STAT 870 Outline

Course outline

Basics of probability (2 weeks):

e Events, probability laws, etc.

e Independence

e Conditioning

e EXpectations.

e Conditional Expectations.



Course outline continued:

Introductions (= 1 week each) to:

e Markov Chains

e Poisson Processes

e Point Processes

e Birth and Death Processes

e Queuing Theory

e Brownian motion and diffusions

e Simulation

Student presentations (one week)



Models for coin tossing
Toss coin n times.

On trial k write down a 1 for heads and O for
tails.

Typical outcomeis w = (wq,...,wn) a Sequence
of zeros and ones.

Example: n = 3 gives 8 possible outcomes

= {(0,0,0),(0,0,1),(0,1,0),(0,1,1),
(1,0,0),(1,0,1),(1,1,0),(1,1,1)}.

General case: set of all possible outcomes is
Q ={0,1}"; card(2) = 2™.

Meaning of random not defined here. Interpre-
tation of probability is usually long run limiting
relative frequency (but then we deduce exis-
tence of long run limiting relative frequency
from axioms of probability).



Probability measure: function P defined on
the set of all subsets of €2 such that: with the
following properties:

1. For each A C 2, P(A) € [0, 1].

2. If Aq,..., A, are pairwise disjoint (meaning
that for i = j the intersection A;NA; which

we usually write as A;A; is the empty set
0) then

k
P(UA) =Y P(A))
1

3. P(Q) = 1.



Probability modelling: select family of possi-
ble probability measures.

Make best match between mathematics, real
world.

interpretation of probability: long run limiting
relative frequency

Coin tossing problem: many possible probabil-
ity measures on 2.

For n = 3, © has 8 elements and 28 = 256
subsets.

To specify P: specify 256 numbers. Generally
impractical.

Instead: model by listing some assumptions
about P.



Then deduce what P is, or how to calculate
P(A)

Three approaches to modelling coin tossing:

1. Counting model:

number of elements in A
P(A) = . (1)
number of elements in €2

Disadvantage: no insight for other prob-
lems.

2. Equally likely elementary outcomes: if A =
{w1} and B = {wy} are two singleton sets
in Q then P(A) = P(B). If card(2) = m,
say Q = (w1,...,wm) then

P(Q2) = P(UTHw;})
=> P({w;})

1
= mP({(w1})
So P({w;}) = 1/m and (1) holds.



Defect of models: infinite €2 not easily handled.

Toss coin till first head. Natural €2 is set of all
sequences of k zeros followed by a one.

OR: 2 ={0,1,2,...}.
Can’'t assume all elements equally likely.

Third approach: model using independence:



Coin tossing example: n = 3.

Define A={w:w; =1,wp =0,w3 =1} and

Alz{w:wlzl}
A2:{w:w2=0}
A3={w:w3=1}.

Then A= A1NA>N A3
Note P(A) = 1/8, P(A;) = 1/2.

So: P(A) = [[P(A4,)



General case: ntosses. B; C {0,1};i=1,...,n

Define

Ai:{w:wiEBi} A:ﬂAZ

It is possible to prove that

P(A) =[] P(A)

Jargon to come later: random variables X, de-
fined by X,;(w) = w; are independent.

Basis of most common modelling tactic.



Assume

Pw:w;=1}) = P({w:w; =0}) =1/2 (2)
and for any set of events of form given above
P(A) =]]P(A). (3)

Motivation: long run rel freq interpretation

plus assume outcome of one toss of coin inca-
pable of influencing outcome of another toss.

Advantages: generalizes to infinite 2.

Toss coin infinite number of times:

Q= {w — (w17w27"')}
IS an uncountably infinite set. Model assumes

for any n and any event of the form A = N74;
with each A; = {w : w; € B;} we have

n
P(A) =[] P(4;) (4)
1
For a fair coin add the assumption that

PAw :w; =1}) =1/2. (5)
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Is P(A) determined by these assumptions??

Consider A = {w € Q2 : (w1,...,wn) € B} where
B C 2, ={0,1}"™. Our assumptions guarantee

number of elements in B
number of elements in €2,

P(A) =

In words, our model specifies that the first n
of our infinite sequence of tosses behave like
the equally likely outcomes model.

Define () to be the event first head occurs
after k consecutive tails:

Cr=ATNAS- - NALN Apq
where A; = {w : w; = 1}; A° means comple-
ment of A. Our assumption guarantees
P(Cr) =P(ATNAS---NALN Aky1)
= P(A7) - P(Ap) P(Ag41)
— o—(k+1)
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Complicated Events: examples

A ={w: lim (w1 + -4 wp)/n exists }

n—aoeo

Ao={w: Iim (w1 4+ -+ wn)/n=1/2}

n—oo

AN
W
I

= {w: lim Zn:(ka — 1)/k exists }
1

n—oo

Strong Law of Large Numbers: for our
model P(As) = 1.

In fact, A3 C Ay C A;.
If P(AQ) = 1 then P(A]_) = 1.

In fact P(A3) =1 so P(Ay) = P(A1) = 1.
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Some mathematical questions to answer:

1. Do (4) and (5) determine P(A) for every
A C Q7 [NO]

2. Do (4) and (5) determine P(A;) for i =
1,2,37 [YES]

3. Are (4) and (5) logically consistent? [YES]
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Probability Definitions

Probability Space (or Sample Space): or-
dered triple (2, F, P).

e 2 is a set (possible outcomes).

e F is a family of subsets (events) of 2 with
the property that F is a o-field (or Borel
field or o-algebra):

1. The empty set ) and €2 are members of
F.

2. Ae¢ F implies A°={weQ :w¢g A}t eF
3. A1, Ar,--- all in F implies

0O
A= UAZ'Ef.
=1
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e P a function, domain F, range a subset of
[0, 1] satisfying:

1. P()) =0 and P(2) = 1.

2. Countable additivity: A1, Ao, .- pair-
wise disjoint (j # k = A;A; = 0)

@)

P A = P(A)
1=1 1

1=

AXioms guarantee can compute probabilities

by usual rules, including approximation with-
out contradiction.
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Consequences:

1. Finite additivity A4, ---, A, pairwise dis-
joint:
n
P(A;).
1

n
P( A) =
i=1 i=
2. For any event A P(A°) =1 — P(A).
3. If Ay C Ao, C --- are events then

p(@ Aj) = lim P(Ap).
1

4. If A1 D Ao D --- then

P(ﬁ A) = lim P(Ap).
1

n—aoeo

Most subtle point is o-field, . Needed to
avoid some contradictions which arise if you try
to define P(A) for every subset A of 2 when

€2 is a set with uncountably many elements.
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Events in Set Notation
Event that Y;, converges to O is

A={w: lim Yn(w) = 0}

Not explicitly written in terms of simple events
involving only a finite number of Ys.

Recall basic definition of limit: vy, converges

to O if Ve > O AN such that Vn > N we have
lyn| < €.
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Convert the definition in A into set theory no-
tation:

e replace yn by Yp(w),
e replace each for every by an intersection
e replace each there exists with a union.

We get

A= U N fw:lYa@l<e

e>0 N=1n=N

Not obvious A is event because intersection
over € > 0 is uncountable.
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However, the intersection is countable. Let

Be = U ﬂ {w | Yn(w)] <€}

N=1n=N
Notice that

e <e = B, C Be

T his means that

00
ﬂ Be = ﬂ Bl/m
e>0 m=1

A is countable intersection of countable unions
of countable intersections of events, so A is an
event.
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Random Variables:

Vector valued random variable: function X,
domain €2, range in RP such that

P(X].S:Ula"'aXpSmp)

is defined for any constants (z1,...,zp). Nota-

tion: X = (X4q,...,Xp) and
X1 <x1,...,Xp < xp

is shorthand for an event:

{fwe: Xi(w) <zq,..., Xp(w) < zp}

X function on €2 so X7 function on £2.
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Independence
Events A and B independent if

P(AB) = P(A)P(B).

Events A;, : = 1,...,p are independent if

P(Ai - Ay) = 1] P(A)

=1
for any set of distinct indices i1,...,1, between
1 and p.
Example: p =3
P(A1A2A3) = P(A1)P(A2)P(A3)

P(A1A2) = P(A1)P(Az)
P(A1A3) = P(A1)P(A3)
P(A2A3) = P(A2)P(A3z)

Need all equations to be true for independence!

21



Example: Toss a coin twice. If A7 is the event
that the first toss is a Head, A, is the event
that the second toss is a Head and Aj is the
event that the first toss and the second toss
are different. then P(A;) = 1/2 for each i and

for 1%y

1

but
P(A1 N AN A3) =0 # P(A1)P(A2)P(A3).
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Rvs Xq,...,Xp are independent if

P(Xy1 € Ay, , Xp € Ap) =] P(X; € Aj)

for any choice of Aq,..., Ap.
Theorem 1 1. If X and Y are independent
and discrete then
P(X==2zY=y)=P(X =2)P(Y =y)

for all x,y

2. If X and Y are discrete and
P(X=zY=y)=P(X=z)P(Y =y)

for all x,y then X and Y are independent.
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Theorem 2 If X1,...,Xp are independent and
Y, = ¢;(X;) then Yi,...,Y, are independent.
Moreover, (X1,...,Xq) and (X,41,...,Xp) are
independent.

Proof: The event
YieAinNn---NYp € Ap
IS exactly the same as the event
X1 € gl_l(Al) Nn---NXpe gp_l(Ap)
so the first statement is easy.

The second statement is proved using a stan-
dard technique:

We must show

P{(Xla---an) € A, (Xq—l—la"'aXp) c B} —
P{(X]-’ T 7Xq) S A}P{(Xq—l—la I 7Xp) S B} (6)

Proof studies the collections of A, B pairs for
which (?7) holds.
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Conditional probability
Important modeling and computation technique:
Def’'n: P(A|B) = P(AB)/P(B) if P(B) # 0.

Def’'n: For discrete rvs X, Y conditional pmf
of Y given X is

fyix(ylz) = P(Y = y[X =)
= fxvyv(z,y)/fx(x)
= fxyv(@,v)/ > fxy(z,t)
7

IDEA: used as both computational tool and
modelling tactic.

Specify joint distribution by specifying “marginal”
and “conditional”.
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Modelling:
Assume X ~ Poisson(\).
Assume Y| X ~Binomial(X, p).

Let Z =X —-Y. Joint law of Y, Z7

PYY =y, Z = z)
=P(Y =y, XY =2)
=PY =y, X=z2z4y)
=P =yl X =y+2)P(X =y+2)

= Jyr NpY(1 = p)Ze N H/( 4 p)!

(pA)Y {(1 —p)A}?
y! z|

= exp{—pA} exp{(1 —p)A}

So: Y, Z independent Poissons.
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Expected Value

Undergraduate definition of E: integral for ab-
solutely continuous X, sum for discrete. But:
4 rvs which are neither absolutely continuous
nor discrete.

General definition of E.

A random variable X is simple if we can write
n
X(w) = Zail(w cA;)
1

for some constants a1,...,an and events A;.

Def’'n: For a simple rv X we define

E(X) =) a;P(4)
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For positive random variables which are not
simple we extend our definition by approxima-
tion:

Def’'n: If X > 0 (almost surely, P(X >0) =1)
then

E(X)=sup{E(Y):0<Y < X,Y simple}

Def’'n: We call X integrable if

E(|X]) < 0.

