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Abstract 

It has been shown that Internet traffic possesses a high degree of self-

similarity and long-range dependency. Hence, classical statistical models 

cannot adequately model the fundamental properties of such traffic.  

 

The degree of long-range dependency is captured by the Hurst 

parameter. Various statistical estimators can be used to estimate the 

long-range dependency and consequently, the Hurst (H) parameter. 

Such estimation is always based on observing mostly the second 

moment of the processes on various time scales. 

 

Wavelets are a mathematical technique that can be used to observe an 

arbitrary signal on various time scales. In the first part of this project, we 

applied wavelet based monofractal and multifractal estimators to long-

range dependent video traffic traces in order to evaluate the 

performances of the estimators. In the second part, the same video 

traces were used as an input to ns-2 simulator in order to observe the 

packet loss processes.  

 

By analyzing the results obtained we are able to conclude that both 

wavelet estimators provide consistent and useful graphical output. By 

observing the graphical output we could determine the time scale in the 

trace, where long range dependency is present. However, the values of H 

produced by estimator are somewhat unreliable and need to be 

compared to values of H obtained by other means. By examining the 

algorithms and procedures used in estimators, we conjecture that the 
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underlying assumptions of Gaussian distribution of wavelet coefficient 

may be the cause of the unstable performance of the estimator. Also, by 

considering the multifractal properties of the traces, we conjecture that 

there is a possibility that a single H parameter may not be sufficient to 

fully describe the self-similarity of a statistical process 

 

In the case of the loss process we shown that the loss process, being 

strongly influenced by the traffic, also possesses a strong degree of self-

similarity and long-range dependency. Such long-range dependant 

behaviour remains unchanged regardless of the buffer size.  
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Chapter 1 

Introduction 

It has been accepted [9] that Internet traffic possesses a degree of self-

similarity (SS) and long-range dependency (LRD) and that classical 

Poisson distribution based models cannot be used to adequately model 

its fundamental properties. To estimate the degree of SS and LRD of a 

packet traffic process, various statistical estimators may be used. 

Wavelets have been introduced as a new mathematical technique [1,12] 

that can be used to analyze process details on various time scales. 

Hence, wavelet estimators were derived and applied to various signals 

and statistical processes. In this project, I have employed the wavelet 

based monofractal and multifractal estimators in order to estimate the 

Hurst parameter for processes arising from the Internet traffic traces in 

packet networks. Because the LRD and self-similar nature in processes 

arising from packet traces have already been established [11], the main 

goal of this report is to understand the properties and applicability of the 

wavelet based estimators of the Hurst parameter. In addition, in the 

second part of this project, wavelet estimators were applied to packet loss 

process obtained by using the trace driven ns-2 simulations, where video 

traffic traces from the first part were used as input. 
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Chapter 2 

Self-Similarity and Long Range Dependency  

Fractals and the corresponding self-similarity phenomena were 

originally introduced by B. Mandelbrot [21] to explain the mathematical 

objects whose properties get preserved when scaled in space or in time. 

Such phenomena (fractals) are generated by using deterministic 

functions or procedures. The self-similarity property of such fractals was 

a deterministic one, implying that their structure remained the same 

regardless of time or space scales. In the case of stochastic processes, no 

two time periods are equal, hence, self-similarity needs to be generalized 

to include stochastic self-similarity. A scale in stochastic processes is 

almost always the time scale.  

 

Definition 1:  

Process X(t), t ∈ R, is self-similar with parameter H > 0 if: 

{X(ct), t ∈ R} and { cHX(t), t ∈ R}, where c is a constant, both have the same 

finite dimensional distribution [15].  

 

The important observation here is that processes arising from Definition 

1 may not be stationary [15]. This is a serious limitation because the 

criterion of strict stationarity is very restrictive, and a large number of 

physical and engineering processes cannot meet such a criterion. At the 

same time, in the case of engineering applications, it has been shown 

that first and second order moments have a physical meaning. Those 

moments enable us to obtain all the relevant information about a 

process. Hence, the next step is to define a self-similarity criterion for 
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the wide-sense stationary processes. If we examine the criteria for the 

wide-sense stationarity, we assume that process X(t) is wide-sense 

stationary if its mean is constant: 

E{X(t)} = µX                                                                                  (1) 

and its autocorrelation function Rxx depends only on the time difference 

t:  

E{X*(t)X(t + t)} = Rxx(t).                   (2)  

For the processes that have the form as in definition 1 we have: 

If: 

E{X (ct)} = µX  and  E{X*(ct)X(ct + ct) = Rxx(ct).      (3) 

than   

E{cHX(t)} = cH µX    and   E{ cH X*(t) cH X(t + t) = c2H Rxx(ct).      (4) 

Equations (4) show that self-similar processes can be wide sense 

stationary. This will become important when the notion of long-range 

dependency is introduced. Because long range dependency is defined 

only for the wide sense stationary processes, it will enable us to classify 

a wide sense stationary process as self-similar, and to say that such 

process possesses a long-range dependency.  

For a discrete process X(n), n ∈ N, a similar criterion exists: 

Definition 2:  

The discrete process X[n] is self-similar with parameter H > 0 if: 

X(n) = m1-HX(m)(n).  m ∈ N. 

 

In practice, to measure the self-similarity of stochastic processes an 

appropriate criterion needs to be devised. For non-stationary discrete 

process X(n), one can observe incremental process:  Y(n) = X(n + 1)  - 

X(n). If Y(n) is wide sense stationary, we define X(n) to be self-similar 
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with stationary increments. Then, properties of Y(n) are estimated and 

from them the properties of X(n) are inferred. The increment process 

satisfies following properties [15]: 

 

              Y(n) = m1-H Y(m)(n),  where ( ) ( )∑
=

=
m

k

m mY
m

Y
1

1
.  m ∈ N.              (5) 

 

Because stochastic processes used in engineering applications are 

typically characterized by their second order statistics, the self-similarity 

criteria is translated into self-similarity of the second order moments. 

Hence, the exact phenomenon is called second order self-similarity .  

 

If the process X(n) is a fractional Brownian motion, then the process Y(n) 

is called fractional Gaussian noise [15]. Y(n) is exactly self-similar, with 

Hurst parameter H  ( ½ < H < 1 ), if Y(n) has the autocovariance function 

of the form: 

 

( ) ( ) ( )[ ]HHH kkkk 222
2

121
2

++−+=
σ

γ , k ≥  1,                   (6) 

where σ is variance of the process. 

 

The process is asymptotically second order self-similar if:  

 

( ) ( ) ( ) ( )[ ]HHHm

m
kkkk 222

2

121
2

lim ++−+=
∞→

σ
γ .       (7) 

 

Another important property of the Internet traffic processes is a long-

range dependency (LRD).  Processes with LRD have spectral density of 

the form:  
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( ) α
νν

−
⋅=Γ c  , where c is a constant and 1120 <−=< Hα .       (8) 

 

The autocorrelation function of LRD process has the form [14]: 

 

 ( ) ( ) β−− ≈−≈ ckkHHkr H 1212 .     (9)  

 

Equation (8) implies that the spectrum is decreasing hyperbolically 

rather than exponentially, as in the case of short-range dependent 

processes. Hence, from the discussion it follows that the LRD process 

has to be wide sense stationary process. Obviously, since a strictly self-

similar process is non–stationary by definition, a self-similar process 

cannot have spectral density of the form (8). Also from the discussion we 

can infer that by observing the second moments we can find a large class 

of physical processes that are both self-similar and have long-range 

dependency. It can be shown [15] that there are strictly self-similar 

processes, which are not LRD and vice versa. So both phenomena need 

to be investigated although the effect of LRD is easier to observe since it 

affect the network performance directly.  
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Chapter 3 

Wavelets 

Wavelets are functions that essentially decompose a signal into various 

time and frequency scales and than analyze the signal at the resolution 

matched to a particular scale. Alternatively, wavelets can be related to a 

Fourier transformation by observing the differences between Fourier 

functions, which are complex exponentials and the wavelet functions. 

