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Review: Part IV.1.2A Counting Process Formulation in
LIDA and Applications: Revisits to KM, Logrank, Cox PH

Consider T, a lifetime with hazard function h(-). Let C be a censoring
time, U=TACand §=1,0for U= T, C, respectively.

Define N(t) =I(U<t, 6 =1) and Y(t)=/(U>1t). If T L C and
T~f(), C~g()

> E[N(t)] = E[A(t)] with A(t) = [; h( x)dx.

» A(-) is the continuous compensator of N() wrt {H.}, and denote
M(-) = N(-) = A()-

Recall right-censored lifetimes {(U;,0;) : i =1,...,n} from n indpt
individuals.
Define Nj(t) = [y dN;(v) = I(U; < t,5; = 1) and Y;(t) = I(U; > t).



Part IV.1.2B Revisit to Logrank Test

Logrank Test.

» Consider T, T event times in the treatment, control group,
with hazard functions hy(+), ho(-). Assume T; L Ty and
indepdent censoring time C.

> Ho : hi(:) = ho(+) vs Hi : otherwise.

> Data are
{(Uliaéli) = 1, PPN nl}U{UOja(SOj) _j = 1, ey no}

P> Test statistic

ZOE

va%

under Hy as n — oo with n = ny + ng and ny/n — p € (0,1).

— N(0,1) in distn

to verify the asymptotic normality?



Introducing Nli(t) = I(Ul,' < t,51; = 1) and Y1,'(t) = /(U1,‘ > t),
Noj(t) = /(Uoj <t, 60] = 1) and Yoj(t) = I(Uoj > t), and

Nu.(t), Ya.(t), No.(t), Yo.(t).

With 0 < Vi < ... < Vi < oo all the distinct observed failure times,

0= Ny ( Z/ () = 3 o E = ZEk
Ek = dekl = f Vi1 Wd[/vl ( )+ NO(V)]

0-E= /00[1 — Ha(£)]dNy (t) — /OO Ha(t)dNo (t)

Further, introducing M;;i(t) = N(t) — Ai(t) and A; = fot hi(v)Yi(v)dv for
i=1,...,m, | =1,0. Under Ho, hi(-) = ho(-), and let U(cc) be

O-E= Z/ [1— Ha(t)]dMui(t Z/ Ha(t)dMo;(t).

By the Martingale CLT, U,(t) — Gaussian(0, a(t)) in distn as n — oo. Thus
1

\/ na(oo)

U(oc0) — N(0,1) in distn as n — co.



treatment

S : [
Example IV.1 (cont’d) n =5 indpt subjects and Z = { 0 placebo

(U,‘,(Si,Zi): (1671a1)7 (137070)7 (21,171)7 (117170)7 (127171)
Vi: 11, 12, 13, 16, 21; Zy: 0, 1, 0, 1, 1;
RI : {172’ 37 47 5}’{1727 3’ 5}7 {172’3}7 {1’3}7 {3}1

Introducing Nli(t) = /(U1,' <td= 1) and Y1,‘(t) = /(U1,‘ > t),
Noj(t) = I(Uoj <t, 6oj = 1) and Yoj(t) = I(Uoj > t), and
Nl»(t)7 Yl»(t)7 N0~(t)7 Y0~(t)'



Part IV.1.2B Reuvisit to Logrank Test

Remarks

» Nelson-Aalen Estimator for the cumulative hazards H,(-):

~ | N to1
Hl(t):/o Yl'(v)le_(V), Ho(t):/o Yo.(v)dNO'(V)

(Nelson, 1969; Aalen, 1972)

— §(t) = exp{—Hi(1)},

an estimator for the survivor function S;(-): not the same as
KM estimator but asymptotically equivalent, with higher finite
sample efficiency.



Part IV.1.2B Reuvisit to Logrank Test

» A Class of Rank Tests: Hp : Ho(:) = Hi(")

/0 T Wa(8)[dA(t) — dF(D)]

with W,(+) predictable, non-negative and order of n.

> eg Wy(t) = % = Logrank Test

> eg. Wy(t)= M = Gehan-Wilcoxon Test

> eg Wy(t) = §*(t)% = Prentice-Wicoxon Test

(5~ (t) the left-cont’s version of SM estm)

> eg W,(t)=[5(t)]* YTO(SLY% )) = Fleming-Hurrington
Test



Part IV.1.2B Reuvisit to Logrank Test

» A Class of Rank Tests: Hp : Ho(:) = Hi(")

" Yo t)yl (t) ~ 2
/ W05 0 1y (g19Fh(t) — dPo(t)]

with W (-) predictable, bounded, and non-negative. How to

choose W;i(-) to achieve a powerful test?

> If Hy :log [hl( )/ho(t)] = ag(t), optimal weight?
e.g. Lagakos and Schoenfeld (1984).



Part 1V.1.2C Reuvisit to Cox’s Partial Likelihood
Approach

Consider T following the Cox’s proportional harzards model:
T|Z ~ h(t|Z) = ho(t)e’?

Let C be an independent censoring time, U= T A C and § = 1,0
for U= T, C, respectively.
DefineN( )—I(U<t §=1), Y( )=1(U>t) and

A(t|1Z) = fo h(u|Z)du = fo (u)e?Z dHo(u).

