7))
Since X; ~ N(0,0), 5% ~ N(0,1). Then (3£)% ~ x?,), s0
1 1
Now 1
1(0) 502 2
(Vo) = =5 —=7
AR E Y RNV

Therefore the efficiency is

1/(nI(V0) _ wem
Var(Y) %(

6.3.6

We get that

1(0) = T] Sosernl 5 (X, = mo)®) = (o el g YK = o))

-n n 1 9

1(0) = 7109271’ - Elogﬂ ~ 59 i:1(Xi — o)
olg) —n - 5
B0~ 2 o 2K )

Setting this to 0, we get
n
b - 2im1 (Xi = o)?

Then we have "
_ L(b) _ (27T90>_n/26xp(_ﬁ i1 (Xi = po)?) (W : ex Ltow_ n
L) @rX(Xi - po)?/n) " 2exp(SR) —( ) p( 5 (W —n))).

We can see that this is based upon the statistic W. Now we find the null distribution of W:

% 0 ( J 0)2 2 = ( % 0)2 2
X, ~ Nlpio,0) = 10 N0, 1) = iz HO” =5 Xi—po)”

Therefore, we reject Hy if W > xi/Q(n) orif W < X?_Q/Q(n).



6.3.10
a)

We get that
L) =[50 -0 % =o=% 1 - =
i=1

10) = Xilogh + (n — Y X;)log(1—0)

ae) Y Xi n-yX;
20 0 1-6

Setting the last equation to 0,

R s TP ¢
ZXFQZtheerXlﬁaf -

Then we get

a Y n—Y

L(6o) . 902){1'(1790)”*2)(1' _ (ngo)y (M)ny
L) (HTX(1-X)pn-TX :

We can see that this is based upon the statistic Y. Now the null distribution of Y is
Y =3, X; ~ Bin(n,0) because X; ~ Bin(1,6).
b)
We want to find ¢; and ¢g so that
P(Y > ¢y or Y <e¢p) =0.05.
This is equal to

Y — ’I’L@Q 100 — C1 — n@o Y — n90 CcC1 — ’I’L(90
> + <
719()(1 — 6‘0) n90(1 — 90) \/?’Leo(l — 90) \/nﬁo(l — 90)

)

C1 — 50
)
where Z ~ N(0,1) by the Central Limit Theorem. Then

)+ P(Z < ) = 0.05

— 50
A7 —0.05= & = = 20025 = ~1.96

= c; = 40.2 =~ 40, and co; = 59.8 ~ 60.