The complex exponentials are ‘global’ in the sense that they exist, and 

have a value different from zero, for the whole time scale. Wavelets are 

local, they exist only for a certain interval and therefore can observe the 

signal at a particular instant in time, as opposed to a Fourier 

transformation, which observes a signal in its whole domain. Since the 

wavelet function is local, in order to observe the complete signal we scale 

the wavelet function in time in order to cover the whole real line. The 

wavelet function is window functions in time domain and therefore it 

cannot be window function in frequency domain. However, the wavelet 

functions used in practice (Daubechies) converge sufficiently fast in the 

Fourier domain, which allows efficient computation. The continuous 

wavelet transformation (CWT) is defined analogously to continuous 

Fourier transformation. 

 

If X(t) is signal observed and Ψa,u(t) is a wavelet function such that u is an  

shift factor and a is scaling factor such that 

 

( ) 





 −

Ψ=Ψ
a

ut
a

tua 0,
1 , +∈ Ra , Ru ∈ .               (10) 
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The continuous wavelet decomposition consists of the coefficients: 

TX(a, u) = <X, Ψa,u>, a ∈R+, u∈R.     (11) 

This constitutes an inner product between signal X and set of functions: 

Ψa,u(t). To obtain set Ψa,u(t) we start from 0Ψ , which is called a mother 

wavelet and  satisfies the admissibility condition whose weak form is: 

 

( ) 00 =Ψ∫
∞

∞−

dtt .       (12) 

 

Hence,  the mother wavelet gets scaled in time and space, actually in 

time and frequency domain, and therefore is able to ‘observe’ the signal 

at different resolutions. The actual signal can be recovered using inverse 

wavelet transformation: 

( ) ( ) ( )∫∫ Ψ= 2,,
a

dad
taTCtX aX

τ
τ τψ        (13) 

where CΨ is a normalizing constant. 

 

The Continuous Wavelet transformation is analogous to Continuous 

Fourier transformation. There are several different wavelet systems 

defined such as Haar, Daubechies and Meyer wavelets. The property of 

all wavelet systems is that they have N vanishing moments: 

 

( )∫
∞

∞−

=Ψ 00 dttt k  for k = 0, 1, … , N-1.     (14) 

 

This property is valuable for the estimation purpose and enables wavelet 

to ‘clean’ the signal from the superimposed polynomial trends of the 

order N-1. It must be noted that this property is separate from the 

wavelet rank. For example, for Daubechies wavelets,  the rank is always 

2 and the other parameter, called genus, determines the number of 
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vanishing moments.  Since the continuous wavelet transformation maps 

1D signal into 2D space, it follows that the wavelet coefficients are highly 

redundant, hence, the next step is to select the sufficient subset of 

coefficients that capture the complete signal. The theory that establishes 

the criteria for sampling the coefficients is called multi resolution 

analysis (MRA), and the wavelet transformation used is called discrete 

wavelet transformation (DWT). In this sense the Discreet Wavelet 

transform is analogous to Discreet Fourier transform. The MRA defines 

two sets of functions, scaling functions and wavelet functions. 

The scaling function is associated with the wavelet matrix ( )s
kaA = . The 

matrix A consist of elements s
ka  and has dimension m x m·g  where m is 

a rank of wavelet and g its genus.  

The scaling function defined as: 

( ) ( )∑
−

=

−=
1

0

mg

k

s
k kmxax ϕϕ      (15) 

where s is a row in matrix A and s = 1 always for scaling function ( first 

row ) and k is a column in matrix A, 1 = k = m·g. 

If exists such f  (x), that f  (x)∈L2(R), then f (x) is called scaling function 

associated with wavelet matrix A. The L2(R) is a space of square integrable 

functions. For the scaling functions one defines wavelet functions 

associated with f  and A as: 

( ) ( )∑
−

=

−=
1

0

mg

k

s
k

s kmxax ϕψ .      (16) 

where 1 < s = m and 1 = k = m·g. 

Now we can translate and rescale the functions (15,16) in order to 

analyze the signal. The functions: 

( ) ( )kxx jj
kj −= 22 2/
, ϕϕ  
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( ) ( )kxx jsjs
kj −= 22 2/

, ψψ     (17) 

are rescaled and translated scaling and wavelet functions. The coefficient 

j is called octave, and represents the detail level at which we want to 

observe the signal. By the Lawton's [12] theorem, every signal f ∈ L2(R) 

can be expanded as a sum: 

( ) ( ) ( )∑ ∑∑ ∑
∞

−∞=

−

=

∞

=

∞

−∞=

+=
k

m

s j k

s
kj

s
kjkk xdxcxf

1

1 0
,,,0 ψϕ           (18) 

where coefficients are given as: 

( ) ( )∫
∞

∞−

= dxxxfc kk ,0ϕ  

( ) ( )∫
∞

∞−

= dxxxfd s
kj

s
kj ,, ψ .             (19) 

 

From the way they are defined, both scaling and wavelet function look 

self-similar, since they are in essence scaled and translated version of 

the original function. This implies their possible use for the analysis of 

self-similar signals. What remains is to establish that an arbitrary signal 

can be represented by using functions (17) for various j and k. 

It is shown in the [12] that each function ( ) Zktkj ∈,,φ constitutes a Riesz 

basis for some space jV , where Riesz basis means that functions 

( ) Zktkj ∈,,φ are not necessarily orthonormal or orthogonal, but they do 

span the space jV . It follows that every function in space jV  can be 

expressed as linear combination of functions ( ) Zktkj ∈,,φ , although that 

expansion is not necessarily unique. The multi resolution analysis 

consist of the set of subspaces jV  satisfying the following properties: 

1. 0=∈ jZj VI  

2. 1−⊂ jJ VV  

3. jZj V∈U  is dense in ( )RL2 , where ( )RL2 is space of square integrable 

functions whose domain is R. 

4. For each ( ) ( ) 02, VtXVtX j
j ∈∈ . 
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Therefore, the idea behind MRA is that signal X(t) is projected 

(approximated) onto each of the subspaces Vj. The approximation is: 

approxj(t) = (ProjVjX)(t) 

      = ( ) ( )∑
k

kjX tkja ,, φ .      (20) 

Starting from the set of spaces Vj, one can construct set of spaces Wj, 

such that Vj = Vj-1 ⊕  Wj. It is shown [12] that functions kj ,ψ  span space 

Wj. In essence, space Wj consists of the signal details, which exist on 

time scale j2 . For the details we have: 

detailj (t) = approxj-1 (t)- approxj(t) => 

detailj (t) =  (ProjWjX )(t) 

     = ( ) ( )∑
k

kjX tkjd ,, ψ ,         (21) 

and note that approxj is coarser approximation that approxj-1. 

So we can start from some reference space, label it as V0, and conclude 

that for every signal X(t), the following holds: Every signal X(t) can be 

approximated (or exactly represented if X(t) is in V0) by: 

approx0(X(t)) = approxj(t) + ∑
=

J

j 1

detailj(t) 

= ( ) ( ) ( ) ( )∑ ∑∑
=

+
k

J

j k
kjXkJX tkjdtkJa

1
,, ,, ψφ .   (22) 

 

The single sum in equation (22) is a projection of X(t) to the space Vj, and 

double sums are details of X(t). The coefficients ( ) kjX Xkja ,,, Φ=  are 

projection coefficients of the signal X onto base Vj. Therefore, the 

coefficients ( ) kjX Xkjd ,,, Ψ=  represent the details of the signal X(t) for 

time scale j2 , which gets lost when signal X(t) is approximated on time 

scale 12 +j .   
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The set of coefficients Xa  and Xd  represent discrete (and non redundant) 

wavelet transformation (DWT) [12]. The coefficients Xd  belong to the 

subset of coefficients TX of the CWT and:  

dX(j, k) = TX(2j, 2j·k).    (23) 
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Chapter 4 

Internet Traffic 

Before the advent of the Internet, the analysis of telephone traffic was 

adequately modeled using Poisson distribution. Poisson process has first 

order probability function  

 ( )[ ] ( ) t
k

e
k
t

ktXP λλ −==
!

