LEARNING AND MODEL VALIDATION

IN-KOO CHO AND KENNETH KASA

ABSTRACT. This paper studies the following problem: An agent takes actions based on
a possibly misspecified model. The agent is ‘large’, in the sense that his actions influence
the model he is learning about. The agent is aware of potential model misspecification
and tries to detect it, in real-time, using an econometric specification test. If his model
fails the test, he selects a new better-fitting model. If his model passes the test, he uses
it to formulate and implement a policy based on the provisional assumption that the
current model is correctly specified, and will not change in the future.

We claim this testing and model validation process is an accurate description of many
macroeconomic policy problems. We study the dynamics of this process. Several results
emerge from the analysis: (1) We describe the sense in which model validation justifies
the use of constant gain learning algorithms, (2) We describe conditions under which
model validation supports the persistence of misspecified models, (3) We study how
model validation dynamics influence the large deviation properties of Sargent’s (1999)
Congquest model, and explain how endogenous model selection influences beliefs about the
effectiveness of monetary policy, and (4) We offer conjectures about how model validaton
could potentially deliver an endogenous reference model in robust control and filtering
models.

JEL Classification Numbers: C120, E590

1. INTRODUCTION

In his Ryde Memorial lectures, Sargent (1993) discussed several potential benefits from
studying models in which agents ‘act like’ econometricians, using traditional econometric
methods to formulate and revise their expectations. First and foremost, they permit an
analysis of transition dynamics. By definition, Rational Expectations models have nothing
to say about transition dynamics. They presume convergence has already occurred.'.
Econometric learning models can also provide a basis for equilibrium selection when there
are multiple Rational Expectations equilibria.? They can also provide tools for computing
Rational Expectations equilibria.

Despite these benefits, Sargent (1993) expressed reservations about the usefulness of
these models for explaining actual time-series data. Given their focus on convergence
and stability, adaptive learning models naturally produce econometric specifications with
time-varying parameters, which depend on initial conditions. This creates econometric
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difficulties, unless one has prior information about these initial conditions (as might be
the case when studying transitional dynamics). Sargent also highlighted the need for
substantial ‘prompting’ in these models. Typically, agents are presumed to know the model
up to a small number of unknown parameters. One could argue, however, that endowing
agents with the correct model specification ‘throws the baby out with the bath water’ when
it comes to justifying the Rational Expectations Hypothesis. The macroeconomic learning
literature was originally motivated by doubts about the strong informational requirements
of Rational Expectations. From this perspective, the real issue is model uncertainty, not
parameter uncertainty. Once agents know the model, you might as well assume Rational
Expectations! So at least in stationary environments, learning models only seemed to
be of interest to economic theorists, useful perhaps for justifying or computing a given
Rational Expectations equilibrium, but of little relevance beyond that.

Fortunately, the macroeconomic learning literature has made a lot of progress since
Sargent’s Ryde lectures. An important step was taken by Sargent (1999) himself, in his
monograph The Congquest of American Inflation, which built on the work of Sims (1988)
and Chung (1990). This introduced two key innovations. First, it introduced the idea
of ‘constant gain’ learning, which effectively discounts old data. Discounting past data
makes sense when agents suspect the underlying data-generating process might be time-
varying. Somewhat ironically, these doubts about the stability of the data-generating
process produce a (stochastic) stationary equilibrium, since discounting washes out initial
conditions and prevents learning from dissipating over time. Stationary equilibria are much
more amenable to standard econometric estimation methods. The second innovation was
to introduce the idea of a Self-Confirming Equilibrium (SCE).? This relaxes the assumption
that agents have a correctly specified model, and hence, reduces the ‘prompting’ agents
receive. In a self-confirming equilibrium agents’ beliefs are correct, or ‘rational’, along
the equilibrium path, but they can be incorrect, or misspecified, about off-equilibrium
path events.* Sargent (1999) showed that the combination of constant gain learning and
model misspecification could produce recurrent cycles, which resemble the kind of Markov-
Switching processes that are commonly fit to macroeconomic data. Cho, Williams, and
Sargent (2002) (CWS) went on to show that the stochastic properties of these cycles could