In this case we define

FE(X)=F(max(X,0)) — E(max(—X,0))
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Facts: E is a linear, monotone, positive oper-
ator:

1. Linear: E(aX+bY) = aFE(X)+bE(Y) pro-
vided X and Y are integrable.

2. Positive: P(X > 0) = 1 implies E(X) > 0.

3. Monotone: P(X >Y)=1and X, Y inte-
grable implies E(X) > E(Y).
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Major technical theorems:

Monotone Convergence: If 0 < X7 < Xo <
a.s. and X = limX, (which exists a.s.)
then

E(X) = lim E(X,)

n—aoo

Dominated Convergence: If | X,| <Y, and 3
rv X st X, —Xas. andrvY stY, —Y with

E(Xn) — E(X)

Often used with all Y, the same rv Y.

Fatou’s Lemma: If X,, > 0 then

E(liminf X)) <Iliminf E(X})
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Theorem: With this definition of F if X has
density f(x) (even in RP say) and Y = g(X)
then

BE(Y) = [ g(2)f(2)de.
(This could be a multiple integral.)

Works even if X has density but Y doesn’t.

If X has pmf f then
E(Y)=) gx)f(x).

Def'n: " moment (about origin) of a real rv
X is u.. = E(X") (provided it exists). Generally
use u for E(X). The rth central moment is

pr = E[(X —p)"]
Call 02 = u» the variance.

Def'n: For an RP valued rv X uyxy = E(X) is
the vector whose ith entry is E(X;) (provided
all entries exist).
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Def’'n: The (p x p) variance covariance matrix
of X is

Var(X) = E [(X - p)(X — )"

which exists provided each component X, has
a finite second moment. More generally if X €
RP and Y € RY both have all components with
finite second moments then

Cov(X,Y) = E |(X — ux)(Y = my)"]
We have
Cov(AX + a, BY +b) = ACov(X,Y)B!

for general (conforming) matrices A, B and
vectors a and b.
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Moments and probabilities of rare events are
closely connected.

Markov's inequality (one case is Chebyshev’'s
inequality):

P(IX —p| >t) = E[1(|X — p| > 1)]

E . T
< BElIX = pl]
S o
Intuition: if moments are small then large de-
viations from average are unlikely.
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Moments and independence

Theorem: If Xq,...,X, are independent and
each X; is integrable then X = X --- X is in-
tegrable and

E(Xq--- Xp) = E(Xq1)--- E(Xp)

Proof: Usual order: simple Xs first, then pos-
itive, then integrable.

Suppose each X; is simple:

X; =) i 1(X; = x;5)
J
where the z;; are the possible values of Xj;.
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T hen

E(Xl ..

' Xp)

Z T1jy - Tpj, X

Ji-- Jp
E(1(X1 ==1j;) - 1(Xp = mp;,)
Z T1jy " Tpjp X

Ji-- Jp
P(Xy =z, -+ Xp = ap;,)
Z T1jy " Tpjp X

J1---Jp
P(X1 =z15) - P(Xp = zp,)

lejlp(Xl = xljl) X oo X
J1

Z Zpj, P (Xp = 2pjp)
| Jp

[[E(X))
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General X; > 0: X, , is X; rounded down to
the nearest multiple of 27" (to a maximum of
n). Each X;, is simple and X1 ,,...,Xpn are
independent. Thus

E(II X)) = 11 E(Xjn)
for each n. If
Xn =11 Xjn
then
0<XT<X3<--
and X} converges to X* =[] X, so that
E(X™) =IlimE(X},)

by monotone convergence. Also by monotone
convergence

im][JE(X;,) =]]E(X;)) <o
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This shows both that X™* is integrable and that

E(]] X;) =]]EX))

The general case uses the fact that we can
write each X, as the difference of its positive
and negative parts:

X; = max(X;,0) — max(—X;,0)

Just expand out the product and use the pre-
Vious case.
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Multiple Integration: Lebesgue integrals over
RP defined using Lebesgue measure on RP,

Iterated integrals wrt Lebesgue measure on R1
give same answer.

Theorem[Tonelli]: If f : RPT? — R is Borel
and f > 0 almost everywhere then for almost
every x € RP the integral

9(2) = [ f(z,v)dy

exists and

/g(:v)dfv = /f(w,y)d:vdy

RHS denotes p+q dimensional integral defined
previously.
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Theorem|[Fubini] If f : RPT7— R is Borel and
integrable then for almost every z € RP the
integral

g(x) = /f(m,y)dy

exists and is finite. Moreover g is integrable
and

/g(w)d:c = /f(:c,y)dxdy.

Results true for measures other than Lebesgue.
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Conditional distributions, expectations

When X and Y are discrete we have

EYV|X =2)=) yPY =y|X =xz)
Yy

for any x for which P(X = z) is positive.
Defines a function of .

This function evaluated at X gives rv which is
ftn of X denoted

E(Y|X).
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Example: Y|X = z ~ Binomial(z,p). Since
mean of a Binomial(n,p) is np we find

E(Y|X =x) = px
and
E(Y|X) = pX

Notice you simply replace x by X.
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Here are some properties of the function

E(Y|X = z)

1) Suppose A is a function defined on the
range of X. Then

E(AX)Y|X =2) = A(x)E(Y|X = x)
and so

E(A(X)Y|X) = A(X)E(Y|X)

Second assertion follows from first. Note that
if Z = A(X)Y then Z is discrete and

P(Z =2)= ZP(Y =y, X =2)1(z = A(z)y)
x,y

Also
P(Z = z|X = x)
2y PY =y, X =2)1(z = A(x)y)
o P(X =ux)
= Y P(Y = y|X = 2)1(z = A(2)y)
Y
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Thus

E(Z|X = x)

=> > 2P(Y = y|X = 2)1(z = A(z)y)
z Y
=Y S A(@)yP(Y = y|X = 2)1(z = A(z)y)
z Y
= A(z)Y yP(Y =yl X =2)Y 1(z = A(z)y)
Y z

Y
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2) Repeated conditioning: if X, Y and Z dis-
crete then

E{E(Z]X,Y)[X} = E(Z]|X)
E{EY[X)} =E(Y)

3) Additivity

E(Y + Z|X) = E(Y|X) + E(Z|X)
4) Putting the first two items together gives

E{E(A(X)Y[X)} = (7)
E{A(X)EXY|X)} = E(AX)Y)
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Definition of E(Y|X) when X and Y are not
assumed to discrete:

E(Y|X) is rv which is measurable function of
X satisfying(?7).

EXxistence is measure theory problem.
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Suppose X is discrete and X* = g(X) is a one
to one transformation of X. Since X = x is
the same event as X* = g(xz) we find

EY[X =) =EXY|X* =g(z))

Let Ah*(u) denote the function E(Y|X™ = wu)
and h(u) = E(Y|X = u). Then

h(xz) = h*(g(x))
Thus
h(X) = h*(g(X)) = h*(X™)
T his just means

E(Y|X) = E(Y|X")
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Interpretation.
Formula is “obvious”.

Example: Toss coin n = 20 times. Y is indi-
cator of first toss is a heads. X is number of
heads and X™ number of tails. Formula says:

E(Y|X =17) = E(Y|X™* = 3)
In fact for a general kK and n

k
E(Y|X =k) =—
n
SO
X
E(Y|X)=2=
n
At the same time
E(Y]X" =) = —
n
SO
_ X*
E(Y|X*) ==

But of course X = n— X* so these are just two
ways of describing the same random variable.
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Another interpretation: Rv X partitions €2 into
countable set of events of the form X = .

Other rv X ™ partitions €2 into the same events.

Then values of E(Y|X™* = z*) are same as val-
ues of E(Y|X = «x) but labelled differently.

To form E(Y|X) take value w, compute X (w)
to determine member A of the partition we
being conditionsed on, then write down corre-
sponding E(Y|A).

Hence conditional expectation depends only on
partition of 2.
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X not discrete: replace partition with o-field.
Suppose X and X* 2 rvs such that F(X) =
F(X*). Then:

e There is g Borel,one to one with one to
one Borel inverse s.t. X* = g(X).

e E(Y|X)=E(Y|X™) almost surely.

In other words E(Y|X) depends only on the
o-field generated by X. We write

E(Y|F(X)) = E(Y|X)
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Def’'n: Suppose G is sub-o-field of 7. X is ¢
measurable if, for every Borel B

{w: X(w) e B}eg.

Def’'n: E(Y|G) is any G measurable rv s.t. for
every G measurable rv variable A we have

E(AY) = E{AE(Y|9)} .

Again existence is measure theory problem.
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Markov Chains
Stochastic process: family {X;;1 € I} of rvs [
the index set. Often I C R, e.g. [0,00), [0, 1]
Z, or N.
Continuous time: [ is an interval

Discrete time: [ C Z.

Generally all X,, take values in state space S.
In following S is a finite or countable set; each
Xn IS discrete.

Usually S is Z, N or {0,...,m} for some finite

m.
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Markov Chain: stochastic process X,,;:n € N.
taking values in a finite or countable set S such
that for every n and every event of the form

A={(Xog,...,Xp-1) € BCS"}

we have

P(Xp4+1 =j|Xn=1,A) = P(X1 = j|Xo = 1)

(8)
Notation: P is the (possibly infinite) array with
elements

P;; = P(X1 = j|Xo =1)
indexed by 7,5 € S.

P is the (one step) transition matrix of the
Markov Chain.

WARNING: in (6) we require the condition to
hold only when

P(X,=1i,A)>0
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Evidently the entries in P are non-negative and
> Pij=1
J

for all 2 € S. Any such matrix is called stochas-
tic.

We define powers of P by
_ —1
(P™)i5 = 2}; (P"7) 4 Py

Notice that even if S is infinite these sums con-
verge absolutely.
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Chapman-Kolmogorov Equations

Condition on X;4,_1 to compute

P( X4, = j|X; =1)

P( X4, = j|X; =1)

=Y P(Xj4p =7, Xj4n_1=k|X; =1)
k

=Y P(Xjyn =3lX14n_1=Fk X; =1)
2

X P(Xi4n—1 = k|X; = 1)

=) P(X1=j|Xo=F)
k
X P(Xi4n—1 = k| X; = 1)

= P(Xj4n—1 = k|X; =9)Py;
k

Now condition on X;4,_ - to get

P( X4, =7|X;=1) =

> P, Pryi P(Xjpn—2 = k1|X; = 1)
k1ko
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Notice: sum over k> computes kq1,7 entry in
matrix PP = P=2.

P( X4, =7|X;=1) =

S (P gy i P(Xjgn—o = k1|X; = 19)
k1

We may now prove by induction on n that
P( X4y =J1X;=1) = (P");;.
This proves Chapman-Kolmogorov equations:

P(Xl—l—m—l—n =jlX;=1) =
> P(Xjpm = k|X; = 1)
k

X P(Xl—l—m—l—n = 71 Xi4m = k)

These are simply a restatement of the identity

prtm — pnpm
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Remark: It is important to notice that these
probabilities depend on m and n but not on
[. We say the chain has stationary transi-
tion probabilities. A more general definition of
Markov chain than (6) is

P(Xn—l—l — ]an =i, A)
= P(Xp41 = jlXn =1).
Notice RHS now permitted to depend on n.

Define P™™: matrix with 7, jth entry
for m > n. Then
Pr,sPs,t — Pr,t

Also called Chapman-Kolmogorov equations.
This chain does not have stationary transi-
tions.

Remark: The calculations above involve sums
in which all terms are positive. They therefore
apply even if the state space S is countably
infinite.
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Extensions of the Markov Property

Function f(xg,z1,...) defined on S°° = all in-
finite sequences of points in S.