.       (24) 

It depicts the probability that the event occurs k times, where ? is the 

rate of occurrences. The corresponding distribution is:  

f(n) = λλ −e
n

n

!
,       (25) 

where f(n) is number of events in the time interval t.  

In the case of telephone traffic, Poisson distribution has one plausible 

property. When Poisson process is viewed over increasing time scales, 

the process tends to smooth itself. When this property is applied to the 

loss process, it follows that the longer loss episodes decrease 

exponentially. Contrary to this, Internet traffic, which is often self-

similar, does not smooth itself over large time scales. Longer loss 

episodes do decrease, but more slowly than in the case of Poisson 

distribution. Willinger et al., have shown [9], that the Internet traffic is 

self-similar when viewed over a range of time scales. Internet traffic 

traces look the same when viewed on time scales from 10 ms to 100 s. In 

the same paper [9], the traffic time plot was compared to the time plot of 

the Poisson process. It was found that Internet traffic properties are 

substantially different from the properties of Poisson distributed process. 

It is currently accepted that Internet traffic does not follow Poisson 

distribution and that Internet traffic cannot be modeled as classic 
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telephone traffic.  If the X(m) is a sample mean, than it is shown [9] that 

its variance decreases as reciprocal of the parameter β = 2-2H, being: 

( )( ) βσ −= mX m 2var         (26) 

and autocorrelation function satisfies  

( )( ) ( )krkr m = , k ≥  0.         (27) 

For the theoretical analysis the LRD traffic processes are modeled using 

fractional ARIMA models. The difficulties with such models are that they 

provide no physical explanation for the underlying presence of LRD 

properties. When observing the impact of the self-similar process on the 

network one can assume that buffers (queues) are the network 

components most sensitive to self-similarity and LRD phenomena. 

Actually, the LRD processes have substantially “longer” memory than 

Poisson process, and that memory strongly affects queue performance. 

On the other hand, for the same LRD type of traffic, increasing queue 

size tends to increase delay size and actually decrease performance. 

There is a proposal [15] advocating  smaller queue size and increasing 

bandwidth size, therefore not allowing the queue to “remember” and, 

instead, increase the performance. However, this analysis was performed 

primarily on TCP type of traffic, (such as HTTP), which is subjected to 

feedback and flow control mechanisms, hence lost packets can be 

recovered. That approach might be less applicable for UDP traffic, such 

as video traffic, because of its need for large bandwidth and because loss 

packets cannot be recovered. Two observations are due here. First,  

traffic processes are inherently non-stationary due to the underlying 

dynamics of the actual sources of the traffic. For example, actual  traffic 

depends on time of day. However, in general we are interested in 

properties related to limited time scales, (for example duration of the 



14 
 

video conference), we can be assume that for the time scales we are 

observing, the traffic process is wide-sense stationary.  Second, in the 

case of Internet traffic, quite often the terms self-similar and LRD imply 

identical properties. It is quite often assumed that process, that is self-

similar, is also LRD. What is actually meant, in the strict sense, is that if 

the process is LRD, than it is an increment process of some process, 

which is self-similar. In theory, the parallels are almost always drawn 

between Fractional Brownian motion, (FBM) which is self-similar and 

Fractional Gaussian noise, which is an increment process of FBM, and 

an LRD process. 
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Chapter 5 

Estimation of Hurst Parameter Using Wavelets 

From the definition of wavelets [12], it can be observed that both scaling 

function and wavelet function are generated by the mother wavelet 

scaled both in time and in frequency. The self-similarity of the wavelet 

base functions can be used to decompose the observed signal at various 

time and frequency scales. For each level of decomposition, the wavelet 

analysis will produce a set of coefficients. It has been proved [2] that for 

the second order process X(t) the wavelet coefficients dX(j, k) of the 

process X satisfy  

E(dX(j, k)2 ) = 2j(2H+1)E(dX(0, k)2) ,       (28) 

where E is expected value and H is Hurst parameter.  

The coefficients dX(j, k) are themselves a random process and it is shown 

[2] that values of dX(j, k)2 are proportional to the variance of process at 

time scale 2j. We define self-similarity and LRD of the process by 

observing its variance. This provides the justification for using the 

wavelet in estimating LRD. 

The following assumptions are made by  [2] on the coefficients dX(j, k ): 

Definition 3: 

1) For each j, dX(j,  · ) are stationary sequences of uncorrelated 

processes. 

2) Processes dX(j,  · ) and dX( j’,  · ), j ? j’ are uncorrelated. 

3) Process X and hence the processes dX(j,  · ) are Gaussian. 

 

The third assumption is somewhat problematic and actually could be the 

source of unsatisfactory performance of estimator, which we discuss in 
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chapter 9.  Recently the fractal property of self-similar processes has 

been extended and two types of fractal behaviour are recognized, 

monofractal and multifractal, which are discussed in the following 

sections. 

5.1 Monofractal Wavelet Estimator  

By using the DWT to estimate the LRD of the process, we obtain sets of 

coefficients ( )kjd X ,  for each time scale j. The coefficient ( )kjd X ,  is the 

energy of the signal at time instant 2j · k and frequency 2-j · 0ν , where 0ν  

is a frequency related to 0ψ . Wavelet based Hurst parameter estimator 

calculates an estimated variance of the coefficients ( )kjd X ,  as: 

( ) ( )[ ]∑=Γ −

k
x

j

j
x kjd 2

0 ,
1

2
η

ν       (29) 

where ?j is a number of coefficients. 

Equation (29) represents the energy of the signal at different time scales 

j, and relates to the previous discussion regarding the dependency of 

self-similarity of the  signal and its second order moment.. It is shown [2] 

that this type of estimation has a multiplicative bias independent of j. 

From the properties of the coefficients ( )kjd X , , it follows that we are 

averaging uncorrelated data, and the variance of such data is the 

smallest shown. This variance is equal to Cramer-Rao bound [2] and the 

estimator is performing efficiently. 

The estimator we employed [15] uses Daubechies wavelets. One 

parameter of the estimator is N, the  number of vanishing moments of 

Daubechies wavelet. Basically, the larger the number of vanishing 

moments are used, the estimator should perform better, since all the 

polynomial  (deterministic) trends of the order N – 1 are nulled. However, 

with large N, a smaller number of coefficients dX is available and, hence, 
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their variance tends to be large. We varied the value of N, as discussed in 

section 7.3, and were not able to observe a difference in estimator 

performance  The estimator performs two tasks. First it calculates the 

wavelet coefficients ( )kjd X , . When the coefficients are obtained the 

estimator performs a linear regression and determines H to be: 

( )( ) cjj
x ˆ2log 02 +⋅=Γ − αν .              (30)  

From (30), we get 12 −= Hα . The actual estimator is coded in Matlab [14]. 

The output of the estimator is a graphical plot depicting the equation 

(30) and numerical estimate of H. The output plot is a log–log type plot, 

( )xΓ2log  on Y-axis, versus octave j on X-axis, related to time scale as t = 2j. 