be characterized using the tools of large deviations theory.
Although Self-Confirming Equilibria and Restricted Perceptions Equilibria can be at-

tractive alternatives to Rational Expectations Equilibria, they raise obvious, and as yet
unaddressed, questions: Wouldn’t agents be able to discover the misspecifications of their
models? What if we allowed agents to test their models, as well as estimate them? Our
primary goal is to begin to address these questions. In doing this, we push Sargent’s
analogy between agents and econometricians one step further. Econometrics textbooks
generally consist of two halves: the first half discusses estimators and their properties,
and the second half discusses inference and specification analysis. The learning litera-
ture assumes that agents have only read the first half of the book, focusing on issues like
decreasing versus constant gain learning, recursive least-squares versus stochastic gradient

3Self-Confirming Equilibria were originally developed in the game theory literature by Fudenberg and
Levine (1993). Sargent (1999) argued that this equilibrium concept could be useful for macroeconomists.

4Evans and Honkapohja (2001) discuss the related concept of Restricted Perceptions Equilibria (RPE),
in which agents optimially (in a least-squares sense) fit misspecified econometric models.
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learning, etc. Our analysis lets agents use the second half of the book.

Econometricians have made substantial progress during the past two decades on the
problem of testing and comparing misspecified models.” A unifying theme in this work
is to view models as inducing probability distributions over the data, and to then com-
pare models using information-theoretic measures of the difference between two proba-
bility distributions. Most recent work on comparing misspecified models is based on the
Kullback-Leibler Information Criterion (KLIC), which measures the relative entropy be-
tween two probability distributions. Models with smaller estimated KLICs are preferred.
A key result in this literature is that consistent estimates of the difference between two
KLICs can be obtained without prior knowledge of the true data-generating process. As a
result, models can be compared without having to assume that any of them are correctly
specified. Basing model selection on relative entropy also has the virture that it naturally
encapsulates a measure of model ‘complexity’, thereby striking a balance between bias
and variance, and allowing models with different dimensions to be sensibly compared.

The decisionmaker in our model exploits these recent developments. We contend that
this makes his rationality a little less bounded. However, it is still bounded, for the same
reason it is bounded when estimating his model. Traditional econometric methods (for
both estimation and inference) presume the data-generating process is exogenous. In our
model this isn’t the case. Our agent actually uses his model to make decisions, and as
a result, the data-generating process responds to the agent’s own estimation and testing
efforts. That is, the data are endogenous. When it comes to inference, this means there
will be a difference between the nominal and actual sizes of our agent’s test statistics. We
assume this discrepancy goes undetected.

The model validation process we study can now be described as follows: (1) An agent
begins with a fixed, finite, collection of potentially misspecified parametric models, (2)
Each period the agent compares his current reference model to all other candidate models.
He does this by recursively estimating their KLICs. In our gaussian linear regression
examples this reduces to recursive computation of Akaike Information Criteria (AIC).
Note that all models are always being estimated, even if they are not currently being used
for policy. (3) If the difference between the current reference model’s estimated KLIC
and the current minimum estimated KLIC is less than some (fixed) threshold, the current
reference model is deemed to be wvalidated, and is then used as the basis for current policy.
The threshold is set to control Type I errors. (4) If the difference exceeds the threshold,
the current reference model is rejected, and a new reference model is selected, based on
the model with the minimum estimated KLIC statistic. This new reference model is then
used to formulate policy, and the whole process repeats itself next period.®

This recursive procedure defines a completely general model validation process. Al-
though it might be possible to characterize the induced dynamics of this process in a

®A highly selected sample includes: White (1982), Vuong (1989), Hansen and Sargent (1993), Sin and
White (1996), Kitamura (2001), Rivers and Vuong (2002), and Marcellino (1999). White (1994) and
Burnham and Anderson (2002) contain textbook treatments.