Let B, be the event

f(Xn, Xp41,...) €C
for suitable C in range space of f. Then
P(Bp|Xn =z,A) = P(Bg|Xg=z) (9)
for any event A of the form
{(Xog,...,Xpn—1) € D}
Also
(10)
“Given the present the past and future are con-
ditionally independent.”
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Proof of (7):

Special case:

Bn = {(Xn—l—l =Z1, ", Xpdm = Tm }

LHS of (7) evaluated by repeated conditioning
(cf. Chapman-Kolmogorov):

PCB,ZC]_PQT]_,CBQ T P$m—17$m
Same for RHS.

Events defined from Xp,..., X, 4,,: sum over
appropriate vectors z,x1,...,Tm.

General case: monotone class techniques.

58



To prove (8) write

P(ABp|Xn =)

using (7).
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Classification of States

If an entry Pz-j is O it is not possible to go
from state ¢ to state 5 in one step. It may be
possible to make the transition in some larger
number of steps, however. We say : leads to )
(or j is accessible from 1) if there is an integer
n > 0 such that

We use the notation ¢ ~» 3. Define PO to be
identity matrix I. Then ¢ ~ 5 if there is an
n > 0 for which (P");; > O.

States ¢+ and 5 communicate if ¢ ~~ 5 and
]~ 1.

Write 1«3 if © and 5 communicate.

Communication is an equivalence relation: re-
flexive, symmetric, transitive relation on states
of §.
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More precisely:

Reflexive: for all ¢+ we have 1«+j.
Symmetric: if i<-j then j«-:.
Transitive: if 1«<»j5 and j—k then 1—k.
Proof:

Reflexive: follows from inclusion of n = 0O in
definition of leads to.

Symmetry is obvious.

Transitivity: suffices to check that ¢« ~ 3 and
j ~ k imply that i ~ k. But if (P™);; > 0 and
(P™) i, > 0 then
Pty =S P™) (P
l
> (P™);(P™)
>0
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Any equivalence relation on a set partitions the
set into equivalence classes; two elements are
in the same equivalence class if and only if they
are equivalent.

Communication partitions S into equivalence
classes called communicating classes.
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Find communicating classes: start with say
state 1, see where it leads.

o1 ~~»2 1~3and1~4in row 1.

e Row 4: 4 ~~ 1. So: (transitivity) 1, 2, 3
and 4 all in the same communicating class.

e Claim: none of these leads to 5, 6, 7 or 8.

Suppose ¢ € {1,2,3,4} and j € {5,6,7,8}.
Then (P");; is sum of products of Py;.
Cannot be positive unless there is a se-
quence ig = 1,%1,...,in, = j With P; >
Ofork=1,...,n.

k—1-Vk

Consider first k£ for which i, € {5,6,7,8}

Then i1 € {1,2,3,4} and so Pik—laik = 0.
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So: {1,2,3,4} is a communicating class.

e 5~~»1 5~~2 5~ 3 and 5~ 4.

e None of these lead to any of {5,6,7,8} so
{5} must be communicating class.

e Similarly {6} and {7,8} are communicating
classes.

Note: states 5 and 6 have special property.
Each time you are in either state you run a
risk of going to one of the states 1, 2, 3 or 4.
Eventually you will make such a transition and
then never return to state 5 or 6.

States 5 and 6 are transient.

65



To make this precise define hitting times:
T, = min{n > 0: X, = k}
We define
fr = P(1}, < 0| Xg = k)

State k is transient if f;. <1 and recurrent if
fr=1.
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Let N be number of times chain is ever in
state k.

Claims:

1. If f; <1 then N has a Geometric distribu-
tion:

P(Npy=r|Xo=k)=fl (1 - fz)
forr=1,2,....

2. If f; =1 then

P(N, = oo|Xg=k) =1
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Proof using Strong Markov Property:

Stopping time for the Markov chain is a ran-
dom variable T taking valuesin {0, 1,--- }U{oc}
such that for each finite k£ there is a function
fr. such that

1(T — ]{) — fk<X07 “ . 7Xk)

Notice that 73 in theorem is a stopping time.

Standard shorthand notation: by
P*(A)
we mean
P(A|Xg=1x).
Similarly we define

EZ(Y) =E(Y|Xg = z).
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strong Markov property:

Stopping time for the Markov chain is a ran-
dom variable T taking valuesin {0, 1,--- }U{oc}
such that for each finite k£ there is a function
fr. such that

1(T — ]{) — fk<X07 « . 7Xk)

Notice that 73 in theorem is a stopping time.

Standard shorthand notation: by
P*(A)
we mean
P(A|Xg=1x).
Similarly we define

EZ(Y) =E(Y|Xg = z).

69



Goal: explain and prove

EGF(Xp,.. )| Xp,...,X0) = EXT(f(Xo,...))

Simpler claim:
P(X7py1 =j|XT =1i) =Py = P (X1 = ).
Notation: A, ={ X, =14,T =k}

Notice: Ak = {XT =k, T = IC}
P(Xpy1=j, X7 =1)

P(X741 =jlXp =1) = P(Xy =)
_ 2k PXpy1 =5, X0 =4, T = k)
>k P(Xp=1,T =k)
_ 2k P(Xpq1 =4, Ap)
>k P(Ag)
_ 2k P(Xp1 = 5] AR) P(A)
>k P(Ag)
_ 2 P(X1 = j|Xo = i) P(Ag)
>k P(Ag)

=P;;
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Notice use of fact that T' = k is event defined
in terms of Xo,..., X..

Technical problems with proof:

e It might be that P(T = o0) > 0. What are
X and Xp4 1 on the event T' = oo.

Answer: condition also on T < oo.

e Prove formula only for stopping times where
{T < 00} N{Xp =i} has positive probability.

We will now fix up these technical details.
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Suppose f(xg,r1,...) is a (measurable) func-
tion on SN. Put

Assume E(|Yp||Xo = x) < oo for all z. Claim:

E(Yn|Xn, A) = E*"(Yp) (11)
whenever A is any event defined in terms of
XO? . 0. ,Xn.

Proof:

1 Family of f for which claim holds includes all
indicators; see extension of Markov Property in
previous lecture.

2 family of f for which claim is true is vector
space (so if f, g in family then so is af + bg for
any constants a and b.

72



e So family of f for which claim is true in-
cludes all simple functions.

e family of f for which claim true is closed
under monotone increasing limits (of non-
negative f;) by the Monotone Convergence
theorem.

e SO claim true for every non-negative inte-
grable f.

e Claim follows for integrable f by linearity.

Aside on “measurable” : what sorts of events
can be defined in terms of a family {Y; : ¢ € I}7
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Natural: any event of form (Y;,,...,Y; ) € Cis
“defined in terms of the family” for any finite
set iq,...,i; and any (Borel) set C in S*.

For countable S: each singleton (s1,...,s;) €
Sk Borel. So every subset of Sk Borel.

Natural: if you can define each of a sequence of
events A, in terms of the Y's then the definition
“there exists an n such that (definition of Aj,)
0o defines UA,.

Natural: if A is definable in terms of the Ys
then A€ can be defined from the Ys by just
inserting the phrase "It is not true that"” in
front of the definition of A.

So family of events definable in terms of the
family {Y; : ¢ € I} is a o-field which includes
every event of the form (Y;,,...,Y; ) € C. We
call the smallest such o-field, F({Y; : © € I}),
the o-field generated by the family {Y; : i € I}.
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Using the Markov property:

Toss coin till I get a head. What is the ex-
pected number of tosses?

Define state to be O if toss is tail and 1 if toss
IS heads.

Define Xg = 0.

Let N =min{n >0: X, =1}. Want
E(N) = EO(N)
Note: if X1 =1 then N =1. If X1 = 0 then
N=1+min{n >0:X,4+; = 1}.
In symbols:
N=min{n>0: X, =1} = f(X1,X2,--+)
and
N =1+ 1(X1 =0)f(X2, X3, ")
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Take expected values starting from O:

E°(N) = 1+ E%{1(X1 = 0)f(X2, X3,---)}
Condition on X1 and get

EO(N) = 1+ EP[E{1(X1 = 0)f(X2,-- )| X1}]
But

E{1(X1 =0)f(X2,X3,---)|X1}
= 1(X1 = 0)E*1{f(X1, X2, - )}
= 1(X1 = 0)E%{f(X1, X2, )}
= 1(X1 = 0)E’(IV)
so that
EOQ(N) =1+ pEY{N}
where p is the probability of tails. Solve for
E(N) to get
1
E(N) = —
1—p
This is the formula for expected value of the

sort of geometric which starts at 1 and has p
being the probability of failure.
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Initial Distributions
Meaning of unconditional expected values?

Markov property specifies only cond’l probs; no
way to deduce marginal distributions.

For every dstbn = on S and transition matrix P
there is a a stochastic process Xg, Xq,... with
P(Xg=k) = m

and which is a Markov Chain with transition
matrix P.

Note Strong Markov Property proof used only
conditional expectations.

Notation: =« a probability on S. E™ and P7T
are expected values and probabilities for chain
with initial distribution .
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Summary of easily verified facts:

e For any sequence of states ig,..., i

P(Xo =g, .-, X = i) = TioPigi, - - P

101 l—10k

e For any event A:

P™(A) = mPF(A)
k

e For any bounded rv Y = f(Xop,...)

E"(Y) =Y mE"(A)
k
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Recurrence and Transience

Now consider a transient state k, that is, a
state for which

fo = PF(T, < >0) < 1

Note that 7, = min{n > 0 : X,, = k} is a
stopping time. Let N, be the number of visits
to state k. That is

o0
N, = Z 1(X, =k)
n=0
Notice that if we define the function

oo
f(ZUO,CU]_, - ) — Z 1(3371 — k)
n=0
then
N = f(Xo, X1,...)
Notice, also, that on the event T} < oo
N =14 f(X7, X7 4+1,--)
and on the event 7T, = oo we have
N =1
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In short:

N =1+ f(X7, X7 41,---)1(T} < 00)
Hence
P*(N, =)
= EF {P(N}, = r|Fp)}
— EF [P{l + (X7, X7 410- - )
X1(Ty < o0) = r|Fp}]
= E* [1(T}, < c0)
x P2Ti { f(Xo, X1,...) =7 — 1}]
— EF {1(Tk < 00)PR(N, =1 — 1)}
= EF {1(T}, < 00)} PP(N, =71 — 1)
= fyP*(Ny =r - 1)

It is easily verified by induction, then, that

PH(Ny =7) = fi 1P (N = 1)
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But N, =1 if and only if T, = oo SO

P (N =r) = f1 (1 = fz)
so N has (chain starts from k) Geometric

dist'n, mean 1/(1 — fi). Argument also shows
that if f =1 then

P*(N,=1) =PV, =2) =

which can only happen if all these probabilities
are 0. Thusif f =1

P(N, =) =1
Since

0
N = ) 1(Xp=k)
n=0

EF(NL) = S (P

n=0

So: State k is transient if and only if

> (PM)gk <

n=0
and this sum is 1/(1 — f1).
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Proposition 1 Recurrence (or transience) is a
class property. That is, if 1« and 5 are in the
same communicating class then @ is recurrent
(respectively transient) if and only if j is recur-
rent (respectively transient).

Proof. Suppose : is recurrent and 2«»j. There
are integers m and n such that

(Pm)ji >0 and (Pn)ij >0

Then
Z(Pk)jj > Z (Pm-l-k-l-n)jj
k k>0
> ST (P™) (PR (P
k>0
= (P™); { > (Pk>ii} (P");;
k>0

The middle term is infinite and the two outside
terms positive so

> (Ph)j5 = o
k
which shows j is recurrent.
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A finite state space chain has at least one re-
current state:

If all states we transient we would have for
each k P(Np < o0o) = 1. This would mean
P(Vk.Np < o) = 1. But for any w there must
be at least one k for which N, = oo (the total
of a finite list of finite numbers is finite).