From such output, the functional dependency ( )xΓ2log  vs. octave j is 

observed. The LDR exists only in the region j1 < j < j2 where there is a  

linear relationship between the spectral density versus time. We run the 

estimator program twice. First, the full scale of an input signal is 

observed in order to determine the values of j where Equation (29) is 

linear. Only for the values of j1 < j < j2 where linearity holds, we expect 

the presence of LRD. Certainly, the lower bound j1 need to be 

sufficiently large so that time scale is sufficiently coarse to justify an 

LRD property. Hence, after the range where LRD exists is identified, the 

estimator is then run for the second time, but now the input signal is 

observed only for j1 < j < j2. 

There are however several issues remaining. First, for each value of 

( )xΓ2log , there is a confidence interval, that is displayed as a vertical bar 

on the graph at corresponding point j. Hence as the estimator considers 

coarser time scales, there are fewer points in the statistical process and  

a confidence interval increases as j increases. Actually, the regression is 

weighted, and it weights more on the smaller values of j. The problem 
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arises when determining the linear portion of the graph, because for 

small j’s the regression interval is typically very small and the graph may 

look linear although it actually is not. Experiments shown that the 

regression procedure is very sensitive to the choice of the lower bound j1, 

and the final estimation drops by significant percentage. The choice of 

upper bound is typically not very critical and does not affect the result 

more that 1-5%. However, there is no automated procedure for 

determining the LRD region. The estimation code is estimating 

parameter α  and in the case of LRD the H parameter. 

5.2 Multifractal Wavelet Estimator 

It has been shown [16] that the characteristic of empirically observed 

network traffic are consistent with the multifractal scaling. Multifractal 

take into account time dependent scaling laws and are able to better 

capture the underlying traffic phenomena. In that sense the multifractal 

estimation is an extension of the single fractal estimation. Most real life 

traffic processes posses LRD, but also have SRD in the various degrees 

due to physical influences and, therefore, cannot be viewed as exactly 

self-similar. Hence, their self-similarity is not homogenous and depends 

on time interval observed. It follows that long range dependence 

coefficient α  the becomes a function of time, ( )tαα = , and for the 

spectral density of LRD process we obtain: 
( )t

fX c
α

ν≈Γ . It is shown [16] 

that the wavelet coefficients can be expressed as dj,k ˜ 2j(a + ½) as j ? 8.  In 

this case the statistics of higher order than the second order can be 

used to estimate ( ) ( )∑=
k

q
X

j

q
j kjdS ,

1
η

.  

In the actual Matlab code [14], the multifractal estimation employs a 

similar approach as the monofractal one, except that it calculates the 
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estimates at every scale of several moments at once, rather than only the  

second order. The idea is that for higher q, the higher order statistics of 

wavelet coefficients can be observed.  We have varied the values of q = 

[1,10] and were not able to observe any significant differences, neither in 

graphical nor numerical output, of the estimator. The results are 

presented in the Chapter 6. 
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Chapter 6 

Traffic and Loss Analysis 

The analysis was divided into two parts. In the first part, we used video 

traces downloaded from [6, 7] in order to evaluate the performance of the 

monofractal and multifractal wavelet estimators. In the second part we 

apply those estimators, along with two classical ones, (R/S and variance-

time plot) on the loss traces obtained by running the ns-2 simulation. 

The R/S and variance-time plot S-Plus code was downloaded from [20]. 

6.1 Estimation of LRD and H Parameter for Video Traces 

In this section we examine how two wavelet-based estimators perform 

when applied to the video traces known to have a strong degree of self-

similarity and long-range dependency. Identical video traces are also 

used in the chapter 8 as input into ns-2 simulation in order to obtain 

the packet loss traces. The video traces are obtained from two sources: 

University of Wuerzburg [6] and University of Berlin [7]. The video traces 

from Wuerzburg are 30 minutes long, MPEG-1 coded traces. The video 

traces from Berlin are also 30 minutes long, coded with, MPEG–4 and 

H263 coders. The MPEG-4 and H263 coders use different coding 

schemes, and we wanted to examine whether such difference could be 

observed employing wavelet based Hurst parameter estimators.  

We also used two classical estimators, R/S and variance-time plot, to 

determine H parameter for all traces. More weight was given to the 

results obtained from the R/S estimator, being the most robust and 

widely used estimator [20]. It provided useful comparison for wavelet 

based estimators. Furthermore, in the case of Wuerzburg traces [5], the 
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H parameter was calculated in by Rose et al., [7] using R/S estimator. 

The range (time scales) over which the LRD is present is not included in 

[7], most likely because the time scale where LRD is present is not easily 

observed using the R/S estimator. 

6.2 Traffic Traces 

The monofractal and multifractal estimators were applied for each video 

trace from [6, 7].  The binning size is 40 ms (25 frames per second). We 

used the following procedure to perform the estimation: 

6.2.1 Monofractal Wavelet Estimation 

 The monofractal wavelet estimator was applied across all octaves (all 

values of j) present in the trace in order to determine the linear region. 

Once the linear region was observed the estimator was applied for the 

second time, only for the linear region of j =  [j1, j2]. This time the H 

parameter was recorded. The Daubechies wavelets of rank 2 with the 

number of vanishing moments (genus) N = 3 were used. In order to 

determine the sensitivity of the estimator to the wavelet genus, the 

genus was varied from 3 to 10. 

6.2.2 Multifractal Wavelet Estimation 

We used the same procedure, as in the monofractal case, to determine 

the linear region indicating the presence of LRD. The multifractal 

estimator has an extra parameter: the qth moment of the wavelet 

coefficients. We use q = 3 and the value of q was varied from 1, 3, 4, 5, 6  

in order to determine its effect on the estimated results. In this case we 

use the Daubechies wavelets of rank 5.   
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The main goal here was to evaluate the performance of monofractal and 

multifractal estimators and to observe the difference. In addition the 

effects of wavelet rank and the effect of q (qth-moment) to the estimation 

results were also observed. 

6.2.3 Explanation of the Graphical Output 

The generated plots are log-log type of plots, on vertical axis are log2(G), 

(in monofractal case), or log2(Sq), (where Sq is qth moment of the 

coefficients dX(i, j) in multifractal case), versus log2(j) on horizontal axis. 

The vertical lines on each plot represent the confidence intervals for 

corresponding values of log2(G) or log2(Sq) for monofractal and multifractal 

case, respectively. The thin line represents the output of the regression 

algorithm. 
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Chapter 7 

Results Obtained by Applying Wavelet Monofractal  and 

Multifractal Estimators to Traffic Traces 

Based on the estimated H parameter, the traces can roughly be divided 

into two groups. Essentially, for the traces belonging to the  first group 

monofractal estimators yield usable results, but multifractal does not. 

For traces belonging to the second group the situation is opposite. 

7.1 Monofractal Wavelet Estimator Correct/Multifractal 

Underestimates 

This class of traces consists of traces where monofractal estimators yields 

result in good agreement with the results obtained by using R/S 

estimator. They are also in good agreement with the results obtained by 

Rose [7]. For files in this group, the multifractal estimators yields results 

substantially different from results obtained by R/S estimator and can 

be assumed incorrect. A representative of traces from this group is 30 

minutes long trace of MTV show. 
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Figure 1. Monofractal wavelet estimator, Trace: MTV, 30 minutes long,  
H = 0.96 for scales j = [4,12], R/S estimator yields H =0.89. 
 

Figure 2. Multifractal wavelet estimator, Trace: MTV, 30 minutes long,  
H = 0.568 for scales j = [4, 12], R/S estimator yields H = 0.89 
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7.2 Monofractal Wavelet Estimator Yields Non-Physical 

Results/Multifractal Yields Correct Results 

For traces in this group the monofractal wavelet estimator yields non-

physical results, such that H > 1. To the contrary the multifractal 

estimator gives reliable results, that are in good agreement with R/S and 

variance-time plot estimators. A representative of traces from this group 

is a 30 minute long trace of the Mr. Bean show.  