SNote, this process does not permit the agent to engage in model averaging which, from the standpoint
of Bayesian decision theory, would generally be a preferred strategy. Keep in mind, however, that our agent
uses his model to solve a control problem. We assume the computational advantages of model selection
outweigh the statistical advantages of model averaging.



4 IN-KOO CHO AND KENNETH KASA

general setting, we have chosen to narrow our focus to two well known examples from
the macroeconomic learning literature. Our first example is taken from Sargent (1999).
We first consider the case where model complexity is ignored, so that validation becomes
a simple question of fixed versus time-varying parameters. Sargent’s recursive learning
model is based on the implicit prior of slow, random walk, parameter drift. Parameters do
appear to drift, but only because of the agent’s own model misspecification. One might
question the plausibility of this prior, however, in light of the time-varying, heteroskedas-
tic nature of the model’s induced time paths. Wouldn’t a good econometrician look at
these time paths and revise his specification of parameter drift?” Model validation allows
for this. Although the agent monitors his model continuously, he only updates it if it
goes sufficiently far off-track. A time invariant testing threshold automatically generates
a greater rate of model revision during turbulent periods.®.

We show that as the testing threshold converges to zero, model validation converges
in a very strong sense to recursive learning. In particular, both strategies induce prob-
ability distributions over sample paths. Our convergence result implies that these two
distributions coincide not only in the center of the distribution, but also in the tails. From
this, we can conclude that the two processes share the same large deviations properties
(e.g., escape routes and escape times). This aymptotic equivalence lends some support to
constant gain recursive learning models.

The next step is to incorporate a complexity cost. We assume the agent fits both
static and dynamic Phillips Curve models. The dynamic model fits the data better,
but is more complex, so it will not be used unless its fit is sufficiently superior. As
noted by Cogley, Colacito, and Sargent (2005), this example is of historical interest, as it
allows for a distinction between short-run and long-run trade-offs between inflation and
unemployment. This distinction was actively debated in the policy arena during the 1960s
and 1970s. Using simulations, we show that model validation dynamics represent a sort
of convex combination of the recursive learning dynamics of simple and complex models,
with a weight determined by the complexity cost. It turns out that model validation
dynamics consist of a subtle interplay between the escape dynamics of simple models and
the mean dynamics of more complex models.

This first example features a fairly subtle form of model misspecification. Our second
example studies a more mundane, and perhaps more common, form of model misspeci-
fication; namely, the exclusion of relevant variables from a (recursively updated) linear
regression model. In particular, we study an example from Evans and Honkapohja (2001).
They focus on how E-stability conditions are affected by model misspecification. We pose
a different stability question. We ask whether our model validation process would reveal
the correct model if it is contained in the agent’s original collection of models. This sort
of question has been the focus of a huge literature on the consistency of model selection
criteria. While the lessons of this literature are suggestive, they are not directly applicable
due to the endogenous nature of the data-generating process in our case. Still, as might
be expected from this literature, the crucial issue is how model complexity is penalized.

"Sargent and Williams (2005) show that escape dynamics are sensitive to prior beliefs about parameter
drift. If agents think parameters vary more rapidly than in Sargent (1999), then escape dynamics disappear.

8In this sense, model validation can mimic the kind of time-varying gain sequence used by Marcet and
Nicolini (2003)
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Standard model selection criteria embody a cost function that decreases with sample size.
This reflects the fact that variance becomes less of an issue as sample size grows, so that
agents can afford to consider progressively more complex models over time. Not surpris-
ingly, we find that the RPE studied by Evans and Honkapohja is not stable with respect to
standard model selection criteria. We argue that model validation leads to a new concept
of Restricted Perceptions Equilibria, one based on minimum KLIC.