Infinite state space chain may have all states
transient:

The chain Xy satisfying X,,4 1 = Xn+1 on the
integers has all states transient.
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More interesting example:
e [0SS a coin repeatedly.

o Let X, be X plus the number of heads minus
the number of tails in the first n tosses.

e Let p denote the probability of heads on an
individual trial.

Xn — Xp is a sum of n iid random variables Y;
where P(Y; =1)=pand P(Y;=—-1) =1 —p.

SLLN shows X, /n converges almost surely to
2p — 1. If p %~ 1/2 this is not 0.

In order for X, /n to have a positive limit we

must have X,;,, — oo almost surely so all states

are visited only finitely many times. That is, all

states are transient. Similarly for p < 1/2 X, —

—oo almost surely and all states are transient.
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Now look at p = 1/2. The law of large num-
bers argument no long shows anything. I will
show that all states are recurrent.

Proof: We evaluate },,(P")gp and show the
sum is infinite. If n is odd then (pp)og = 0 so
we evaluate

S (P?™)o0
Now
(P"™)g0 = <277T) 272m

According to Stirling’'s approximation

_ m!
Db o1 2 mfom . ©
Hence
1

lim _/m(P?™)gp = NG

Since
1 —
Z\/—m — ©

we are done.
85



Mean return times

Compute expected times to return. For x € S
let T, denote the hitting time for «.

Suppose x recurrent in irreducible chain (only
one communicating class).

Derive equations for expected values of differ-
ent 7.

Each T, is a certain function f; applied to
X1,.... Setting p;; = E'(T;) we find

pij = > EN(Tj1(X1 = k))
k
Note that if X; =« then T, = 1 so

E'(T;1(X1 = j)) =Py
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For k #~= 4

TZC =1 + fCB(X27X37 < )

and, by conditioning on X1 = k we find

EYT;1(X1 = k)) = Py, {1 + Ek(Tj)}

This gives

pijg =14 > P, (12)
k7j

Technically, T should check that the expecta-
tions in (10) are finite. AIll the random vari-
ables involved are non-negative, however, and
the equation actually makes sense even if some
terms are infinite. (To prove this you actually
study

deriving an identity for a fixed n, letting n — oo
and applying the monotone convergence theo-
rem.)
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Here is a simple example:

0
P=|1
1
)
The identity (10) becom

1

NI~ O N
@NSIISI

€S

1
=1 — —
11,1 + 12,1 + 5H3,1

1

p12 =1+ 13,2

1

p13 =1+ 12,3

1

po1 =1+ SH3,1

1

1
=1 — —
12 2 + 5112 + 53,2

1

M3=1+§ms

1

p31 =14+ SH2,1

1

p3o =14 11,2

1

1
=1 — —
3.3 + 5113 + 12,3
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Seventh and fourth show ps1 = p3 1. Similar
calculations give u;; = 3 and for i = 7 p; ; = 2.

Example: Coin tossing Markov Chain with p =
1/2 shows situation can be different when S is
infinite. Equations above become:

1 1
moo =1+ 51,0 + 5™M—1,0

1
m10=1+5m20

and many more.
Some observations:

Have to go through 1 to get to O from 2 so

mp 0 = mp 1+ miQ

Symmetry (switching H and T):

mio0=m_-1,0
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Transition probabilities are homogeneous:

mp 1 = M1

Conclusion:

moo=1+mi0
1

=24+mi0
Notice that there are no finite solutions!

Summary of the situation:

Every state is recurrent.

All the expected hitting times m;; are infinite.
All entries P?fj converge to O.

Jargon: The states in this chain are null recur-

rent.
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Model: 2 state MC for weather: ‘Dry’ or ‘Wet'.

> p:= matrix(2,2,[[3/5,2/5],[1/5,4/5]1]);

[3/5 2/5]
p := [ ]
[1/5 4/5]

> p2:=evalm(p*p):

> pd:=evalm(p2*p2):
> p8:=evalm(pd*p4):
> pl6:=evalm(p8*p8) :

This computes the powers (evalm understands
matrix algebra).

Fact:

W[ =

lim P" =
n—>00

W=
WIN WIN
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evalf (evalm(p));
[.6000000000
[
[.2000000000
evalf (evalm(p2));
[.4400000000
[
[.2800000000
evalf (evalm(p4));
[.3504000000
[
[.3248000000
evalf (evalm(p8));
[.3337702400
[
[.3331148800
evalf (evalm(pl6));
[.3333336197

[
[.3333331902

.4000000000]

]

.8000000000]

.5600000000]

]

.7200000000]

.6496000000]

]

.6752000000]

.6662297600]

]

.6668851200]

.6666663803]

]

.6666668098]

Where did 1/3 and 2/3 come from?
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Suppose we toss a coin P(H) = ap and start
the chain with Dry if we get heads and Wet if
we get tails.

Then
= Dr
P(onx):{aD_ :U_ Y
aw =1—ap =z = Wet
and
P(X1 =) =) P(X1 =2z|Xo=y)P(Xo=y)
Y
— Zaypy,x
Y

Notice last line is a matrix multiplication of row
vector o by matrix P. A special «: if we put
ap = 1/3 and Ay = 2/3 then

5 3|, .= 3
So: if P(Xg = D) = 1/3 then P(X] = D) =

1/3 and analogously for W. This means that
Xpo and X4 have the same distribution.

olw

o~
(G2[ AN QN
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A probability vector « is called the initial dis-
tribution for the chain if

P(XO :Z) — Oy

A Markov Chain is stationary if
P(X1=1)=P(Xg=1)

for all 2

Finding stationary initial distributions. Con-

sider P above. The equation

aP = «

IS really

ap — 3OzD/5 ‘I‘OéW/S
oy — 20&D/5 —|—4on/5
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The first can be rearranged to
oYy — QOéD.

So can the second. If « is probability vector
then

aw +ap =1
so we get

l —ap =2ap
leading to

apn — 1/3
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Some more examples:
o 1/3 0 2/3°
1/3 0 2/3 O
o 2/3 0 1/3
' 2/3 0 1/3 O

Set aP = o and get

P =

a1 = ap/3 + 2a4/3

a> = a1/3 + 2a3/3

a3z = 2a5/3 4+ a4/3

ag =2a1/3 + a3/3
l=a;+ar+ a3+ ay

First plus third gives

a1 + a3 =ao+ ag

so both sums 1/2. Continue algebra to get

(1/4,1/4,1/4,1/4).
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p:=matrix([[0,1/3,0,2/3],[1/3,0,2/3,0],
[0,2/3,0,1/3]1,[2/3,0,1/3,011);

[ O 1/3 o) 2/3]
[ ]
[1/3 0 2/3 0 ]
p := [ ]
[ O 2/3 o) 1/3]
[ ]
[2/3 0 1/3 0 ]
> p2:=evalm(p*p);
[5/9 0 4/9 0 ]
[ ]
[ O 5/9 o) 4/9]
p2:= [ ]
[4/9 0 5/9 0 ]
[ ]
[ O 4/9 0 5/91]

p4:=evalm(p2*p2) :
p8:=evalm(pd*p4) :
pl6:=evalm(p8*p8) :

VvV V V V

pl7:=evalm(p8*p8*p) :
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> evalf (evalm(pl6));
[.5000000116 , O
[
[0 , .5000000116
[
[.4999999884 , 0
[
[0 , .4999999884
> evalf (evalm(pl7));
[0 , .4999999961
[
[.4999999961 , O
[
[0 , .5000000039

[
[.5000000039 , O

5

5

5

4999999884 , 0]

]
0 , .4999999884]

]
.5000000116 , O]

]
0 , .5000000116]

0 , .5000000039]

]
.5000000039 , O]

]
0 , .4999999961]

]
.4999999961 , 0]
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> evalf (evalm((pl16+p17)/2));
[.2500, .2500, .2500, .2500]

[ ]
[.2500, .2500, .2500, .2500]
[ ]
[.2500, .2500, .2500, .2500]
[ ]

[.2500, .2500, .2500, .2500]

P™ doesn’t converges but(P"™ + P"t1)/2 does.
Next example:

_a
|

O O ulFUIN

O O ulroIw

oI © O
gpolw O O
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Solve aP = «a:

] = %ozl -+ %042
o = gozl -+ gag
a3z = %Oz?, -+ %()44
Qg = gag -+ %cm

l=a]+ar+ a3+ ay

Second and fourth equations redundant. Get

3o

D

3a3 = oy

1l =409 + 4a3
Pick a1 in [0,1/4]; put a3 =1/4 — a3.

a = (a1,3a1,1/4 —a1,3(1/4 — a1))

solves aP = a. So solution is not unique.
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> p:=matrix([[2/5,3/5,0,0],[1/5,4/5,0,0],
[0,0,2/5,3/5],[0,0,1/5,4/5]]1);

[2/5 3/5 o) 0 ]
[ ]
[1/5 4/5 o) 0 ]
p := [ ]
[ O o) 2/5 3/5]
[ ]
[ O o) 1/5 4/5]

> p2:=evalm(p*p):
> pd:=evalm(p2*p2):
> p8:=evalm(pé*p4):
> evalf (evalm(p8*p8)) ;
[.2500000000 , .7500000000 , O , O]

[ ]
[.2500000000 , .7500000000 , O , O]
[ ]
[0, O, .2500000000 , .7500000000]
[ ]

[0, O, .2500000000 , .7500000000]
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Notice that rows converge but to two different
vectors:

o) = (1/4,3/4,0,0)
and

a(?) = (0,0,1/4,3/4)
Solutions of aP = « revisited? Check that

LDp — oD

and
,p = @

If =X 4+ (1-2Nal® (0< A< 1) then
aP = o

SO again solution is not unique.
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Last example:

> p:=matrix([[2/5,3/5,0],[1/5,4/5,0],

[1/2,0,1/2]1]1);

[2/5 3/5
[
p := [1/5 4/5
[
[1/2 0
> p2:=evalm(p*p):
> pé:=evalm(p2*p2) :
> p8:=evalm(pd*p4):
> evalf (evalm(p8*p8)) ;
[.2500000000 .7500000000
[
[.2500000000 .7500000000

[

0 ]
]
0 ]
]
1/2]

—_ e

[.2500152588 .7499694824 .00001525878906]
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Interpretation of examples

e For some P all rows converge to some «.
In this case this « is a stationary initial dis-
tribution.

e For some P the locations of zeros flip flop.
P"™ does not converge. Observation: aver-
age

P+P2+. ..+ P

n

does converge.

e For some P some rows converge to one
a and some to another. In this case the
solution of P = « is not unique.

Basic distinguishing features: pattern of Os in

matrix P.
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The ergodic theorem

Consider a finite state space chain. If x is a
vector then the 7th entry in Px is

> Pijx;
j

Rows of P probability vectors, so a weighted
average of the entries in .

If weights strictly between O, 1 and largest and
smallest entries in x not same then 3, P;;x;
strictly between largest and smallest entries in
x. In fact

ZPZ]CU] — min(a;k) = ZPz]{xj — min(a;k)}
J J
> rT}.i”{pz'j}(maX{wk} — min{zy})
and

max{xj} — Zme]
J
2 minipijp(max{zy} — min{zy})
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Now multiply P" by P™.

19th entry in Pr+m s g weighted average of the
7th column of P™.

So, if all the entries in row ¢ of P" are positive
and the jth column of P™ is not constant, the
ith entry in the jth column of P™t™ must be
strictly between the minimum and maximum
entries of the jth column of P™.

In fact, fix a j.
Tm = Maximum entry in column 5 of P™
Trm the minimum entry.