Suppose the available data are
{(U,‘,(S,',Z,‘) = 1,...,n}
from n indpt subjects and indpt censoring T; 1L C;:

L(B, ho(-)|data) = H (ho(u;)eﬁz")éi exp(—Ho(ui)e”) = Lp(B|data)L1(3, ho(-)|data)

i=1



Part 1V.1.2C Reuvisit to Cox’s Partial Likelihood
Approach

Cox partial likelihood function (Cox, Biometrika 1975)

n eﬁzi 5,— n eﬁzi 5,-
olooe =TT (=) =TI ( )
plF]data) ,lj‘[ Yier, €7 ,1:[1 2oy Yilui)eP?

the risk set at time uj: Rj = {j : uj < u;}
— the MPLE (maximum partial likelihood estimator) of f:

B = argmaxgy 5Lp(,8‘data)

the solution of U(B) = mogaiL"(ﬁ) =0, where

. 1Y uj )z IY Z |
2 R = Z/{ R e

Verify B — B a.s. and \/n(3 — B) — N(0, ) in distn?



Part 1V.1.2C Reuvisit to Cox’s Partial Likelihood

Approach
Firstly, to check if%U(ﬁ) — N(0, a(o0)) in distn as n — oo
Note that

) = 53 [ S e

1 Yi(u)ze
N \fZ/ {z ZZ%/ 131// ))Ieﬁzf ydM;(u).

It converges to the Gaussian process with mean zero and variance
function a(t) by martingale CLT as n — oo, where

< Un Un > (B;1) Z/ )& Vi (u)du — aft).



Part 1V.1.2C Reuvisit to Cox’s Partial Likelihood
Approach

Secondly, to check if /n(3 — 8) — N(0,i(8)~1) in distn

Note that
Lwe - ven=-2ue)
\[ - \[
10U(5) 1
S5 A3 - 8)+ o3 - 5) -

Plus —1 2900 — o(00) = i(B).

Use (fp(ﬁ))fl = (— agjﬁg)) " fo estm Var(B).



Part IV.1.2D Reuvisit to Nelson-Aalen Estimator and
Breslow Estimator

Recall the notation:

Nelson-Aalen Estimator for the cumulative hazard function

H(t) = /Otyiu)dN,(u)



Part IV.1.2D Reuvisit to Nelson-Aalen Estimator and
Breslow Estimator

Remarks:
» The observed failure times 0 < V; < ... < V/,

~ # failures at V/,
t) =
) \; #atrlskatV ZN
i<t

» Define 0/0 = 0 or replace 1/Y.(u) = I(Y.(u) > 0)/Y (u).

E[dN;(t)|Yi(t)] = Yi(t)h(t)dt



Nelson-Aalen Estimator’'s Asymptotics
[A(t) — H(t)] is
£ I(Y.(u) > 0) t (Y (u )>0 Y.(0)
/oiY(u) c//v,(u)—/0 [(¥.{u) > 0)¥.{u) //
@) >0 .
| am w) /Ol(v.u 0)dH(u)

By Martingale CLT, in distn
1Y (u) > 0) .
NG /0 RSS20 dm (0)  Gaussian(0.(1)
and /n [y 1(Y.(u) = 0)dH(u) — 0 in Pr 1.

Thus /n[A(t) — H(t)] — Gaussian(0, 0%(t)).
Plus sup,~q |H(t) — H(t)| = 0 in Pr 1.



Remarks:

> 02(t) = [y prosydH(w) and 52(t) = [ D= d i (u)
W|th n>>1

» Fleming-Harrington Estimator for survivor function

$(t) = exp{~H(1)}:
Vn[5(t) = 5(1)] = S(6)v/n[A(t) - H(t)]

» Breslow Estimator for the baseline hazard function in the
Cox PH model:

Fo(t: B) — Ho(t) = /Ot WdN‘(u)

with 3 replaced by the PMLE /3
> Note that

Fo(t: B) = [Fo(t; B) — Fo(t: B)] + [Fo(t: B) — Ho(t)]



Part 1V.1.2D Reuvisit to Nelson-Aalen Estimator and
Breslow Estimator: Confidence Band of H(:)

Recall that Hya(t) = fot ’(YY(E,';) dN.(u) ~ Gaussian(H(t), Uz,st))
approximately. A

Pointwise 95% Cl: Vt > 0, Aya(t) + 1.96 @

95% Confidence Band: the lower, upper boundaries L(t), U(t)
satisfy P(L(t) < H(t) < U(t) : t € (0,00)) = 95%.

e.g. HAna(t) £ cy/2 ( ) with ¢ determined by

P(sup\HNA() D) < o) = o5%.

£0 2(1) /n

How to compute the critical value c?



» Approach | (based on the Brownian Motion)

Recall fH"’Ai(it() — W(5 ()) in distn: W(-) the standard

*(t)
Brownian motion.
Thus, by the continuous mapping theorem,

Hna o?(
sup W‘L‘% sup ‘W ‘— sup |W(u)
0<s<t a(t) 0<s<t t 0<u<1

in distribution.
From the table of Brownian Motion, find ¢ such that
P(supo<u<i |W(u)| < ¢) = 95%.



» Approach Il (resampling) (Lin et al, 1993, Biometrika)
Recall to choose ¢ such that P(supg<; o |@n(t)| < c) = 95%:

Qn(t) = fiH’VA( zt) () is about

5() V()
L VANR YW
- 3(f);2:1:-/0 Vi M)

Define Q,(t) as follows

Z/ dN( )Z;

with Z1,..., Z, iid from N(0,1) and L the data:
Qn(-) converges weakly to Gaussian(0,o%(t)) (i.e. asymptotically
equivalent to o(t)Qx()).



Algorithm. At /th time, I =1,..., M,

> Step A. Generate (Zy, ..., Z,)\) as an iid sample from N(0,1)
and I the data.

» Step B. Evaluate @,(1/)() over [0, T*].
> Setp C. Calculate W() = SUPg<s< T ](N?,(,I)(s)\

Choose the critical ¢ to be the 95% quantile of W), ... WM),
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