 

Figure 3. Monofractal wavelet estimator, Trace: Mr. Bean, 30 minutes 
long, H = 1.214 for scale j = [4,12], R/S estimator yields H =0.89. 

 

Graphically it is easy to observe the linear region. Nevertheless, the 

estimated Hurst parameter is clearly has non-physical value. 
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Figure 4. Multifractal wavelet estimator, Trace: Mr. Bean, 30 minutes 
long, H = 0.774 for scale j = [4, 12], R/S estimator yields H = 0.89. 

 

Graphical results of monofractal and multifractal estimation for all 

available  traces are given in Appendices A, B. 

The summary of all the results is in the table:  

Trace Name Monofractal 

estimator, H 

parameter 

Multifractal 

estimator, H 

parameter 

R/S 

estimator, H 

parameter 

Variance 

time plot 

estimator, H 

parameter 

MTV 0.959 0.568 0.89 0.85 

Jurassic Park 0.959 0.718 0.88 0.81 

Simpsons 0.926 0.480 0.89 0.84 

Mr. Bean 1.214 0.774 0.85 0.87 

News 1.233 0.834 0.79 0.86 

Silence of the 1.164 0.710 0.89 0.86 
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Lambs 

Talk Show 1.164 0.721 0.89 0.878 

Futurama 1.114 0.518 0.874 0.80 

ARD news 1.396 0.944 0.937 0.89 

Diehard 2 1.208 0.76 0.98 0.88 

Formula1 1.2 0.795 0.962 0.79 

Lecture room 

camera 

1.029 0.514 0.80 0.988 

Office camera 1.098 0.706 0.2833 0.79 

Soccer 1.331 0.858 1.05 0.83 

Parking 

camera 

1.283 0.579 0.494 0.98 

Ski world cup 1.229 0.830 1.03 0.85 
Table 1. Monofractal wavelet, multifractal wavelet, R/S and variance-time 
plot estimation. of Hurts parameter for traces [6], [7]. 
 

Several conclusions can be drawn from these results: 

• All video traces have the same LRD pattern. The LRD behavior is 

shown consistently after the first breakpoint, and typically continues 

through coarser time scales. It can be observed from the graphs, that the 

linear region typically runs from smsj 64.04024
1 =∗=  to 

smsj 4040210
2 ≈∗= . More generally it runs to min3sec16040212

2 ≈≈∗= msj .  

• It can be seen that monofractal estimator performs quite poorly for all 

traces except first three in Table 1. From the monofractal estimator 

graphs of these traces, one can observe that they show linearity on the 

large scale, for all octaves (values of j). In the case where monofractal 
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estimator performs poorly, the linear scale starts typically for j = 4 or j  = 

5 and for values of j < 4 that the graph is quite nonlinear. 

• The MPEG video coder exploits the redundancy and correlation of the 

input signal. From that property and by observing the results of  both 

monofractal and multifractal wavelet estimators, we can conjecture that 

both monofractal and multifractal estimators are very much influenced 

by the presence of SRD, although in quite the opposite way. 

• The value of H parameter was verified by applying R/S and variance-

time plot estimators. For the ranges 5 ≤  j ≤  12 both R/S and variance- 

time plot estimators show the results very close to those given by [7]. 

• For the MPEG 4 coder, even the RS estimator cannot reliably 

estimate the H parameter. The problem seems to be the influence of the 

MPEG–4 coder. This coder is more efficient than MPEG–1. Nevertheless, 

it seems that it introduces additional trends into the trace, that affect 

the performance of the estimators. 

• From our results, we found that multifractal estimator performs 

better and more consistently for wider range of traffic traces. The other 

interesting observation is that the traces with low activity, such as 

Parking camera trace or Lecture camera trace, have very little LRD 

content. This again can be contributed to the coder since the coder 

exploits the redundancy of the source signal in order to achieve the high 

compression rate. 

7.3 Effect of Number of Vanishing Moments of the Wavelet 

Estimator 

The number of vanishing moments N of Daubechies wavelet is one of the 

input parameter of the estimators. Our motivation is to determine the 
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effect of number of vanishing moments to the estimation results. It has 

to be noted that the number of vanishing moments of the wavelet is 

different from its rank, and that we Daubechies’ wavelets of rank 2. We 

divide traces into two classes based on whether the monofractal 

estimator performs correctly or not. We choose one trace from each class 

for this analysis. 

7.3.1 Monofractal Case 

For the MTV trace the monofractal estimator performed correctly. Effect 

of  N on the estimated results is given in Table 2. 

  

Number of vanishing moments N H parameter 

2 0.991 

3 0.959 

4 0.990 

5 1.0008 

6 1.0006 

7 1.00 
Table 2. H parameter as function of number of vanishing moments N, 
Trace: MTV. 

 

For the Mr. Bean trace, the monofractal estimator gave non-physical 

results as shown in Table 3. 

 

Number of vanishing moments N H parameter 

2 1.253 

3 1.214 

4 1.290 
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5 1.279 

6 1.294 

7 1.317 
Table 3. H parameter as function of number of vanishing moments N, 
Trace: Mr. Bean. 

 

From the results shown in Tables 2 and 3, it follows that the value of 

parameter N has little impact and does not affect the quality of the 

estimator. In essence, if the estimator does not perform correctly for 

some value of N, it will continue to do so for any value of N. In the case of 

MTV trace, where for larger value of N the estimator gives non-physical 

results, those non-physical results are sufficiently close to the “good” 

results. This behavior can be explained by the error of the estimator 

itself. Since the estimator using wavelet with N vanishing moments can 

cancel polynomial trends up to the N-1 degree, it follows that the 

underlying trends possibly introduced by the coder to the trace are not 

polynomial.  The graphical results are given in Figures 5 and 6 

illustration. 
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Figure 5. Monofractal wavelet estimator, number of vanishing moments 
N = 2, Trace: Mr. Bean. 

 

Figure 6.  Monofractal wavelet estimator, number of vanishing moments 
N = 7, Trace: Mr. Bean.  
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One can observe the effect of the choice of N. The linear region remains 

the same for all N = 2,3, … ,7. The graph in Figure 6 has somewhat 

different shape that graph is Figure 5 in the nonlinear region. Since the 

boundary between linear and non-linear region remains the same, this 

does not affect to the LRD and the value of estimated H. 

7.3.2 Multifractal Case 

In the case of multifractal estimator the same behavior can be observed. 

First we consider the case where estimators produced reliable results. 

We choose Silence of the lambs trace and the results are in Table 4.  

 

Number of vanishing moments N H parameter 

2 0.638 

3 0.651 

4 0.675 

5 0.710 

6 0.723 

7 0.743 

10 0.755 
Table 4. H parameter as function of number of vanishing moments N, 
Trace: Silence of the lambs.  

 

The case where estimator produced unreliable results, in poor 

agreement with other estimators, is shown in Table 5 for lecture room 

camera trace. 
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Number of vanishing moments N: H parameter: 

2 0.389 

3 0.331 

4 0.339 

5 0.514 

6 0.483 

7 0.482 

10 0.493 
Table 5. H parameter as function of number of vanishing moments N, 
Trace: lecture room camera. 

 

The graphical results are given in Figures 7 and 8 for illustration. 

 

Figure 7. Monofractal estimator, number of vanishing moments N = 2, 
Trace: Silence of the lambs trace. 
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Figure 8.  Monofractal estimator, number of vanishing moments N = 7, 
Trace: Silence of the lambs trace.  

 

Again, it is noticeable that the linear region is the same, both in Figure 

7 and Figure 8, and the results are not affected by the choice of N. For 

the values 2 < N < 10 the same discussion applies. 