Suppose all entries of P" are positive.
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Let 4 > O be the smallest entry in P". Our
argument above shows that
Tdr < T, — 6(Tm — xm)
and
Tyt4r = Tm + 0(Tm — zm)
Putting these together gives

(Em—l—fr - Qm—l—r) < (1-26)@m — zm)

In summary the column maximum decreases,
the column minimum increases and the gap
between the two decreases exponentially along
the sequence mm +r,m—+ 2r,....
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This idea can be used to prove

Proposition 2 Suppose X,, finite state space
Markov Chain with stationary transition matrix
P. Assume that there is a power r such that all
entries in P are positive. Then for P has all
entries positive for all k > r and P"™ converges,
as n — oo to a matrix P>°. Moreover,

(P™)ij =y

where 7w is the unique row vector satisfying

T =7P

whose entries sum to 1.

Proof: First for k > r

Pk)z] Z(Pk T)zkz(Pr)kj

For each i there is a k for which (P¥=7),,. > 0
and since (P");; > 0 we see (P¥);; > 0.
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The argument before the proposition shows
that

lim pmTik

J—00
exists for each m and k > r. This proves P"
has a limit which we call P>®. Since P"~1 also
converges to P°° we find

P> = PP

Hence each row of P*° is a solution of zP =
x. [The argument before the statement of the
proposition shows all rows of P are equal.
Let # be this common row.
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Now if « iSs any vector whose entries sum to 1
then oP™ converges to

aP®® =«

If a is any solution of x = P we have by in-
duction aP™ = a so aP*®° = « so a = w. That
IS exactly one vector whose entries sum to 1
satisfies x = zP. °

Note conditions:

There is an r» for which all entries in P" are
positive.

The chain has a finite state space.

Consider finite state space case: P"™ need not
have limit. Example:

-[08
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Note P2" is the identity while P2"t+1 = P,
Note, too, that

PO 4 ... 4+ Pn \
n-+1

NN~

N =N =
| I— |

Consider the equations m# = 7P with 71 + 7 =
1. We get

1 1 1
— —_ 1— _—_
1 27T1+2( 1) 5

so that the solution to = = «P is again unique.
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Def’'n: The period d of a state z is the greatest
common divisor of

{n:(P");; >0}

Lemma 1 Ifi« 5 then: and 5 have the same
period.

Def’'n: A state is aperiodic if its period is 1.

Proof: I do the case d=1. Fix 1. Let
G = {k: (P¥); >0}

If k1,ko € G then k1 4+ ko € G.
This (and aperiodic) implies (number theory
argument) that there is an r such that &£ > r
implies k € G.
Now find m and n so that

(Pm)ij >0 and (Pn)ji >0
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For k > r+m+n we see (P¥),; > 0 so the gcd
of the set of k such that (P*),; > 0 is 1. °

The case of period d > 1 can be dealt with by
considering P<.

g
|
oNoN oo
oNoNoNGN__
oo omr o
= O OOO

R O OO

o)

For this example {1,2,3} is a class of period 3
states and {4,5} a class of period 2 states.

(0 1/2 1/2 ]
P=|1 0 O
1 0 0

has a single communicating class of period 2.

A chain is aperiodic if all its states are aperi-

odic.
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Hitting Times

Start irreducible recurrent chain X, in state 1.
Let T; be first n > 0 such that X,, = 5. Define

mij = E(Tj|Xo =5
First step analysis:

mi; = 1 P(X1 = j[Xg =1)
+ ) (14 E(T}|Xo = k) Py,
-
= P+ > Pumy
j -

=14 > Pypmy;
k7]

Example

olw

ol
oH QN
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T he equations are

2
mi11 =1+ £7m21
3
mio> =1+ £7M12
4
mo1 = 1+ £m2l
1
mop = 1 + 572

The second and third equations give immedi-
ately

N | O

mi2 =

mo1 = 5
Then plug in to the others to get

mi1 = 3

3
Mmoo = —
22 >

Notice stationary initial distribution is

()
m11’m22
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Consider fraction of time spent in state j:

1(Xo=jJ)+ -+ 1(Xn=17)
n-+1
Imagine chain starts in chain ¢; take expected
value.

> PL+ 13 = j)
n-+1
If rows of P" converge to « then fraction con-
verges to w;; i.e. limiting fraction of time in
state j is 7.

Heuristic: start chain in 2. Expect to return to
1 every my;; time units. So are in state ¢ about
once every my;; time units; i.e. limiting fraction
of time in state ¢ is 1/my;.

Conclusion: for an irreducible recurrent finite
state space Markov chain

1

mz-,,;
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Real proof: Renewal theorem or variant.

Idea: S71 < S» < ... are times of visits to i.
Segment i:

XSz'—l‘l‘l"“’XSz"
Segments are iid by Strong Markov.

Number of visits to ¢ by time S} is exactly k.

Total elapsed time is S, =17 + - - + T} where
T; are iid.

Fraction of time in state ¢ by time S is

k 1

Sk ™My
by SLLN. So if fraction converges to w; must
have
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Summary of Theoretical Results:

For an irreducible aperiodic positive recurrent
Markov Chain:

1. P"™ converges to a stochastic matrix P°.

2. Each row of P*° is 7w the unique stationary
initial distribution.

3. The stationary initial distribution is given
by
m; = 1/m;

where m; is the mean return time to state
¢ from state s.

If the state space is finite an irreducible chain

IS positive recurrent.
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Ergodic Theorem

Notice slight of hand: I showed
E{Sfo 1(X = R)]

n

—>7Tk

but claimed

Z?’:o 1(X; = k)
n
almost surely which is also true. This is a step
in the proof of the ergodic theorem. For an
irreducible positive recurrent Markov chain and
any f on S such that E™(f(Xp)) < oo:

almost surely. The limit works in other senses,
too. You also get

n X’La?XZ T
>0 J( . +k) > E" {f(Xo,..., X))}

E.g. fraction of transitions from : to 5 goes
to

> T
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For an irreducible positive recurrent chain of
period d:

1. P9 has d communicating classes each of
which forms an irreducible aperiodic posi-
tive recurrent chain.

2. (Prtl 4 ... L Ptd)/d has a limit P>,

3. Each row of P*° is © the unique stationary
initial distribution.

4. Stationary initial distribution places prob-
ability 1/d on each of the communicating
classes in 1.
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For an irreducible null recurrent chain:

1. P™ converges to O (pointwise).

2. there is no stationary initial distribution.

For an irreducible transient chain:

1. P™ converges to 0 (pointwise).

2. there is no stationary initial distribution.
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For a chain with more than 1 communicating
class:

1. If C is a recurrent class the submatrix P. of
P made by picking out rows 7z and columns
g for which 2,7 € C is a stochastic ma-
trix. The corresponding entries in P™ are
just (P¢)™ so you can apply the conclusions
above.

2. For any transient or null recurrent class the
corresponding columns in P™ converge to
0.

3. If there are multiple positive recurrent com-
municating classes then the stationary ini-
tial distribution is not unique.
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Poisson Processes

Particles arriving over time at a particle detec-
tor.

Several ways to describe most common model.
Approach 1:

a) numbers of particles arriving in an interval
has Poisson distribution,

b) mean proportional to length of interval,

C) numbers in several non-overlapping intervals
independent.

For s < t, denote number of arrivals in (s, t] by
N(s,t).

Jargon: N(A) = number of points in A is a
counting process.
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Model is

1. N(s,t) has a Poisson(A(t —s)) distribution.

2. For 0 < s1 <t1 <sp <to:-+ < s <t the
variables N(s;,t;);i = 1,...,k are indepen-
dent.
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Approach 2:

Let O < S1 < So» < --- be the times at which
the particles arrive.

Let T; = S; — S;_1 with Sog = 0 by convention.
1; are called interarrival times.

Then T7,75,... are independent Exponential
random variables with mean 1/\.

Note P(T; > z) = e~** is called survival func-
tion of T;.

Approaches are equivalent. Both are deduc-
tions of a model based on local behaviour of
Process.
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Approach 3: Assume:

1. given all the points in [0,t] the probability
of 1 point in the interval (¢,¢t+ h] is of the
form

Ah + o(h)

2. given all the points in [0, ¢] the probability
of 2 or more points in interval (¢,t + h] is
of the form

o(h)

Notation: given functions f and g we write

f(h) = g(h) + o(h)
provided

() —g(h) _
h—0 h

O
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[Aside: if there is a constant M such that
‘f(h);g(h)‘ .y

lim sup
h—0

we say
f(h) = g(h) + O(h)

Notation due to Landau. Another form is

f(h) = g(h) + O(h)
means there is § > 0 and M s.t. for all |h| <
[f(h) —g(h)| < M|h|

Idea: o(h) is tiny compared to h while O(h) is
(very) roughly the same size as h.]
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Generalizations:

1. First (Poisson) model generalizes to N (s, t]
having a Poisson distribution with param-
eter A(t) — A(s) for some non-decreasing
non-negative function A (called cumula-
tive intensity). Result called inhomoge-
neous Poisson process.

2. Exponential interarrival model generalizes
to independent non-exponential interarrival
times. Result is renewal process or semi-
Markov process.

3. Infinitesimal probability model generalizes
to other infinitesimal jump rates. Model
specifies infinitesimal generator. Yields
other continuous time Markov Chains.
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Equivalence of Modelling Approaches

All 3 approaches to Poisson process are equiv-
alent. I show: 3 implies 1, 1 implies 2 and 2
implies 3. First explain o, O.

Model 3 implies 1: Fix ¢, define f;(s) to be
conditional probability of 0 points in (¢,t + s]
given value of process on [0, t].

Derive differential equation for f. Given pro-
cess on [0,¢] and O points in (¢, t+ s] probability
of no points in (¢,t+ s+ h] is

fi4s(h) =1 —Ah+ o(h)
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Given the process on [0, t] the probability of no
points in (¢,t + s] is fi(s). Using P(AB|C) =
P(A|BC)P(B|C) gives

ft(s +h) = fi(s) fe4s(h)
= ft(s)(1 = Ah 4 o(h))

Now rearrange, divide by h to get

fi(s + h}z — fi(s) _ CNuls) + 0(:)
Let h — O and find
6f5(s) = —Aft(s)
S

Differential equation has solution

ft(s) = fi(0) exp(—As) = exp(—As).
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Things to notice:

o fi(s) = e * is survival function of expo-
nential rv..

e We had suppressed dependence of f:(s) on
N(u); 0 < u <t but solution does not de-
pend on condition.

e SoO: the event of getting 0 points in (¢, t+s]
is independent of N(u);0 < u <.

e We used: fi(s)o(h) = o(h). Other rules:

o(h) + o(h) = o(h)
O(h) + O(h) = O(h)
O(h) + o(h) = O(h)
o(h")O(h®) = o(h"T%)
O(o(h)) = o(h)
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General case: notation: N(t) = N(O,t).

N(t) is a non-decreasing function of t. Let
Pi(t) = P(N(t) = k)

Evaluate P.(t+h): conditionon N(s);0 <s <t

and on N(t) = j.

Given N(t) = j probability that N(t+h) =k is
conditional probability of k—j points in (¢, t+h].

