Toro'cs for Too(ma

\~) Fouro'er TN“S%MS ¢ f')ﬂ."l'h’ bCﬂSi.?"'CS (‘an lagt 'h'..g)

1.) A Iittle F«m.#om) Aml’so‘:
- O M{eftvo\\: or spaces
- Cowev,euce & wmp'efenﬁ}'

3.) Contrachon Mtrrfn’s ¢ Erned Points
- Theorem of Hhe Maximum
« Dlackwell’s Subfie/ent Covelitroms



A Little Funchonel ﬂmlzt"t
o We wont +o solve

mmaX {P r(X...,W) Sk, Xon © 7("”“")

(Ul 400 % 9iien

wheve ¥, is the skte. 76 oo #is, we define the
Value funchion,

\/(')() T“qi zPT(X.,u.) 8 ’(': ’(x,q)

430

¢ E*p\o\'-lw'n’ 'I'k recuﬂfc !Mo\‘“ﬁ O'F 'I"ns pn[/em

| V(%) = mex{r(‘f,u)i-PV(X')} mx{rlx.uhﬁl(gtw)o

¢ Nete o$ we Know \/, we ¢an selve ﬁr )‘“\e Of/rma/

po(w? 0%,
w: hix) s av,max{f(x.u)* FV[%XMJ}

¢ We Fhen \\\ve the rdenhdy chevacter'aln
va M‘#?"’”/NW > He

‘ T(X.Mx))-l- ,Bv[ :(x,m»j




* These ave funchons) equaions,  Prunchins of Aumctions ']

we will 0“',“ them MSo'n; Phe bols of Pemchone /
Am.(‘so': "

v AS « ;:f"" S+¢l°, def.‘..g +he . h.S. q{ f‘ﬂ
Bellman ¢y. as Pllows :

TV) = Mg%{m.«) +pV[3¢ vm?J}

+ Netey, 7 s an o refor ( I8, 1} meps elements
Leom one vector space k amﬁer),

. We can now write Hhe Bellmen Eg. as,

« Solviu: +he Be”man 57- lk €7uo'v0/eoﬂl /’
yc.‘nd\‘na o Fired Bgo'a"‘ of T.

Recush'na o problem as a Fined [oint
problem *is & Comwon Stvbegy 1 applied

mephemehe s,



Examg‘ti

1) Algebraic Eys.
Wenk v find e roofs of Fodzo
Define TUX) = %+ f(x).
Then Selving fixrco Vs Phe Same a3 ﬁu/dv He
Sixed phs. of ReTex).

2.) D:§fevenhral Ezs.
Weut o solve X =F(x)

I“;gavgh beth s.‘de:, ®(e): wo)-r.ffﬁlxm)ds
S T(%)

3.) Compelhive Ezuf’v briwm
Av¢vow & Debreu (19s%) ,’nvo’c’u/ Phe Rost rigorsus
fva of #he exvsience of O Compehhle e,w'/,
by pesiny Fhe problem as @& P problem
avel then uh‘n’ Ko kulans s FP FAeorem ,

(Barlier Ah‘cmﬁ‘} hod Just counted €ys. o unkagwn s

)



A “:Cf&ﬂdk: ’F szcc’.
@ w ! A set endowed with a
lu of subsets called

"hfio\o’; ") Wwhichk 1's & &mo’.’
“open seds " which 8 closed under Finrte
iwhevsechions and countedle wnions andl contens

a null element (emp‘; set) and Phe whele space,

@ Metvi'c fcu - hrolozqa,' space Wwhere Me
topeleyy I8 induced by & distance Funehion
A distence Ramehon 15 & red X andl & real-vealued

'Funv\'\'o“ J: ng—) R called & metri¢ whitd
sadishes Y fnfwh'c;
a.) Posihvity ¢ dixy) 20 Y¥%} EX

D S*F:;\:’!tfh  dl,y) =0 i X2 Y

L) Gymmetry e,y * oty )
1) Triavgle. © dixg € d(%3) +d(2,9)

:MQ u'\

dos g ?
X dlt,ﬁ”

dtr,0) i



E%&ME\!S
1) bed X ¢ IPlW") LSG"' of {x} 5.4, ’ga’xr"‘”]

Thew dp(x9) (ile"ﬁlr)y’

+29

2.) Let K Clo,T) (Sﬁ' of conhnuons reelvalued Fonchion
own Lo, T2 y

AL :
o Jp(ﬁ,’) 2 [ g]xm-gml'dt] i

or  d (#Y) = .irrtlxm-ym/

v We now wWent ade Some algebrerc shruchire,

@ Linear (Vector
unoler addition awel Scale
w\n‘o\ Sﬁ‘h‘spp'e; Mc Uusne
(C.onmuklwcl associnAVe, ot