7.4 Effect of the qth Moment of the Wavelet Coefficients for 

Multifractal Case 

In order to establish estimation of H, the monofractal estimator observes 

the second order moment (variance), of the wavelet coefficients dX(j, k). 

The multifractal estimator can utilize higher moments of coefficients dX(j, 

k) in order to better capture the self-similarity of the process. In this 

subsection, we  examine the sensitivity of the estimation against various 

choices of q, by observing corresponding moments of coefficients dX (j, k). 

The data were collected for News and Simpsons traces. For the first 

trace, (News), the multifractal estimator produce results in agreement 

1 2 3 4 5 6 7 8 9 10
11

11.5

12

12.5

13

13.5

14

14.5

Octave j

 lo
g 2 (

 S
q(j)

 ) 



35 
 

with R/S estimator. In the case of The Simpsons trace, the multifractal 

estimator results were quite poor when compared to R/S estimation. The 

results are given in the Tables 6 and 7: 

Table 6 shows the case where estimator produced reliable results. 

 

Moments observed: H parameter: 

1 0.823 

2 0.816 

3 0.810 

4 0.791 

5 0.767 

10 0.612 
Table 6. H parameter as function of observed moment q of wavelet 
coefficients, Trace: News. 

 

The case where estimator produced unreliable results, in poor 

agreement with other estimators, is shown in Table 7. 

 

Moments observed: H parameter 

1 0.424 

2 0.433 

3 0.430 

4 0.418 

5 0.403 

10 0.312 
Table 7. H parameter as function of observed moment q of wavelet 
coefficients, Trace: The Simpsons. 
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From the Tables 6 and 7 one can observe that choice of q has little effect 

to the performance of estimator. In the case of the News trace, only the 

choice q = 10 has a noticeable difference in results. However, observing 

the 10th moment is somewhat extreme because the physical meaning of 

the 10th moment is not clear. It is also interesting to notice that the best 

performances are in case q = 1.  

7.5 Comparison of MPEG-4 and H263 Coders 

Traces obtained from [7] are interesting, because they consist of two sets 

of the same 30 minutes video segments coded with the two different 

coders, MPEG-4 and H263. This gave us the opportunity to apply the 

wavelet estimators on these traces and observe whether the wavelet 

estimators will capture the difference between coders. Furthermore, the 

influence of the coders on the estimator results can be observed. The 

H263 coder is a frame based coder and its performances are equivalent 

to the MPEG-1 coder. The MPEG-4 coder is object based and it is more 

efficient than the MPEG-1 and H263 coders. The distinction between 

coders manifests itself as their ability to exploit the redundancy of the 

source signal.  We expect that wavelet estimators should be able to 

capture those properties. Again, both monofractal and multifractal 

estimators were applied. The summary of the results is given in the 

Tables 8 and 9 and the all the graphical results are given in the 

Appendix C. 

 

H 263 Coder, 

Trace 

Monofractal  

estimator 

Multifractal  

estimator 

R/S  

estimator  

variance- 

time plot 
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estimator 

ARD news 0.841  0.668  0.95  0.703 

Diehard 2 0.896 0.436  0.90 0.789 

Formula1 0.795 0.511 0.715 0.72 

Futurama 0.815 0.329 0.716 0.70 

Lecture room 

camera 

0.854 0.407 0.708 0.698 

Office camera 0.842 0.295 0.663 0.680 

Parking camera 0.758 0.191 0.652 0.73 

Ski world cup 0.837 0.387 0.816 0.762 

Soccer 0.794 0.330 0.809 0.672 
Table 8: H parameter obtained by monofractal wavelet, multifractal 
wavelet, R/S and variance-time plot estimators for H263 coded traces.  

 

MPEG-4 Coder, 

Trace  

Monofractal 

estimator 

Multifractal 

estimator 

R/S  

estimator  

variance-

time plot 

estimator  

ARD news 1.396 0.944 0.95  0.703 

Diehard 2 1.208 0.76 0.90 0.789 

Formula 1 1.20 0.795 0.715 

0.762 

0.72 

0.736 

Futurama 1.114 0.518 0.716 0.70 

Lecture room 

camera 

1.029 0.514 0.708 0.698 

Office camera 1.098 0.706 0.663 0.680 

Parking camera 1.283 0.579 0.652 0.73 

Ski world cup 1.229 0.830 0.816 0.762 
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0.826 0.81 

Soccer 1.331 0.858 0.826 0.714 
Table 9: H parameter obtained by monofractal wavelet, multifractal 
wavelet, R/S and variance-time plot estimators for MPEG-4 coded traces.  

 

The numerical results show differences in the values of estimated H 

parameters. However, from the values in Tables 8 and9,  we were not 

able to observe any specific trend. The graphs are much more 

informative and the difference between two coders can be seen  clearly. 

For example, multifractal wavelet estimation of the Soccer is given in 

Figure 9.  

 

Figure 9. Multifractal wavelet estimator, Coder: MPEG-4, Trace: Soccer. 
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Figure. 10:  Multifractal estimator, Coder: H263, Trace: Soccer.  

 

For the traces coded using H263 coder, the LRD is present on the 

coarser scales than in the case of traces coded using MPEG-4 coder. This 
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of overall efficiency of the coders. Because MPEG-4 is a more efficient 

coder, it may better exploit the correlation present in the trace, which, 

in turn, produces LRD on the finer scale. Nevertheless it is evident that 

the coding methods differ for these two coders, and the estimator is able 

to capture such differences. In the case of monofractal vs. multifractal 

estimators, from the Table 10,  one can observe that there is a clear 

difference in the estimated values of H. The H263 coded traces have LRD 

on almost all scales, and the monofractal estimator produces reliable 

results. In this case the results of the multifractal estimator are quite 

poor. To the contrary, in the case of MPEG-4 coded traces, the LRD is 
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estimator produces non-physical values of H, while multifractal 

estimated values of H are in good agreement with results obtained by 

R/S and variance-time plot estimators. This dependency of the scale on 

LRD is persistently observed for both monofractal and multifractal 

estimators. 
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Chapter 8 

Analysis of Packet Loss Traces 

There are several published results for the self-similarity estimation of 

the Internet traffic [10]. Most results are based on the  traffic traces 

collected from Web servers. However, this type of traffic is primarily from 

the HTTP and FTP protocols, which run over TCP. The protocols that run 

over UDP seem to be less analyzed. UDP traffic is important in the case 

of video transfer, and real time video typically runs over UDP.  The 

properties of the packet loss process are considerably less analyzed than 

the overall Internet traffic, although there are recent papers about the 

subjects [4, 9, 13]. In addition to the evaluation of the wavelet estimators 

and LRD properties of the traffic process, we also analyzed the 

properties of the packet loss process, generated by employing the video 

traffic traces [6, 7] as an input of the simulation. We base our work on 

[4], using ns-2 network simulator to simulate a part of the network and 

generate the packet loss process. The simulation scenario had 100 

identical sources, all generated by the same MPEG-1 traces [6], 

connected over one router to the sink. Since it is established that those 

traces posses a high degree of LRD, we observe the properties of the 

packet loss process generated by these traces. We use the UDP protocol  

and due to the platform memory requirements (SUN Solaris) the single 

simulation lasts 10 minutes. The loss packets were collected and 

monofractal and multifractal wavelet estimators were used to determine 

possible LRD and self-similarity. Since the  network architecture used in 

simulation is fairly simple, the only relevant parameter was the router 

buffer size. The simulation was performed for the buffer sizes of 46, 100 
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and 200 packets, with packet size equal to 552 bytes. These buffers size 

were chosen to represent different degrees of network delay. The buffers 

sizes beyond 200 packets were not used because the number of loss 

packets decreased sharply and there were no packet losses. The 

numerical results are presented in the Table 10. 