So, for jy < k —2:
P(N(t+h) = k|N(t) = j,N(5),0 < s <)

= o(h)
For j =k — 1 we have

P(N(t+h) =k|N() =k —1,N(s),0 < s < t)
— A+ o(h)

For j = k we have

P(N(t 4+ h) =k|N(t) = k, N(5),0 < s < t)
— 1 — M+ o(h)
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N is increasing so only consider 5 < k.

k
P(t+h) = > P(N(t+h)=kIN®) =j)P;1)

/=0
= ka(t)(l — Ah) + AR P,_1(t) + o(h)
Rearrange, divide by h and let h — 0 t get
P(t) = —AP,(t) + APy_1(t)
For k =0 the term P,_4 is dropped and
PY(t) = APo(t)
Using Py(0) = 1 we get

Po(t) = e M
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Put this into the equation for k = 1 to get
Pi(t) = —AP1(t) + Ae
Multiply by e* to see
(MPL()) = A

With P;(0) = 0 we get
Py(t) = Mte™ M
For general k£ we have P.(0) = 0 and
(GAth(t)y = XeMPy_1(t)
Check by induction that
e P (t) = (A\)F/k!
Hence: N(t) has Poisson(At) distribution.

Similar ideas permit proof of

P(N(s,t) =k|N(u);0<u<s)=
(At — s)}Fe A
k!

Now prove (by induction) N has independent
Poisson increments.
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Exponential Interarrival Times

If N is a Poisson Process we define 1q,15,...
to be the times between 0 and the first point,
the first point and the second and so on.

Fact: 17,15,... are iid exponential rvs with
mean 1/X.

We already did 17 rigorously. The event 17 >t
is exactly the event N(¢) = 0. So

P(Ty >t) = exp(—At)

which is the survival function of an exponential
rv.

135



Do case of T7,1>. Let t1,to be two positive
numbers and s; = t1, so =t1 +to. Event

{ti1 <Ty <t +01}N{ta < T <tr+ 62}

iIs almost the same as the intersection of four
events:

N(0,t1] =0

N(t1,t1 +01]1 =1

N(t1 +61,t1 + 91 +12] =0
N(sp+ 81,50 +61 + 2] =1

which has probability
e M1 )\51€_>\51 x e M2 )\52€_>\52

Divide by 16> and let 61 and d» go to O to get
joint density of 17,15 is

)\2€_>\t16_)\t2

which is the joint density of two independent
exponential variates.
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More rigor:
e Find joint density of Sy,...,S5..

e Use change of variables to find joint den-
sity of T7,...,T}.

First step: Compute

P(O<S1 <51 <8<sp--- < S <sg)

This is just the event of exactly 1 point in each
interval (s;_1,s;] fori =1,....k—1 (sg = 0)
and at least one point in (s;_1,sk] which has
probability

kﬁl {)\(Sz’ - si_l)e—k(si—si—ﬂ} (1 _ e_>‘(3k—5k—1))
1
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Second step: write this in terms of joint cdf of
S]_,...,Sk. I do k= 2:

P(0 <51 <51 <82 <s2)
= Fg, 5,(81,52) — Fs, 5,(51,51)

Notice tacit assumption s < so.

Differentiate twice, that is, take
82
0s10s2

to get

fsy.5,(51,82) =
2
0 Asie 51 (1 — e_>‘(82_81))
0s10so

Simplify to
)\26_)\82

Recall tacit assumption to get
fs1.5,(51,82) = A2e"21(0 < 51 < s2)

That completes the first part.
138



Now compute the joint cdf of T7,715 by
B, o1, (t1,t2) = P(S1 < t1,S52 — 51 <t2)
This is
P(S1 <t1,52 — 51 <t2)

t1 ps1+t2
= / / A2e™M2d55dsq
0 Jsq

t
— )\/o ' (G—Asl _ G—A(Sﬁ-tz)) ds1

— 1 — e M1 _ A2 4 At Ht2)
Differentiate twice to get

fT17T2 (t17t2) — >\€_>‘t1>\6—)\t2

which is the joint density of two independent
exponential random variables.
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Summary so far:
Have shown:

Instantaneous rates model implies independent
Poisson increments model implies independent
exponential interarrivals.

Next: show independent exponential interar-
rivals implies the instantaneous rates model.

Suppose T4, ... iid exponential rvs with means
1/X. Define Ny by Ny = k if and only if

N+ T+ <t<Ti 4+ Ty

Let A be event N(s) =n(s);0 <s<t. We are
to show

P(N(t,t+h] =1|N(t) =k, A) = Ah+ o(h)
and
P(N(t,t+ h] > 2|N(t) =k, A) = o(h)
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If n(s) is a possible trajectory consistent with
N(t) = k then n has jumps at points

t1,t1 o, sp =t 4+ T <t

and at no other points in (0, {].

So given N(s) = n(s);0 < s <t with n(t) =k
we are essentially being given
Ty =1t1,..., 1y = tg, T4 >t — s

and asked the conditional probabilty in the first
case of the event B given by

t— 8 <Tpy1 <t—sp+h<Tpyo+Tky1-

Conditioning on Ty,..., T} irrelevant (indepen-
dence).
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P(N(t,t+h] = 1|N(t) =k, A)/h
= P(B[Tg41 >t —si)/h
_ P(B)
o he_)‘(t_sk)
Numerator evaluated by integration:

P(B) =

t—s.+h roo
/ : / )\26_)‘(u1+u2)du2du1
t—sp t—sp+h—uq

Let h — O to get the Iimit
P(N(t,t+ h] = 1|N(t) =k, A)/h — X

as required.

The computation of
}ILimo P(N(t,t+ h] > 2|N(t) =k, A)/h
IS similar.
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Properties of exponential rvs

Convolution: If X and Y independent rvs with
densities f and g respectively and Z = X +Y
then

Pz<x) = [ " f@g(y)dyds

Differentiating wrt z we get

f2() = [

oo

[z~ 2)da

This integral is called the convolution of den-
sities f and g.

If T1,...,Ty, iid Exponential(\) then S, =T7 +
.-+ 4+ T, has a Gamma(n, \) distribution. Den-
sity of S, is

fs,(s) = A(s)" e /(n — 1)1
for s > 0.
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Proof:

P(Sy >s) = P(N(0,s] <n)

n—1 .
= Z ()\S)Je_AS/j!
7=0

T hen

d
fs,(s) = = P(Sn < 5)

— %{1 _ P(Sp > s)}

n—1 i1 ; 6—)\3
= —A\ (As)+ — (A
Py O = Qe —
+ )\e—>\$
n—1 ' —1
. (As)?  (As)J }
— )\ )\S L
’ j;{ it G-
+ >\€_>\S

This telescopes to

fs,(s) = A(s)" e /(n — 1)1
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Extreme Values: If Xq,...,X, are indepen-

dent exponential rvs with means 1/X1,...,1/\,
then Y = min{X4,..., Xn} has an exponential
distribution with mean
1
A1+ + An
Proof:

P(Y >y) = P(VkX} > y)

=11 e~ MY

— e~ 2 ARY
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Memoryless Property: conditional distribu-
tion of X — x given X > x is exponential if X
has an exponential distribution.

Proof:

P(X —x > y|X >x)
_ PX>z4y, X >x)
o P(X > z)

_ PX>z+vy)
- P(X >2)

e—Ax
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Hazard Rates

The hazard rate, or instantaneous failure rate
for a positive random variable T with density
f and cdf F'is

Pt<T<t+44|T>t)

r(t) = lim 5
This is just
_f@)
" =1T"5m

For an exponential random variable with mean
1/X this is

)\€_>‘t

= A
Y,

h(t) =

The exponential distribution has constant fail-
ure rate.
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Weibull random variables have density
FEIN, @) = A Le~ (D

for t > 0. The corresponding survival function
IS

1 F(t) = e (AD°
and the hazard rate is
r(t) = A(t)*1;

increasing for o« > 1, decreasing for a« < 1. For
a = 1: exponential distribution.

Since
(1) = dF(t)/dt  dlog(1l — F(t))
TN ERR T dt
we can integrate to find
1— F(t) = exp{— /O " (s)ds)

so that r determines F' and f.
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Properties of Poisson Processes

1) If Ny and N> are independent Poisson pro-
cesses with rates A1 and Ao, respectively, then
N = N1 4+ N> is a Poisson processes with rate

A1+ Ao,
2) LetN be a Poisson process with rate A.

e Suppose each point is marked with a label,
say one of Lq,..., Ly, independently of all other
occurrences.

e Suppose p; is the probability that a given
point receives label L;.

e Let N; count the points with label 7 (so that
N=N;+ - +N).

e Then Ny,..., N, areindependent Poisson pro-
cesses with rates p; .
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3) Suppose Uq,Us,,... independent rvs, each
uniformly distributed on [0, T].

e Suppose M is a Poisson(AT) random variable
independent of the U’s.

o et

M
N(t) =3 1(U; < 1)
1

e Then N is a Poisson process on [0,T] with
rate A.

4) Let N be Poisson process with rate \.
e 51 < Sy < --- times at which points arrive

e Given N(T) =n, S1,...,Sn have same distri-
bution as order statistics of sample of size n
from uniform distribution on [0, T7.

5) Given S,4+1 =T, Sq,...,S: have same dis-
tribution as order statistics of sample of size n
from uniform distribution on [0, T7.
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Indications of some proofs:

1) Ni,...,N, independent Poisson processes
rates \;, N = > N;. Let A, be the event of 2 or
more points in N in the time interval (¢,t+ h],
By, the event of exactly one point in N in the
time interval (t,t 4+ h].

Let A;;, and B, be the corresponding events
for N;.

Let H; denote the history of the processes up
to time t; we condition on H;. Technically, Hy
is the o-field generated by

{Ni(s);0<s<ti=1,...,r}
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We are given:
P(A;p|Hy) = o(h)
and

Note that

r
Ah C U Az’h U U (Bih ﬂth)
1=1 177

152



Since

P(B;, N Bjp|Ht) = P(Bjy|Hi) P(Bjp|Ht)

= (Aih + o(h))(Ajh + o(h))
O(h?)
o(h)

and
P(A;p|Ht) = o(h)

we have checked one of the two infinitesimal
conditions for a Poisson process.
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Next let ('}, be the event of no points in N in
the time interval (¢,t+ h] and C;;, the same for
N;. Then

P(Cy|Hy) = P(NC;yp,|Hy)
1] P(Cin|He)
[(1 = Xh +o(h))

1— (3 Ak + o(h)

shows

P(Byp|Ht) = 1 — P(Cp|Hy) — P(Ap|Hy)
= (D_Xi)h+o(h)

Hence N is a Poisson process with rate > \;.
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2) The infinitesimal approach used for 1 can do
part of this. See text for rest. Events defined
asin 1): The event By that there is one point
in N; in (t,t + h] is the event, By that there
IS exactly one point in any of the r processes
together with a subset of A; where there are
two or more points in N in (¢,t+ h] but exactly
one is labeled i. Since P(Ay|Ht) = o(h)

P(B;p|Hy) = p; P(Bp|Hy) + o(h)
= pi(Ah +o(h)) + o(h)
= p;Ah + o(h)

Similarly, A;; is a subset of Ay so
P(A;p|Ht) = o(h)

This shows each N, is Poisson with rate Ap;.
To get independence requires more work; see
the homework for an easier algebraic method.
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3) Fix s <t. Let N(s,t) be number of points
in (s,t]. Given N = n conditional dist of N(s,1t)
is Binomial(n,p) with p = (s—1t)/T. So

P(N(s,t) = k)

— io: P(N(s,t) =k,N =n)
n=k

= Y P(N(s,t) = k|N =n)P(N =n)
n=k

N ngk k!(nni k)!pk(l B p)n—k(A:!)ne—AT

“\T 00 n—k n—=k

e k (1 —p) (AT)

= e WP Ek (n—k)!
AT 00

=——OTp)* 3 (1 —p)"(NT)™/m!
AT "=

= (ATp)*e AT(1-p)

e AT (N (s — t))F
k!
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4): Fix s;,h; for i =1,...,n such that

O0<s1<s1F+hi<so< - <sp<spnt+hn,<T

Given N(T) = n we compute the probability of
the event

n
A= m{8i<si<87;—|—hi}
i=1

Intersection of A,1 N(T) =n is (sg = hg = 0):
B =
n
(N {N(s;—1 + hi—1,8] = 0,N(s4,8; + hy] = 1}

1=1
N{N(sn + hn,T] = 0}

whose probability is

(TTAki) e
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So
P(A,N(T) =n)
PAIN() = n) = = (w2 S
B )\ne—)\T I1h;
— (AT)ne= AT /)
=

Divide by [[ h; and let all h; go to O to get joint
density of Sq,...,5y is

n!
which is the density of order statistics from a

Uniform[0,T] sample of size n.
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5) Replace the event S 41 = T with T <
Sp+1 <T + h. With A as before we want

P(AT < Sp41<T+h)
P(B,N(T, T+ h] > 1)
T P(T < Sps1<T+h)
Note that B is independent of {N(T,T+h] > 1}
and that we have already found the limit
P(B)
ITh;

, )\ne—)\T
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We are left to compute the limit of
P(N(T,T 4 h] > 1)
P(T < S,41<T+h)
The denominator is

Fg ,(t+h)—Fs , (t)=fs, ,  (O)h+o(h)
T hus

P(N(T,T+h] >1) Ah + o(h)
P(T < Spq1 <T+h) QDT 4 o(h)
n
()\T)ne—)\T

This gives the conditional density of Sq1,...,5n
given S,41 =T as in 4).
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Inhomogeneous Poisson Processes

Hazard rate can be used to extend notion of
Poisson Process.