For simplicity, our paper focuses on parametric model uncertainty. In a sense then,
we are subject to the same criticism we previously made of the existing macroeconomic
learning literature. By only considering a finite collection models, we’ve essentially added
a few unknown (discrete) parameters to a standard learning exercise. One route toward
genuine model uncertainty would be to consider nonparametric alternatives, as in Chen and
White (1998). This can be problematic, however, given the sample sizes usually available
to macroeconomists. Nonparametric methods are also ill-suited to situations where the
model is being used to solve a control problem. An attractive alternative, better suited
to a control context, has been proposed by Hansen and Sargent (2006b). Their robust
control methods adopt a (constrained) worst-case approach to model uncertainty. In
Hansen and Sargent (2006a), they extend these methods to allow filtering of underlying
hidden states. Using discrete, time invariant, hidden states to index unknown models
allows agents to respond to model uncertainty in a way that is robust to general forms
of distributional misspecification. Hansen and Sargent approach this problem from the
perspective of model averaging. However, their methods could easily be adapted to model
selection, which would deliver a form of ‘robust model validation’. We argue that it would
also deliver an endogenous reference model.

Finally, there has been some prior work attempting to link learning with model vali-
dation, which we should briefly mention. First, the early work of Bray and Savin (1986)
touched on this issue. They ask whether agents could use standard diagnostics, like Chow
tests and Durbin-Watson statistics, to detect the time variation in parameters that their
own learning behavior generates. They found that when convergence is slow, agents are
generally able to detect the misspecification of their models. In a repeated game context,
Foster and Young (2003) allow players to construct, test, and revise simple models of their
opponent’s behavior. They show that hypothesis testing produces convergence to a Nash
equilibrium in a relatively strong sense, although testing errors produce rare but recur-
rent experimentation phases. Perhaps closest in spirit to our analysis is recent work by
Branch and Evans (2005). They also study a situation where agents not only update the
coefficients of a given model, but also select among alternative parametric models based
on their recent forecasting performance. Despite the similarities, our model validaton ap-
proach differs in one crucial respect from all these prior efforts - ours is based on formal
statistical and information-theoretic model selection criteria. In particular, our paper is
the first to exploit recent advances in the econometric analyis of misspecified models.

The remainder of the paper is organized as follows. Section 2 provides a general outline
of our model validation process. Section 3 applies this framework to Sargent’s (1999)
Conquest model. Section 4 applies it to an RPE example from Evans and Honkapohja
(2001). Section 5 briefly discusses how our model validation approach could be adapted
to deliver an endogenous reference model in robust control problems. Section 6 provides
a few concluding remarks, and an Appendix contains proofs of various technical results.
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2. MODEL VALIDATION

The concept of model validation is not new. For example, it has a long history in the
engineering literature.’. Our goal is to apply and adapt some of the language and methods
of this well developed literature to the macroeconomic learning literature. This is not a
straightforward exercise in translation. One problem has already been discussed, namely,
the fact that in our setting the data are endogenous to the validation process. Another
problem concerns the real-time nature of the exercise. Most validation procedures are
retrospective, or are based on hold-out samples, which are ill-suited to ongoing decision
making problems. Yet another problem, again related to the decision making aspect of
the problem, relates to the nature of the alternative hypothesis. Many existing real-time
validation procedures, e.g., those based on CUSUM statistics, fail to specify an explicit
alternative.'®. Unfortunately, these methods are of little use to our agent, who, at the
end of the day, must make a decision based on some model. Simply concluding a model
is rejected is not very useful. Instead, our agent must adopt the perspective of “it takes
a model to beat a model”, which means that validation must be defined relative to an
explicit alternative.

Suppose an agent begins with a fixed, finite set of parametric models, M. For exposi-
tional ease, suppose M consists of just two elements. Now, consider a model parameterized
by 3, and denote its implied distribution over the relevant data by pug. How good is this
model? Clearly, this depends on what we mean by ‘good’. Suppose we define in it an
absolute sense, relative to the true data-generating process, denoted by pg. The relative
entropy between 15 and pg is then defined as

d
[ log dgdio I po < pg
H (pol|ps) = (2.1)
) otherwise

Note that relative entropy is just an expected log-likelihood ratio statistic. In the statistics
literature, relative entropy is referred to as the Kullback-Leibler Information Criterion
(KLIC), and we use these terms interchangeably. Although relative entropy is not a
metric, since it is not symmetric, it does define a sensible measure of the distance between
two probability distributions. For example, suppose our model is really good, in the
sense that it is the true data-generating process. Then (2.1) implies that the relative
entropy between our model and the data will be zero. On the other hand, if our model is
misspecified, then one can show that the relative entropy will be strictly positive.