 

Buffer Size 

(packets) 

Monofractal 

estimator 

Multifractal  

estimator   

R/S  estimator  

46 0.981 0.510 0.585 

100 0.946 0.453 0.531 

200 0.974 0.462 0.55 
Table 10: Estimated H parameter, for the packet loss process (46, 100 
and 200 buffers size), by monofractal wavelet, multifractal wavelet and 
R/S estimators. 

 

Again, better illustration of the behaviour of the packet loss process is 

observed by using the graphical output of the estimators. Note that we 

use the binning of 1 ms, as opposed to 40 ms in the case of traffic traces. 

Therefore more octaves are available for the wavelet analysis. 

We apply both the monofractal and multifractal estimators to the loss 

process obtained from the simulation employing 46 packets buffer size. 

The graphs in Figures 11 and 12 correspond to the monofractal and 

multifractal estimators. 
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Figure 11: Monofractal estimator for the loss process, 46 packets buffer 
size, 1ms binning. 

 

 

Figure 12:  Multifractal estimator for the loss process, 46 packets buffer 
size, 1ms binning. 
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Both wavelet estimator were than applied to the loss process obtained 

from the simulations employing 100 packets buffer size. The graphs 

shown in Figures 13, 14 correspond to the monofractal and multifractal 

estimators. 

 

Figure 13:  Monofractal estimator for the loss process, 100 packets buffer 
size, 1ms binning. 
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Figure 14: Multifractal estimator for the loss process, 100 packets buffer 

size, 1ms binning. 

 

Graphs for the 200 packets buffer size are shown in Figures 15 and 16. 

 

Figure 15:  Monofractal estimator for the loss process, 200 packets buffer 
size, 1ms binning. 
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Figure 16:  Multifractal estimator for the loss process, 200 packets buffer 
size, 1ms binning 
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effectively we observe the packet distribution on the larger time scale. 

However, since we get the same packet loss process for each buffer size, 

such behaviour suggests a degree of self-similarity in the loss process 

and shows that increasing the buffer size cannot improve loss 

performances. Even for a fairly large buffer of 200 packets, there still 

exists a large variance of the loss process even for a very coarse time 

scale. It indicates that probabilities of large loss episodes do not decrease 

sufficiently fast and such behaviour must be taken into account when 

network provisioning is being done. Certainly, for sufficiently large 

buffer size the loss will disappear. Nevertheless, such large buffers cause 

large delays, which adversely affect the network quality of service. 
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Chapter 9 

Conclusion 

From the data we analyzed it can be seen that graphical output of the 

estimator is quite informative and both monofractal and multifractal 

graphs agree in producing the region where LRD is indicated. In the 

case of MPEG-4 versus H263 coded traces,  both estimators were able to 

capture the differences between these two coders. When numerical 

results of the estimators were observed and compared with the results 

obtained by classical analysis, (R/S estimator), regarded as the most 

robust one, the results are not clear. By observing the graphical results 

of wavelet estimator of traces from [6], [7] and comparing them to the  

numerical value of the H parameter, we were able to classify traces into 

two classes. Traces belonging to the first class are those where LRD 

behaviour is present on all (or almost all) time scales. In this case, the 

linear region correspond for all values of octave j. For traces in this class, 

the monofractal estimator produced results, that agreed very well with 

the R/S estimator. The values of H parameter obtained by using the 

multifractal estimator are, for traces in this class, typically considerably  

smaller and cannot be taken as reliable. The traces from the second 

class are those where LRD behavior manifested only for coarser time 

scales. Typically, there is a break point value j1, and graphs have a linear 

region for values j > j1. In this case, the results obtained from wavelet 

estimators were opposite. The monofractal estimator yielded non-

physical results and estimated H > 1. Multifractal estimator produces 

results in fairly good agreement with values of H obtained by using R/S 

estimator. However, one must be careful not to generalize. This division 



49 
 

of processes into two classes applies only in the case of processes 

analyzed here and cannot be generalized for the case of arbitrary traffic 

processes. 

 

From the analysis of the assumptions, algorithms and estimation 

procedures being used, several causes of unreliable estimator 

performances can be derived. The difference in performance can be 

attributed to the following: 
 

1) Assumption of Gaussian distribution of wavelet coefficients dX(j, k)  

2) Choice of the regression algorithm 

3) Instability of the regression algorithm and its dependence of the 

choice of linear region 

4) Trends introduced by video coders 

5) Insufficiency of a single H parameter to fully describe self-similar 

process 

 

Among these premises, it seems that the most problematic one is the 

assumption of the Gaussian distribution. 

9.1 Assumption of Gaussian Distribution  

The development of the wavelet estimators originated by analyzing 

Fractional Brownian Motion and Fractional Gaussian Noise processes 

[1]. The performance of the wavelet monofractal and multifractal 

estimator was evaluated by analyzing and estimating the LRD of known,  

synthetically generated Fractional ARIMA (FARIMA) processes [2]. The 

important property of Fractional Gaussian Noise, FARIMA and other 
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similar processes is that distribution of the sample random variables is 

Gaussian, among other thing meaning that such sample variables can 

assume both positive and negative values. The values of Gaussian 

random variable are either directly positive or negative or they can be 

made such related to mean value. Thus, the assumptions were made 

that the analyzed process has a Gaussian distribution. Based on such 

assumption, it is assumed [1], [2] that the wavelet coefficients obtained 

by analyzing the input signal possess the properties from Definition 3. 

Those assumptions have further led to the choice of a particular 

regression algorithm, therefore choosing a linear regression for 

calculating the numerical value of H.  

 

In the case of traffic and loss processes, the situation is quite different. 

The sample random variables from both traffic and loss process can 

attain only positive values and their distribution is not Gaussian. 

Furthermore, since traffic and loss processes have infinite variance, the 

Central Point Theorem cannot be applied, and hence, any sum of such 

processes will not have a Gaussian distribution. This suggests a possible 

explanation for poor performances of the wavelet estimators. By 

observing the assumed properties of wavelet coefficients from Definition 

3 the most problematic one is the assumption of Gaussian distribution 

of wavelet coefficients dX(j, k). A possible step in the improvement of the 

estimator performance would be in postulating the different, and more 

accurate, distribution of wavelet coefficients dX(j, k). Based on the 

postulated distribution, more weight could be given to particular 

coefficients and their second, or higher, moments could be estimated by 

using the weighed sum of the qth degrees of dX(j, k). 
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9.2 Choice of the Regression Algorithm  

Based on the discussion from subsection 9.1 it follows that by choosing 

the different distribution of wavelet coefficients, the linear relationship 

between log2(G) and j needs to be abandoned. The linear regression 

algorithm seems overly simplistic and we are sometimes forced to 

assume linearity although the actual graph, still being close to linear, is 

showing more complex relationship. The possible improvement in this 

case would be the regression algorithm which would use more complex 

fitting curve, which would in turn provide more precise information 

about the relationship between j  and the observed moments of 

coefficients dX(j, k). 

It follows that issues discussed in subsections 9.1 and 9.2 are related 

and both need both to be taken into account if underlying assumptions 

are being changed. 

9.3 Numerical instability of the regression algorithm  

This issue is related to the regression algorithm and the confidence 

intervals of the qth moment, 2nd in the monofractal case, of wavelet 

coefficients. The regression algorithm tries to fit a  straight line, where 

the slope of the line is the value of H. The regression is weighted towards 

smaller values of j. From the wavelet analysis it follows, that for smaller 

values of scale j, the binning size is smaller and there are more available 

wavelet coefficients. Thus, the estimation is more reliable and the 

confidence interval is smaller. However, the confidence intervals are not 

taken into the account by the regression algorithm, and determining the 
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actual beginning of the linear region is not obvious. This translates into 

strong sensitivity of the estimated value of H to the beginning of the 

linear interval. Thus, in practice, the lower bound of the linear region 

has to be determined by inspecting the graph and the observed value of 

j1, where j1 < j < j2, is being passed to the estimator as parameter. This 

procedure is quite error prone and adds an extra instability to the 

estimator. There is no known algorithm for alleviating this problem. We 

expect that such  improvement is the regression algorithm would 

certainly make the estimator more robust. This issue is unrelated to 

issues discussed in 9.1 and 9.2 and this discussion would apply for any 

choice of regression procedure. 