Suppose A(t) > 0 is a function of t.

Suppose N is a counting process such that

P(N(t+h) = k+1|N(t) = k, H) = A(t)h+o(h)

and

P(N(t+h) >k+2|N(t) =k,Ht) = o(h)
Then:

a) N has independent increments and

b) N(t+s)— N(t) has Poisson distribution with
mean

/tH—S A(uw)du

161



If we put

t
A(t) =/O)\(u)du
then mean of N(t+s)—N(T) is A(t+s) —A(2).

Jargon: A\ is the intensity or instantaneous
intensity and A the cumulative intensity.

Can use the model with A any non-decreasing
right continuous function, possibly without a
derivative. This allows ties.
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Continuous Time Markov Chains

Consider a population of single celled organ-
iIsms in a stable environment.

Fix short time interval, length h.

Each cell has some prob of dividing to produce
2, some other prob of dying.

We might suppose:
e Different organisms behave independently.

e Probability of division (for specified organ-
ism) is Ah plus o(h).

e Probability of death is uh plus o(h).

e Prob an organism divides twice (or divides
once and dies) in interval of length h is

o(h).

163



Notice tacit assumption: constants of propor-
tionality do not depend on time (that is our
interpretation of ‘“stable environment”).

Notice too that we have taken the constants
not to depend on which organism we are talk-
ing about. We are really assuming that the
organisms are all similar and live in similar en-
vironments.

Y (t): total population at time ¢t.

H¢: history of the process up to time t.

We generally take

H: = o0{Y(s);0<s<t}
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General definition of a history (alternative jar-
gon filtration): any family of o-fields indexed
by t satisfying:

o s <t implies Hs C H;.

e Y(t) is a ‘H; measurable random variable.

o Hi = s>t Hs-

The last assumption is a technical detail we

will ignore from now on.
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Condition on event Y (t) = n.

Then the probability of two or more divisions
(either more than one division by a single or-
ganism or two or more organisms dividing) is

o(h) by our assumptions.

Similarly the probability of both a division and
a death or of two or more deaths is o(h).

So probability of exactly 1 division by any one
of the n organisms is nAh + o(h).

Similarly probability of 1 death is nuh + o(h).

166



We deduce:

PY(t+h)=n+1Y(t) =n,H)
= nAh + o(h)
P(Y(t+h)=n—1|Y(t) = n,Hys)
= nuh + o(h)
P(Y(t+h) =nlY(t) = n,Hy)
=1—-n(A+ p)h+o(h)
PY(t+h)Z€{n—1,nn+ 1}HY(t) =n,H)
= o(h)

T hese equations lead to:

P(Y (t+s) = j|Y(s) = i, Hs)
= P(Y(t+s) =7|Y(s) =1)
= P(Y (1) =j|Y(0) =)

This is the Markov Property.
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Def’'n: A process {Y(t);t > 0} taking values in
S, a finite or countable state space is a Markov
Chain if
P(Y(t+s) =jlY(s) =4, Hs)
= P(Y (t+s) =j]Y(s) =1)
= Pij(S, s + t)

Def’'n: A Markov chain Y has stationary tran-
sitions if

P;i(s,s +1t) =P;;(0,t) = P;;(¢)

From now on: our chains have stationary tran-
sitions.
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Summary of Markov Process Results

Chapman-Kolmogorov equations:

Pt +s) = Z P;i()P;r(s)
J

Exponential holding times: starting from
state ¢ time, T;, until process leaves ¢ has
exponential distribution, rate denoted v;.

Sequence of states visited, Yp, Y1, Yo,... is
Markov chain — transition matrix has P;; =
0. Y sometimes called skeleton.

Communicating classes defined for skele-
ton chain. Usually assume chain has 1
communicating class.

Periodicity irrelevant because of continuity
of exponential distribution.
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Instantaneous transition rates from ¢ to j:

qij = viPyj

Kolmogorov backward equations:

Pi.(t) = > qipPr;(t) — v;Py;(t)
ki

Kolmogorov forward equations:

Pii(t) = Y qpiPir(t) — v;Py;(t)
-

For strongly recurrent chains with a single

communicating class:

PZ](t) — T

Stationary initial probabilities m; satisfy:

viTj = D ki Tk
k7]
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Transition probabilities given by

P(t) = ettt
where R has entries
R;; = {Qij Z f‘y
—v; 1=

Process is a Birth and Death process if

In this case we write \; for the instanta-
neous “birth” rate:

P(Y(t+h)=1i+ 1Yy =1i) = \;h 4+ o(h)
and u; for the instantaneous “death’ rate:
P(Y(t+h)=1i—1|Ys =1i) = p;h + o(h)

We have

2

0 [|i—j|>1
Gij =N J=1i+1
wp g =1—1
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e If all u; = O then process is a pure birth
process. If all A; = 0 a pure death process.

e Birth and Death process have stationary
distribution

Yo it
pre g (14 552, 202nt)

Tn —

n= 1 Ml pn
Necessary condition for existence of « is

io: )‘O"')‘n—l < o
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Detailed development

Suppose X a Markov Chain with stationary
transitions. Then
P(X(t+s) =k|X(0) =1)
=Y P(X(t+s) =k X (1) = j|X(0) = i)
J
= ZP(X(t +s) = k| X(t) = j,X(0) = 1)
J
x P(X(t) = j|X(0) =)
=Y P(X(t+5) = kX (1) = )
J
x P(X(t) = j|X(0) =)
=Y P(X(s) = k|X(0) = )
J

x P(X(t) = j|X(0) = i)

T his shows

P(t+s) =P(t)P(s) =P(s)P(¢t)

which is the Chapman-Kolmogorov equation.
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Now consider the chain starting from ¢ and let
T; be the first t for which X(t) #4. Then T; is
a stopping time.

[Technically:
{1; <t} € Hy
for each t.] Then
P(T; >t+ s|T; > s,X(0) =1)

=P(T;,>t+ s|X(u) =14,0<u<s)

= P(T; > t|X(0) = 1)
by the Markov property. Note: we actually
are asserting a generalization of the Markov

property: If f is some function on the set of
possible paths of X then

E(F(X(s+))X(u) = 2(u),0 < u < s)
= E [f(X(-))|X(0) = (s)]
= E*(9) [F(X ()]
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The formula requires some sophistication to
appreciate. In it, f is a function which asso-
ciates a sample path of X with a real number.
For instance,

flx(-)) =supf{t:z(u) =14,0 < u <t}

IS such a functional. Jargon: functional is a
function whose argument is itself a function
and whose value is a scalar.

FACT: Strong Markov Property — for a stop-
ping time T
E[f{X(T+ )} Fr]l = EXD [f{X()}

with suitable fix on event T' = oc.

Conclusion: given X(0) = 4, T; has memoryless
property so T; has an exponential distribution.
Let v; be the rate parameter.
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Embedded Chain: Skeleton

Let 77 < 1T < --- be the stopping times at
which transitions occur.

Sequence X, is a Markov chain by the strong
Markov property.

That P;; = 0 reflects fact that P(X(T,,41) =
X(T,)) = 0 by design.

As before we say i ~ j if P;;(t) > 0 for some t.
It is fairly clear that i ~ j for the X (¢) if and
only if ¢ ~» 4 for the embedded chain X,,.

We say 1«75 if 1 ~» 5 and 5 ~» 1.
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Now consider

P(X(t+h) = jIX(¢) =14, Hy)

Suppose the chain has made n transitions so
far so that T, < t < T,,41. Then the event
X(t+h) = jis, except for possibilities of prob-
ability o(h) the event that

t<Tn_|_1 <t—+ h and Xn—|—1 =9
The probability of this is

(vih + o(h))P;; = v;P;;h 4+ o(h)
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Kolmogorov’s Equations

The Chapman-Kolmogorov equations are

P(t + h) = P(H)P(h)

Subtract P(¢) from both sides, divide by h and
let h — 0. Remember that P(0) is the identity.
We find

P +h) —PQ@) _ P@)(P(h) — P(0))

h h
which gives

P'(t) = P(t)P’(0)

The Chapman-Kolmogorov equations can also
be written

P(t + h) = P(h)P(t)

Now subtracting P(¢) from both sides, dividing
by h and letting h — O gives

P'(t) = P'(0)P(¢)
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Look at these equations in component form:
P'(t) =P'(0)P(t)

becomes
Pi(t) =Y Pj(0)P;(t)
k

For ¢« = k our calculations of instantaneous
transition rates gives

P;k(O) = v; P
For ¢« = k we have
P(X(h) =4X(0) = i) = e %" + o(h)

(X (h) = i either means T; > h which has prob-
ability e~ Vil or there have been two or more
transitions in [0, k], a possibility of probability
o(h).) Thus

P;;(0) = —v;
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Let R be the matrix with entries

R ._{QijEUiPij L7 ]

T i=j
R is the infinitesimal generator of the chain.

Thus
P’(t) = P’(O)P(t)
becomes
Pii(t) =) RiypPpi(t)
k

= > qixPr;(t) — v;Py;(t)
ki
Called Kolmogorov’s backward equations.
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On the other hand

P'(t) = P(t)P/(0)

becomes
Pi.(t) =) P (t)Ry;
k

= > qp;Pir(t) — viP;;(t)
k7j
These are Kolmogorov’s forward equations.