In practice, of course, we don’t know the true model, and so we cannot compute the
relative entropy between our model and the true DGP.!! It turns out, however, that for
purposes of model comparison the fact that we don’t know the true model is irrelevant. To
see this, let f(uo|B1) be the log-likelihood of Model 1 and f(u|32) be the log-likelihood of
Model 2. They are indexed by pg as a reminder that the value of both likelihoods depend

9Model validation is currently an active research front in the robust control literature. See, e.g., Gevers,
Bombois, Codrons, Scorletti, and Anderson (2003)

10See, e.g., Chu, Stinchcombe, and White (1996) and Inoue and Rossi (2005)

HThis is not quite correct. By using nonparametric methods, e.g., a sieve estimator, we can obtain a
consistent estimate.
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on the data, and hence on p. Notice that if we substitute these into (2.1) and take their
difference, the log-likelihood of the true model washes out, and we are left with

(2.2) fﬂmWﬁ—HUM&)Z/fWWMWm—/fWW%Mm

In the context of Gaussian linear regression, where models are ‘good’ and samples are
‘large’, we have (ignoring inessential constants)'?

(2.3) [ $unldno = Tog(5?) + 216

where K; is the number of parameters in model-i, and 62 = T—! " &2, where &; is just the
time-t model residual. The right-hand side of (2.3) is the well known Akaike Information
Criterion (AIC). Substituting this into (2.2) yields the following asymptotically unbiased
estimate of two models’ relative (expected) KLICs

(2.4) AIC, — AICy = [log(63) — log(6)] + (Ko — )

This expression provides a very natural, theoretically motivated, basis for model com-
parison and selection. In particular, positive values favor Model 1, while negative values
favor Model 2. Notice that the first term on the right-hand side captures relative model
fit, while the second captures relative model complexity. Hence, equation (2.4) resolves
a trade-off between bias and variance that is present in all model selection problems. Of
course, it is important to remember that there are other ways to resolve this trade-off. In
fact, the AIC has been criticized as being an inconsistent model selection criterion, i.e., it
has a non-vanishing probability of selecting over-parameterized models. This over-fitting
tendency has led to the development of other model selection criteria, which impose higher
model complexity costs. Perhaps the most commonly used rival is Schwarz’s Bayesian In-
formation Criterion (BIC). Sin and White (1996) discuss conditions on the complexity
function that ensure consistency. In our analysis, we are fairly agnostic about this func-
tion, for a couple of reasons. First, the endogeneity of the data-generating process here
invalidates these existing consistency theorems. Second, our agent selects models recur-
stvely. The repeated nature of the testing also calls into question the validity of these
results.'® As a reult, although we often couch our arguments in terms of AIC, in our
proofs and simulations we also consider alternative specifications.

2.1. Validation Dynamics. We are now in a position to describe more precisely our
recursive model validation dynamics. Again, the agent starts with an exogenously specified
finite collection of parametric models, M. All of these models may be misspecified. Unlike
most applications of model selection, our agent actually uses his model to solve a control
problem. Let z; be the time-t choice of his control variable. The next section provides an
explicit example of the kind of control problem we have in mind. Note, as in the recursive
learning literature, we assume that when the agent solves his control problem, he adopts

12Here ¢ good’ means that White’s (1982) Information Matrix Equality is approximately satisfied. When
this is not the case, minimizing expected KLIC produces the so-called Takeuchi Information Criterion. See
Burnham and Anderson (2002) for more details.