9.4 Trends introduced by video coders  

The video coders used to produce traffic traces are predictive coders 

which uses complex algorithm in order to achieve the best compression 

possible and therefore the highest bit-rate. These type of coders are 

exploiting the redundancy in the video signal and quite probably are 

decorrelating some parts of the input video signal on a fine time scale. At 

the same time, due to their complexity, these coders are introducing 

new, both random and deterministic, trends into the coded trace. These 

introduced trends, especially deterministic ones, might affect the 

performance of the estimator. However, we have shown in subsection 7.4 

that the by varying the number of vanishing moments up to the 10th 

degree, the estimator results remain almost the same. This suggests that 

any possible trends introduced are not polynomial of the degree lesser 

than 10. It is also possible that influence from the coders can bias the 

estimator. But due to the complexity of the coders, their influence could 
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be regarded as random and they need to be analyzed more in order to 

establish their possible influence to the estimator. 

9.5 Insufficiency of a single H parameter  

By following the multifractal wavelet analysis, we can infer that a 

particular traffic process can have various degrees of self-similarity. 

Those degrees do not only depend on the time scale on which the 

process is observed, but in the multifractal case can also depend on the 

time interval on which the process is observed. This suggests that a 

single, scalar, H parameter cannot sufficiently describe multifractal 

process. It is possible that just by observing the 2nd or higher moments 

of the wavelet coefficients dX(j, k), we are failing to fully capture the 

multifractal nature of the traffic process. This suggest that perhaps new 

parameters need to be introduced. Alternatively, the H parameter could 

be viewed as a function, perhaps H = H(t), in order to capture the 

multifractal nature of the process. 

 

Incidentally, possible improvements could be to use weighted average on 

the value of H obtained by monofractal and multifractal estimator. While 

this might improve the agreement of such value of H to the value 

obtained by R/S estimator, it does not fundamentally affect the issues 

discussed in subsections 9.1 to 9.5 

 

Overall,  the wavelet based estimators have their deficiencies. Although 

they provide a valuable insight to the behavior of statistical process, their 

numerical results need to be compared with other types of estimators in 

order to obtained more reliable results. 
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Appendix A. 

Output of the Monofractal Estimator for MPEG-1 and 

MPEG-4 Coded Traces 

 

In this section we show the monofractal estimator graphs for traces 

downloaded from [6] and [7]. The traces from [6] are MPEG-1 coded, and 

traces from [7] are MPEG-4 coded. We were not able to observe any 

difference in estimator performance or output between these two coders. 

All graphs plot the log2(?) versus octave j. The corresponding values of H 

parameter are given in Table 1. 

 

Figure A1. Monofractal estimator, MPEG-1 coder, trace: MTV. 
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Figure A2. Monofractal estimator, MPEG-1 coder, trace: Jurassic Park. 

 

Figure A3. Monofractal estimator, MPEG-1 coder, trace: Simpson.  
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Figure A4. Monofractal estimator, MPEG-1 coder, trace: Mr. Bean.  

 

Figure A5. Monofractal estimator, MPEG-1 coder, trace: News MPEG-1.  



59 
 

Figure A6. Monofractal estimator, MPEG-1 coder, trace: Silence of the 

lambs.  

 

Figure A7. Monofractal estimator, MPEG-1 coder, trace: Talk show.  
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Figure A8. Monofractal estimator, MPEG-4 coder, trace: Futurama.  

 

Figure A9. Monofractal estimator, MPEG-4 coder, trace: ARD News.  
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Figure A10. Monofractal estimator, MPEG-4 coder, trace: Diehard 2.  

 

Figure A11. Monofractal estimator, MPEG-4 coder, trace: Formula 1.  
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Figure A12. Monofractal estimator, MPEG-4 coder, trace: Lecture room 

camera.  

 

Figure A13. Monofractal estimator, MPEG-4 coder, trace: Office camera.  
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Figure A14. Monofractal estimator, MPEG-4 coder, trace: Soccer.  

 

Figure A15. Monofractal estimator, MPEG-4 coder, trace: Parking 

camera.  
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Figure A16. Monofractal estimator, MPEG-1 coder, trace: Ski world cup.  
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Appendix B. 

Output of the Multifractal Estimator for MPEG-1 and 

MPEG-4 Coded Traces. 

It this section we show the multifractal estimator graphs for traces from 

[6] and [7]. The traces from [6] are MPEG-1 coded and traces from [7] are 

MPEG-4 coded. As in the monofractal case, we were not able to observe  

differences in estimator performance or output between these two 

coders. All graphs plot the log2(Sq(j)) versus octave j. The corresponding 

values of H parameter are given in Table 1. 

 

 

 

Figure B1. Multifractal estimator, MPEG-1 coder, trace: MTV. 
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Figure B2. Multifractal estimator, MPEG-1 coder, trace: Jurassic Park. 

 

Figure B3. Multifractal estimator, MPEG-1 coder, trace: Simpsons. 



67 
 

Figure B4. Multifractal estimator, MPEG-1 coder, trace: Mr. Bean. 

 

 

Figure B5. Multifractal estimator, MPEG-1 coder, trace: News MPEG-1. 
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Figure B6. Multifractal estimator, MPEG-1 coder, trace: Silence of the 

lambs. 

 

Figure B7. Multifractal estimator, MPEG-1 coder, trace: Talk Show. 
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Figure B8. Multifractal estimator, MPEG-4 coder, trace: Futurama. 

 

Figure B9. Multifractal estimator, MPEG-4 coder, trace: ARD news. 
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Figure B10. Multifractal estimator, MPEG-4 coder, trace: Diehard 2. 

 

Figure B11. Multifractal estimator, MPEG-4 coder, trace: Formula 1. 
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Figure B12. Multifractal estimator, MPEG-4 coder, trace: Lecture room 

camera. 

 

Figure B13. Multifractal estimator, MPEG-4 coder, trace: Office camera. 
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Figure B14. Multifractal estimator, MPEG-4 coder, trace: Soccer. 

 

Figure B15. Multifractal estimator, MPEG-4 coder, trace: Parking camera. 
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Figure B16. Multifractal estimator, MPEG-4 coder, trace: Ski world cup. 
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Appendix C. 

Output of the Multifractal Estimator for H263 Coded 

Traces 

In this section we show the multifractal estimator graphs for traces from 

[7].  These traces are now coded by using H263 coder. The estimator is 

able to capture the differences between these two coders. All graphs plot 

the log2(Sq(j)) versus octave j. The corresponding values of H parameter 

are given in Table 8. 

 

 

Figure C1. Multifractal estimator, H263 coder, trace: ARD news. 
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Figure C2. Multifractal estimator, H263 coder, trace: Diehard 2. 

 

Figure C3. Multifractal estimator, H263 coder, trace: Formula 1. 
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Figure C4. Multifractal estimator, H263 coder, trace: Futurama. 

 

Figure C5. Multifractal estimator, H263 coder, trace: Lecture room 

camera. 
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Figure C6. Multifractal estimator, H263 coder, trace: Office camera. 

 

Figure C7. Multifractal estimator, H263 coder, trace: Parking camera. 
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Figure C8. Multifractal estimator, H263 coder, trace: Ski world cup. 

 

Figure C9. Multifractal estimator, H263 coder, trace: Soccer. 

 


