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Part III.2. Kaplan-Meier Estimator: Discrete Case

Consider a discrete event time T ∼ F (·) with mass points at
0 ≤ V1 < . . . < VK

I h1 = P(T = V1); hj = P(T = Vj |T > Vj−1)

I For t ∈ [Vj ,Vj+1), S(t) = P(T > t) = P(T > Vj) = P(T >

Vj |T > Vj−1)P(T > Vj−1) =
∏j

l=1(1− hl)

I P(T = Vj) = hjS(Vj−1)

L(F ) =
n∏

i=1

f (ui )
δiS(ui )

1−δi =
K∏
j=1

h
nj
j (1− hj)

Nj−nj

with nj = # who fail at Vj =
∑
δi I (ui = Vj),

Nj = # who at risk at Vj =
∑

I (ui ≥ Vj)



Part III.2. Kaplan-Meier Estimator: Discrete Case
=⇒ the MLE ĥj =

nj
Nj

. Thus

Ŝ(t) =


1 t ≤ V1∏j

l=1(1− ĥl) Vj < t ≤ Vj+1

0 t > VK

left-continuous
Example. Vj : 2,3,5,7,9,11,16,18,20; Data (n=10): 2,2,3+,5, 5+,

7,9,16,16,18+



Part III.2. Kaplan-Meier Estimator: A General Case

In general, F ∈ F =
{
all cdfs

}
With the right-censored data, the likelihood function

L(F ) =
n∏

i=1

dF (ui )
δi [1− F (ui )]1−δi

Maximize L(F ) as F (·) having only masses at the distinct observed
event times: 0 = V0 ≤ V1 < . . . < VJ ≤ VJ+1

=⇒ the Kaplan-Meier estimator (left-continuous)

Ŝ(t) =
∏

j :Vj<t

(
1−

nj
Nj

)
=


1 t ≤ V1∏j

l=1(1− ĥj) Vj < t ≤ Vj+1

? t > VJ+1



Part III.2. Kaplan-Meier Estimator: More ...
Remarks

I the general case vs the discrete case

I the observed sample mean (reduced sample estm) vs KM
estm

I asymptotic properties of ŜKM,n(·)
I ŜKM,n(·)→ S(·) a.s. uniformly

i.e. sup0<t<∞
∣∣ŜKM,n(t)− S(t)

∣∣→ 0 a.s.
I weak convergence

√
n
(
ŜKM,n(t)− S(t)

)
→ Gaussian Process

with mean zero in distribution

I interval estm

I pointwise CI: for t > 0, ŜKM(t)± 1.96
√
V̂ar(ŜKM(t))

I confidence band:
P
(
S(t) ∈

(
ŜL(t), ŜU(t)

)
: t ∈ (0,∞)

)
≥ 95%

how to compute CB?



Recall a pointwise CI: for t > 0, ŜKM(t)± 1.96
√
V̂ar(ŜKM(t))

an alternative way to construct a CI for S(t):

I to obtain a CI for log S(t) first

log ŜKM(t)± 1.96
√

V̂
(

log ŜKM(t)
)

I V̂
(

log ŜKM(t)
)
≈
∑j

l=1 Var
[

log(1− ĥl)
]

for t ∈ [Vj ,Vj+1)

I Var
[

log(1− ĥl)
]
≈ Var(ĥl)

1
(1−ĥl )2

by the ∆-method.

I Var(ĥl) ≈ 1
Nl

nl
Nl

(
1− nl

Nl

)
I to obtain a CI for S(t) as

exp
{
log ŜKM(t)± 1.96

√
V̂
(
log ŜKM(t)

)}
= ŜKM(t)e

±1.96

√
V̂
(
log ŜKM (t)

)



Thus, the alternative pointwise CI: for t > 0,

(ŜKM(t)e−1.96
√

V̂ar(ŜKM(t)), ŜKM(t)e1.96
√

V̂ar(ŜKM(t)))

any other alternative constructions for a CI of S(t)?

I the logit transformation?

(proportional odds failure time models)

I the probit transformation?



Part III.2. Kaplan-Meier Estimator: Applications

I for comparing two populations’ distn with censored data
e.g. supt>0 |Ŝ1,KM(t)− Ŝ2,KM(t)|? an extension of the
Kolmogorov-Smirnov test statistic supt>0 |F1,n(t)− F2,m(t)|
no need to specify the population distributions into parametric
models

I for justifying actuarial life table



Part III.2. Kaplan-Meier Estimator: Applications

I for assessing parametric goodness-of-fit with censored data
I e.g. is T ∼ NE (λ) (H(t) = λt)?

=⇒ to check if log S(t) = −λt?
using the scatter plot of log Ŝ(t) vs t: is log Ŝ(t) linear
function of t?

I e.g. is T ∼Weibull(λ, ρ) (H(t) = λtρ)?
=⇒ to check if log

(
− log S(t)

)
= log λ+ ρ log t?

using the scatter plot of log
(
− log Ŝ(t)

)
vs log t: look for

linearity?
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