L3y fact, Shen and Ye (2002) argue that, when applied recursively, model selection criteria should
feature an adaptive, data-dependent, complexity cost.
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the provisional assumption that his current model will apply in all future periods. This
imparts a degree of ‘bounded rationality’ to the agent since, in fact, his model will evolve
over time. On the other hand, we assume our agent is aware of sampling variability and
Type I errors. This means he will retain his current model until the performance of the
best model exceeds it by a given threshold, p. Effectively, the agent runs a sequence of
Vuong (1989)-type quasi-likelihood ratio tests. Schematically then, the agent uses the
following recursive testing and model validation process:

e Let A; be the time-t value of the recursively estimated AIC statistic for the current
reference model.

e Let A be the minimum AJIC statistic across all models at time-t. (Note: All
models are always being fit to the data, even if they are not currently being used
for policy.)

o If 4, — A} < p, then the current model is validated, and x; is chosen based on it.

o If A, — Af > p, then the current reference model is replaced by the model corre-
sponding to A}, and z; is instead based on this new model.

As an example, consider the case of two linear regression models. Notice that in this case
there are effectively three models on the table at any given time: (1) The current reference
model, (2) An updated version of the reference model, obtained by recursive updating of
its coefficients, and (3) A recursively updated version of the alternative model.

Calibrating p to a given Type I error probability requires knowledge of the sampling
distribution of the difference between two AIC statistics. Vuong (1989) did this for the
case of i.i.d. data. It turns out that the sampling distribution depends on whether the
models are nested or non-nested. These results were subsequently exended to the dynamic
case by Rivers and Vuong (2002), for the case of non-nested models, and by Marcellino
(1999), for the case of nested models. In principle, we could allow our agent to apply these
tests. However, as we've noted before, this would still lead to incorrectly sized tests, due
to both the endogeneity of the data and the recursive nature of the tests.

Instead, we assume the agent adopts the following quasi-Bayesian calibration strategy,
based on the notion of ‘Akaike weights’ (see, e.g., Burnham and Anderson (2002)). Suppose
that each period the agent computes the following value for each model:

exp(—.5A)
>_jexp(—.5A;)

where Ay = AICy — AICy,n: and the summation runs over all models in M. Notice
that m; can be interpreted as a frequentist estimate of the probability that model-i is
currently the best KLIC model. We assume the agent retains the current reference model
as long as Tynae,t < p- i, where p > 1. For example, if p = 1.1 then the agent retains the
current reference model as long as the probability of the best model does not exceed its
probability by more than 10%.

(2.5) it =

2.2. Representation as a Stochastic Recursive Algorithm (SRA). In the context
of estimation, Marcet and Sargent (1989) showed that the dynamics of self-referential sys-
tems can be usefully approximated by writing them as a standard Stochastic Recursive
Algorithm (SRA). The same applies to the problem of inference. The advantages from
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doing this stem from application of so-called ‘singular perturbation’ methods, which ex-
ploit the time-scale separation characterizing these systems under small gain updating.
In particular, for the case of recursive least-squares, where the gain is O(7~!), the be-
havior of the system can be approximated (asymptotically) by an ordinary differential
equation. Under constant gain learning, the behavior of the system can be approximated
by a diffusion process.

To adapt these methods to model validation, all we need to do is define a set of discrete
indicator variables that index each model. For example, suppose there are just two models.
Let s; € {0, 1} indicate the period-t reference model. In particular, assume s; = 1 if Model
1 is the current reference model. Suppose Model 1 is characterized by a parameter vector,
061, and a state vector, X7. Analogous definitions apply to Model 2. Further suppose
that the agent’s control problem is LQG, so that the policy function pertaining to each
model is linear, and can be written as g;(3;) X;. Defining the stacked vectors, 8 = (81, 32)’
and X = (X1, X»)', then delivers the following recursive representation of the full model
validation process:

Bit1 = B +vh(Be, X, st,€141)

Xit1 = A(Br, s0) Xt + Bupyr

Ui = (1=9)7"[log(63;) — log(67,)] +2(k2 — k1)
z2t+1 = f}izt _|_7(§?t+1 _5z’2t)

sii1 = se+ (L—s) Z(f > p) — s - I(¥f < p)

where Z(+) is an indicator function for the event in question, and h(-) is defined by a set of
least-squares orthogonality conditions. Interestingly, one can show that if the transition
rate of s; is O(7), then this process converges to a so-called ‘switching diffusion’ process
(see, e.g., Yin and Zhang (2005)). This transition rate is governed by the testing threshold,
p. In principle, one could use approximations like those described in Siegmund (1986) to
tune this transition rate. However, we leave this difficult problem for future research.
Instead, we now turn to two simple examples of our model validation framework.