Comsiedler Clo, 7] ¢ nete

& +1)L-4) : W) H YO
Ox)le) & AXLE



@Normu) Lineer Stf—c VA liaeer Space, X) alov

With @ renl-valued Funehon that maps xeX
into & feal-numbes, Nl , which sahvfies
Fhe Ppofef‘h\i :

o) ||zl 20 VxeX lxltzo (F xe0

L) A% = WMl ¥ sealar A
¢) leyit & a0 t 0yl

Nebe @ A nevm can e o‘u#crpnh(l as @ funchon
space anslod of Phe nefon of Phe ''site” o

‘onodu lus” of @ vestor,

Comment$

1.) A normw JG‘.’!&C‘ a metri'e y duo") - //x'y”

X, con have wany different

novms . Technieally, Fhese defiae differen
hermewd vecler spaces. A normed spece COnsists
of both & seb of elements andl Fhe norm,

2.) A given 5pace,

3.) Iw finte dimensional Spaces, al/l norms are
& ! e iva/en (“'". 'S *"o "“"VO k
|‘0“‘ ' 3 ‘O.A.Vt n“ﬁb"‘ [} .ﬂ‘ ‘ "*o

allxll, < iz, <&lixll, ¥ xeX),



Convevaence v Comgleknﬁf

e Our Soluhon a)aow'*bm! wil) be Jterah've, The

. duce o Sequence oF suceessively belf
will produce & 3698nce o o Kow f

o oximc.-hons :
i{?seiuence c«wer,e;, anol '§ 50 ) Wwhat Sort
of object it conVeryes

Convergence
A sel,uence {%q} a & metric Space (X,b’)

Converges bo o limit X, X it for every £20
7 N(e) sb d(X., %) < E v n>NE),

¢ Note, to cs}&l/o'sl converyenee here we musy

o.\reada Know Phe limit pt. Not of much use
bo us Ul A weve useful concept IS Fhe Allowivg;

Cuus\q Sej\ﬂ'\ ce

A se‘uuce '{%} In & metne Ipace (XJ) /s q
CNM.\.’ $¢7ucncc if for each 20, 3 W)
s, Xy, Xm) < € forall nm 2 W(1)

(.'.e., |t d(.x..,x...) ) ).

N, m <)oo



Foet | C,onw.qad sequences are Cauel; Sepuences

e ————— ]

(?'..¥ \ APP“ A*/ J(x~’xn) < J("n.)‘.)i‘d(ﬂo,ﬁm) >.

Fock 2 . Cauchy Seyuences may no} Converge
- (i, wmay not have & limit in X ).

Fgmug E!&ng,g p X‘- RAHMG' l)ua"ﬂ,o'(ra)):’xv/

[

p_— RQ‘Q“"\+ : X : c,[o, IJ with d, (%, )
M J

Cons\'o‘er ’X,,H) < t” . T“QH
A (7, 1) = f'(t"‘-t“)‘at
s . 2

T me ans)l  wmeneé)

b Ko is Conchy , bab ibs limid it ot

in Clo, 1]



Completeness
A metric Space '$ Comf/e/'e £ each Caud.’

sequence in (R ,0) convevges fo on clement of X

¢ Compleheness is importart because when solv/

funchune| €9s. numericslly | we odo so 6’ entrafa
[ sc,ue“g of a"vov.u'm hons, We Whnt Fo Kngw

-H*{- ¥he ,u'wn'"- 's in Phe relevest set.
/v, prove ;

» Completencss ¥+ Couchy allovs You
c:m?eqeme w’%owl-’l(nomk’ ’-H,g 'l

= T’»ere ave 2 3,"!»}'3,0'!} ﬂr ’gffp’"’ m’kk“”'.
e (0..6.' ;uﬁwde I.‘uu.‘" ¢ﬁ CAuGl7 ’9)‘,)'

1) C\tnne +he S&

Famons Exawples 1 o) Real vs. Rahons| numbers
8) LyloT] vs. &le,T),

2.) Chanye He norm
clo, 7], e 15 not complete
warform

;, C°MP,‘R ‘,‘on“w
s} preserves
M'\ﬁqm’.,

E*Am'k .
bt € [°IT) ) d“
(N.h y " : Kas) Vs net Cau&’ uneley da ),



* \We hoave now Come t“b e endl g,(’ e /o‘»e. We have
)
Ranach Space : @ Q’M‘ normed /ingar space :

o We Can visuslize whet we've accvmplished as follows:

Topeleaien) Space
Wateiy S PCe

+hiy isn'd 7uo‘h +he enol o# Ve SJW; , For

Some problems i+ 15 usefu| *o impose Some QGeomedrc
shruchure Phof albws us fo deline Hiags Ike
orthotonel prejechons. This leads ko fze concept of
Q u.‘l? ace. A Hilbert space /s a Bonacl
space endowed with an inner product.

o Actully,



The Conbachin Mapping Theorem

¢ The Contrachion Mtrﬂn’ Theorem is somehmes referred|
b as the Baned Fixed Pt. 7Theorem.

v Eirst Some more jaryoen,
Ogeukr L R mepping Lrom one veche space Fo anethes

Linear Operater : T ( x+pY) : o T(x)+BT(Y)
Opevaler | O‘(Ttn, T(x,)) ¢ § whenever J(x,x.)&J

Coutinvous Opteler
(or lim XXy =D lim Tl Tt ).