3. EXAMPLE I: SARGENT’S (1999) Conquest MODEL

In this section we apply our model validation framework to Sargent’s (1999) well know
model of learning about the Phillips Curve. The analysis proceeds in two steps. We first
ask what happens when p | 0. We then consider the case of strictly positive p.

3.1. True Model. Assume the government selects a target inflation rate, xy, to minimize
the social cost of realized inflation, y;, and unemployment, wu;:

[e.e]
(3.6) mlnE 1-90 Z y? +u?)st!
t=1
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for a given discount factor § € (0,1). The true law of motion governing {ug, y;} is

(3.7) ug = ut —0(y —xp) +vig
Yy = Tyt v
xy = xy

where zf is the expectation of the private sector. The last condition is referred to as the
‘Fed watcher’ assumption.'® It is motivated by the idea that the private sector knows the
government’s policy rule.

We assume that the perturbation terms {vqs, vo} are i.i.d. over time. To simplify the
exposition, we assume that the distribution is Gaussian so that our model is embedded in
the class of linear quadratic Gaussian (LQG) models.

Assumption 3.1. Vi, vy ~ N(0,0?) and i.i.d.

We study this model under two alternative assumptions about the government’s behav-
ior. First, we follow Sargent (1999) and assume the government adopts a constant gain
learning algorithm. Next we assume the government adheres to our previously outlined
model validation strategy.

3.2. Recursive Learning. The government does not know the true law of motion, espe-
cially (3.7). Instead, the government’s perception of the link between u; and ¥, is confined
to the class of linear models M, having at most g variables other than the constant term
and y;. M represents the limited knowledge of the government. While the government
does not have a precise idea about the true law of motion, the models in M are believed to
be a reasonable approximation of the true law of motion. As we do not require apriori that
the true law of motion is contained in M, the government’s model can be misspecified. As
a result, M need not have the ‘grain of truth’ property, and so we cannot invoke Bayesian
learning to conclude the government learns the true law of motion in the long run (Kalai
and Lehrer (1993)).

For simplicity, we focus on the case where M consists of models that contain at most
q lags of inflation. Although adding more lagged variables helps the government fit the
model to the data, at the same time it makes the model more complex and so makes out-
of-sample forecasting less reliable. Our focus is on how the government strikes a balance
between model fit (bias) and out-of-sample forecast reliability (variance).

A generic element of M can be written as follows:

q

(3.8) up = Yot + YieYe + Z Ao + &
=1

for some g € {0,1,...,G}, or more compactly,

uy = B2 + &

11n Cho and Kasa (2006), we show that this assumption does not alter the model’s large deviations
properties.
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where Z; = (1,4, Yt—1,- - -, Yt—q) and & is a regression residual. In addition to the func-
tional form, the government assumes that

& ~ N(0, %)

and independent over ¢ > 1.1 To simplify notation, we index the government’s model by
the coefficient vector [3;.

Given these assumptions, it is optimal to estimate the coefficients by least squares.
Again following Sargent (1999), we assume the government responds to detected parameter
drift by discounting old data. Discounted least squares can be implemented recursively as
follows:

(3.9) Biy1 = Bi+aR7'Ze
(3.10) Riy1 = Ri+a[ZZ] — R
where

€ = Ut — B{ezt

and a > 0 is a constant gain parameter. Given Bt, the government sets x; by solving (3.6).
Let

(3.11) B =¥(B)
be the associated ordinary differential equation (ODE), and BS be the stationary solution
of the ODE: o

W () = 0.
We call BS a self-confirming equilibrium. Given Bt with ¢ lagged inflations, the government
sets the target