Let (X 'ol) be & medvic space and l¢f
T X—X. W LY 7" is & Contrachin wmpping

£ 3 ogk<) st d[Tto, Tt € K dixy)
v %Y EX.

Note: Condvachion M‘"i’-\,} ave Conhnueus (ld- d: E/g)



Contrachon M‘tt"‘z Theorem
Let (X,d) be & c,omg'd-e wmetrie S?Ate,anl Jet
T: X=X bea comtrachon. Then T has a

aniaue Fined pont, T(x*)s X', which s The

JALL Lo~
limi + of the reeursion, Xy, = T(x):* T'(x,).

* Nete , #he Contrachon Mﬁp)o'n’ TA. s an unus va/
EP Hheorem, for 7O reasons :

o) I+ delivers uniqneness
L) I+ pnw‘Jcs av Q’,on’#‘m for Fathiag +he Loved ,a’l.

Pnag: The Pﬂ.‘ consists of 3 $+€f3 '.

1) Show X = T'(x,) s CA&J’

2.) Prove #het Phe imid A, , 18 @ FP of T

3-) Establish unigueness



Step 1

A (Hmer, % ) 2 o (TR, TUR,))  defmn 8T
SRty Hma) 7 P
2 0o (Tlta), TlHau)) > defn. o T
SR, 2ae) > Pl

<K d( %0 %)

Assume N>m, Then A#‘ ;mp'.‘es,

a(xn,‘xn) f J(X»,'X.-J*J(X.n,?‘m)* '"J(Xm.,xm)
S (kn.u* K.-\* ‘"*Knﬂ* k”)d(xl)x.>
=k —',-'-'_-%' A% %) € o dlx,x)

Thus, we can waalce o (%, %) A8 Sme// as we want
63 v =>oo, Because K is complefe X, Converges

+o aw tlement of XK,



S+cr 2
Let %, * l::v; B = T Ix)

VJM\"‘ e Show Xy - T( 700)
d (Ko, T2) & dl%, %)+ d(2a,T(x.) > 6 3

Contradh

s d(%.. 3 xn) ¢ Kd(x..... ) xu) ? Propecky
" "

0 o ? G“vu)m‘

Step 3

——————
P'.v‘ MV\\"HCVOG$’ b: Cﬂh#‘ndl'bh'ono

S“PP”‘ y P awol 01“ are “CGGL ';NCJ P‘H‘

A(%on ,Yeo) = AT (%, TlI) € Kol (%, Jor)
Jybe. < d (%, yao)
of FP

=) cowbrad oy



Blackwell's Sufficiedt Conditions

o To opply the Conbrachon Mopping Thtorem , we need
an Casy wa; ke idenkfy @ emlv“ﬁ'on. This 1's
provides b3 Blackwe /s 7Reorem :

Blackwell's Sufficient Cando'h'u!

Let T be an operstor on a mefric space
(X' J“) _ Rssume T sodisties
N\

Nete wee oo Sup norm

W) Monobg(u‘h . > \é —7 Tix) 2 T(’)

[x2y iff an2ym ve].

2.) Discounhing : Let ¢ be a constunt funchioy , For
—— any pesihve real ¢ @nol every

x€ W, T(xee) ST+ Pe
for some 0 p<|

Then T 15 @ contrachon with modulus /3



Peoct of Blackwel(
Let = Y+ %- b
NO"@, y 4 '7 f 0‘“(1, :) 53, defn. of sup nerm

=HxsY + deal(%9)

303 Mombv\o‘cn‘b of T,

Tx) € TLy+ dutzey)]
By cl\‘sc.omh’w’ propery,

Ti) & T(Y) + Poulxiy)
= TH-TLY < P deo (%19)

\3, reversing roles of X+ Y4,
Tty) - T) S Polal% )

“—y d“('rm,-rm) < P@LU" 9)



APE"‘“‘ ‘on of Blackwell o Bellman EIW%&;

Suppose V2w
T = war{ rtxm + V(X "}
2 qu{r(x,u)-l-PW(X)}\

= T(W)
= T i monetone

T(vte) = max {ria,m ¢ plVIxO+ c]}
2 mmox { elx, ) *PVU')} +fic
- T + P

=) T has discomt fro,w»‘-;z