(3.12) V" (Zy, i) = 9(By) - Z

where g(f3;) is computed using standard (discounted) LQR formulas. From Sargent (1999)
and Cho, Williams, and Sargent (2002), we know the learning dynamics converge to the
self-confirming equilibrium: V4 > 0,

fim i P (15— > 0) =0

3.3. Simulations. Before plunging into general analysis, it is helpful to see sample paths
of the validation dynamics, and compare them to those generated from the learning dy-
namics. The government considers two classes of potential models: a static one,

ug = y10 + Y119 + &1t

which we refer to as Model 1, and a dynamic model in (3.8), which we repeat here for
convenience

q
ur = y20 + Y219 + Z Atye—e + &
=1
We refer to the dynamic model as Model 2.

15This is where the government’s model is misspecified. The condition fails, because y; is not indepen-
dent of wu.
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In the simulation we set § = 2, so that the dynamic model contains two lags of inflation.
We also set p = 1.1, so that the reference model is maintained unless the the probability
of the alternative is at least 10% higher.
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FIGURE 1. Validation and Recursive Learning Dynamics: a = .02, p = 1.1

The left-half of Figure 1 plots the validation dynamics. The upper half plots the se-
quence of selected models and the bottom half plots the resulting inflation path. The
right-hand side of Figure 1 then reports the standard constant gain recursive learning dy-
namics. The upper half plots inflation when a simple static model is used, and the bottom
half plots inflation when a more complex dynamic model is used. These two figures echo
the results from Cho, Williams, and Sargent (2002). In particular, their simulations also
revealed that bigger and more complex models appeared to escape more frequently. Later
we shall prove why this is.

3.4. Findings and Interpretations. Three stylized facts emerge from these plots. First,
the government uses the more complex model (ie., Model 2) most of the time. Second,
although it is a little hard to tell from Figure 1, it turns out that the government switches
to the simple model (Model 1) as inflation approaches the self-confirming equilibrium
(which turns out to be 5%). This is illustrated more clearly in Figure 2, which provides
a close-up of the escape taking place around observation 1050 in Figure 1. Evidently,
a switch to Model 1 takes place about 50 periods before the escape, just as the model
reaches the self-confirming equilibrium. Then, once an escape is ignited, the government
switches back to Model 2. Finally, the third feature revealed in these plots is that the
model validation dynamics closely resemble the recursive learning dynamics of the more
complex model. In particular, the apparent frequency of escapes are quite similar.

The similarity between the model validation dynamics and the recursive learning dy-
namics of Model 2 is a little more subtle and warrants more discussion. As noted by CWS
(2002), a remarkable feature of the learning dynamics is that the dynamic system has the
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FIGURE 2. Escape Dynamics and Model Selection

self-confirming equilibrium as the globally stable point, but the constant gain learning al-
gorithm produces repeated, long excursions away from the self-confirming equilibrium, as
shown in Figure 1. The dynamics toward the self-confirming equilibrium (mean dynamics)
are fundamentally different from the dynamics away from the self-confirming equilibrium
(escape dynamics). The mean dynamics are characterized by an associated ordinary dif-
ferential equation (ODE), which essentially characterizes the trajectory of the center of
the distribution (i.e., mean) of the sample paths. On the other hand, because episodes of
escape from the stable equilibrium are rare events when the gain sequence a > 0 is close
to zero, the escape dynamics are characterized by the large deviation properties (LDP)
around the self-confirming equilibrium.

When the government runs a fairly tight specification test, the learning dynamics differ
little from the validation dynamics along the convergent path toward the self-confirming
equilibrium, as shown in Figure 1. In fact, it is fairly straightforward to prove that the
associated ODE of the learning dynamics is close to the associated ODE of the validation
dynamics if the government imposes no complexity cost (C(g,t) = 0).

However, the frequency of escapes from the self-confirming equilibrium under the re-
cursive learning dynamics (right-hand panels in Figure 1) are evidently different from the
escape frequency under the validation dynamics (lower-left panel in the same figure). Later
we show that the frequency from the self-confirming equilibrium in fact decreases as the
number of explanatory var