Remark: When the state space is infinite the
forward equations may not be justified. In de-
riving them we interchanged a |limit with an
infinite sum; the interchange is always justified
for the backward equations but not for forward.
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Example: S ={0,1}. Then

101
=1
and the chain is otherwise specified by vg and
v1. T'he matrix R is

R = —V0 V0
v1 —U

The backward equations become

Poo(t) = voP10(t) — voPoo(t)
Pg1(t) = voP11(t) — voPo1(t)
P7o(t) = v1Poo(t) — v1P10(2)
P71 (t) = v1Po1(t) —v1P11(t)
while the forward equations are
Poo(t) = v1Po1(t) — voPoo(t)
Poy(t) = voPoo(t) — v1Po1(2)
Pio(t) = v1P11(t) — voP10(t)
P71 (t) = voP10(t) — v1P11(t)
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Add vq times first and vg times third backward
equations to get

v1Poo(t) + voPg(t) — 0

SO
v1Poo(t) + voP10(t) = c.
Put t =0 to get ¢ =wvy. This gives
U1
P1o(t) = —{1 - Poo(®)}
V0
Plug this back in to the first equation and get
Poo(t) = v1 — (v1 + vo)Poo(t)
Multiply by e(v1tv0)t and get
{e(vl-l-vo)tpoo(t)}’ — pyelvitvolt
which can be integrated to get
Poo(t) ] —Ul —I— —UO 6_(Ul+UO)t

vo + v1 vo + v1
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Alternative calculation:

R = —vU0 (%0)
v —U1
can be written as
MAM 1
where
-1 " i
M =
] 1l —vy |
SRS v -
vo+v1 vo+vi1
M1 =
1 —1
| vo+v1 votvr
and
‘g 5 i
A =
0 —(vo—+ v1)
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Then

Now

O e—(UO‘l'Ul)t

e—(votv1)t
= P> — R
vo + V1

P(t)zeRt:Mll 0 ]M_l

where

v1 v
vo+v1  VoTU1

U1 vQ
| vot+v1 votvi |
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Notice: rows of P°° are a stationary initial dis-
tribution. If rows are « then

P> = [ 1 ] T=1r
SO

TP = (rl)r=m
Moreover

TR =0

Fact: mg = v1/(vg + v1) is long run fraction of
time in state O.

Fact.
S NSO SENIC)
J

Ergodic Theorem in continuous time.
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Potential Pathologies

Suppose that for each k£ you have a sequence

Tk,lv Tk,Qa T

such that all T;; are iIndependent exponential
random variables and Tij has rate parameter
A;. We can use these times to make a Markov
chain with state space S = {1,2,...}:

Start the chain in state 1. At time 77 1 move to
2, T1 2 time units later move to 3, etc. Chain

progresses through states in order 1,2,.... We
have

V; — >‘z'
and

O 5#+i+1
P = L
1l 7=:+1
Does this define a process?
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Depends on ZA;l.
Case 1: if Z)\;l = oo then

©.@)
P() T1;=o00)=1
1

(converse to Borel Cantelli) and our construc-
tion defines a process X (t) for all t.

Case 2: if Z)\j_l < oo then for each k

©.@)
P() Typj<oo)=1

j=1
In this case put T}, = 23?;1 Ty Our definition
above defines a process X (t) for 0 < t < T3.
We put X(7T7) = 1 and then begin the process
over with the set of holding times 75 ;. This
defines X for T7 <t < Ty + 1. Again we put
X (T») = 1 and continue the process.

Result: X is a Markov Chain with specified

transition rates.
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Problem: what if we put X(77) = 2 and con-
tinued?

What if we used probability vector a1, an,... to
pick a value for X(7T7) and continued?

All yield Markov Processes with the same in-
finitesimal generator R.

Point of all this: gives example of non-unique
solution of differential equations!
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Birth and Death Processes

Consider a population of X (¢) = ¢ individuals.
Suppose in next time interval (¢,t+h) probabil-
ity of population increase of 1 (called a birth)
is \;h + o(h) and probability of decrease of 1
(death) is pu;h + o(h).

Jargon: X is a birth and death process.
Special cases:
All u; = 0O; called a pure birth process.

All \; = 0 (0 is absorbing): pure death pro-
cess.

An = nA and up = nu is a linear birth and
death process.

An =1, up = 0: Poisson Process.

An =nA+ 0 and up, = nu is a linear birth and
death process with immigration.
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Applications:
1) cable strength: Cable consists of n fibres.

X (t) is number which have not failed up to
time t.

Pure death process: u; will be large for small
7, small for large «.

2) Chain reactions. X (t) is number of free
neutrons in lump of uranium.

Births produced as sum of: spontaneous fis-
sion rate (problem — I think each fission pro-
duces 2 neutrons) plus rate of collision of neu-
tron with nuclei.

Ignore: neutrons leaving sample and decay of
free neutrons.

Get \p =nA+0

(At least in early stages where decay has re-
moved a negligible fraction of atoms).
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Conditions for stationary initial distribution:
1) Un = An + Hn -
2) Pn,n—l—l = An/un =1 — Pn,n—l-

3)

UnTn = Ap—1Tp—1 T Hpt+1Tp+1

4) Start at n = 0:

AOTTQ = M1T1

so w1 = (Ag/m1)7o-

5) Now look at n = 1.

(A1 + p1)m1 = Aomg + pom2
Solve for m» to get
A0A1

M1 2
And so on. Then use Y m™ = 1.

mo — 70
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Queuing Theory
Ingredients of Queuing Problem:
1: Queue input process.
2. Number of servers

3: Queue discipline: first come first serve?
last in first out? pre-emptive priorities?

4: Service time distribution.

Example: Imagine customers arriving at a fa-
cility at times of a Poisson Process N with rate
A. This is the input process, denoted M (for
Markov) in queuing literature.
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Single server case:

Service distribution: exponential service times,
rate u.

Queue discipline: first come first serve.
X (t) = number of customers in line at time ¢.

X is a Markov process called M/M/1 queue:

vi=X4+ pul(i > 0)

7

ﬁ% j=i1—1>0
P~:<ﬁ% j=i+1,i>0
& 1 j=1,i=0
\O otherwise
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Example: M /M /oo queue:

Customers arrive according to PP rate A. Each
customer begins service immediately. X (t) is
number being served at time ¢t. X is a birth
and death process with

Un = A+ nu
and
ay .
A j3=1—12>0
Pjj={73x Jj=i+1
\O otherwise
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Stationary distributions?
For M/M/1 queue:
Solve

A+ wpl(n > 0)}mn = pmpp1 +A1(n > 0)m,_1

Just use general birth and death process for-
mulation:

A=A pun=pl(n>0)

SO
e 0k
M1 o
and
> /)" =1/(1— \/p)
n=0
SO

_ Oy
14+1/(1—-X/n)
Exists only if A < u.

Tn,
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For M/M/oco queue:

)\n
and
0. @) )\n
Dy = exp(A/p)
n=0 KT
SO

)\n
un!
Notice this exists for all A > 0 and all u > 0.

™ = exp(—=\/u)

197



Scope of Queuing Theory:

1) M/M/k queues. X(t) is number queued or
in service.

Birth and Death process; death rate maxes out
at ku.

Stationary distribution exists if A < ku.
2) Same input / service processes as M/M/k
but customers not served leave. Question of

interest: customers lost per time unit?

Take X to be number in service. (0 < X(t) <
k).

Find stationary distribution.
Fraction of time spent in state k is m.

During time in state k lose customers at rate
A. So lost mp A customers per unit time.
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3) G/M/1 queue. General distribution of in-
terarrival times for input. Input is a renewal
process. Not Markov.

4) M/G/1 and others.

5) Networks: output of 1 queue is input of
next; feedback ...

Quantities of potential interest:
Average fraction of time server idle.
Average time in system for customer.

Average wait to see server.
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One example calculation: in G/M/1 queue.
Compute long run fraction time system is idle.
Idea: interarrival times are iid with cdf G.
Service rate u.

Let X,, be number of customers in service / in
line when nth customer arrives.

Claim X, is a Markov chain.

(Example of general tactic: find simple process
buried within process of interest.)
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Notation: 17,715,--- iid interarrival times.

Given Xy, = ¢ and 1,47 = t number served
between nth arrival and n + 1st arrival is

min{Poisson(ut),i + 1}

So: if X;, = ¢ and the Poisson variable above
IS 7 then
Xp41 =1+ 1—min{j,i+ 1}

Now to compute prob of 5 served must average
over Ty 41:

£)J
P(4j served) = /e‘“t(u,l) dG(t) = a;
J:
for y <14 1.
This gives:

7

ai—l—l—k 1§k§’i—|—1
Pik:<1—2%)aj k=20
0 otherwise

\
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Computing stationary distribution?
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Brownian Motion
For fair random walk Y, = number of heads

minus number of tails,

Yn=U1+ -+ Un

where the U, are independent and

1
PU,=1)=PU; =-1) = 5
Notice:
EU;)) =0
Var(U;) =1
Recall central limit theorem:
U oo+ U
1 + + n N N(O, 1)
Vvn

Now: rescale time axis so that n steps take 1
time unit and vertical axis so step size is 1/4/n.
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n=16 n=64

M

n=256 n=1024

"Wy
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We now turn these pictures into a stochastic
Process:

For £ <t < ¥t we define

Uy +---+ U

Xn(t) = T

Notice:
E(Xn(t)) =0

and

Var(Xn(t)) = %

As n — oo with t fixed we see k/n — t. More-

over.
Ur+ - +U, _ [m
Sk = \/;Xn(w

converges to N(0,1) by the central limit theo-
rem. Thus

Xn(t) = N(0,t)
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Also: Xn(t+s)—Xn(t) is independent of X, (¢)
because the 2 rvs involve sums of different U;.

Conclusions.

As n — oo the processes X, converge to a
process X with the properties:

1. X(¢t) has a N(0,t) distribution.

2. X has independent increments: if

O=tg <t1 <t < - <t
then

X(t1) — X(to), ..., X(tr) — X(tx—1)
are independent .

3. The increments are stationary: for all s

X({t+s)—X(s)~N(0,t)

4. X(0) = 0.
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Def’'n: Any process satisfying 1-4 above is a
Brownian motion.

Properties of Brownian motion

e Suppose t > s. Then

E(X()]|X(s)) = E{X() — X(s) + X(s)[X(s)}
= E{X () — X(s)[X(s)}
+ E{X(s)|X(s)}
=04 X(s) = X(s)
Notice the use of independent increments and
of E(Y|Y) =Y.

e Again if t > s:
Var {X(¢)[X(s)}
= Var {X(t) — X(s) + X(5)|X(s)}
= Var {X(t) — X(s)|X(s)}
= Var{X(t) — X(s)}
=t—s
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Suppose t < s. Then X(s) = X(t) + {X() —
X (s)} is a sum of two independent normal vari-
ables. Do following calculation:

X ~ N(0,02), and Y ~ N(0,72) independent.
Z=X+Y.

Compute conditional distribution of X given Z:

fx z(z,2)
fz(2)
_ fxy(z,z —w)
fz(2)
_ fx@)fy(z —x)
fz(2)

Now Z is N(0,~2) where 42 = g2 4+ 72 so

1 —2?/(20%)_1__—(z—2)?/(27?)

fx|z(z|z) =

fx|z(ale) = 72 L)
V2w
= exp{—(z — a)2/(26?)}
TON 27

for suitable choices of a and b. To find them
compare coefficients of z2, = and 1.
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Coefficient of z2:

1 1 1
P22
so b= rT10/7.
Coefficient of x:
a . s
22
so that
2
2 2 g
a=0bz/17Tc = z
/ 02 _|_ 7.2

Finally you should check that

a? 22 22

b2 72 72
to make sure the coefficients of 1 work out as
well.

Conclusion: given Z = z the conditional distri-
bution of X is N(a,b?) with a and b as above.
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Application to Brownian motion:

e Fort < slet X be X(t) and Y be X(s) —
X()so Z=X4+Y = X(s). Then o2 =1t,
72 =s—tand 42 =s. Thus

2 (s —t)t
and S
o= X(s)
SO: S
E(X(D1X () = X (5)
and

Var(X ()| x (s)) = L1
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The Reflection Principle

Tossing a fair coin:

5 more
HTHHHTHTHHTHHHTTHTH heads
than tails

5 more
THTTTHTHTTHTTTHHTHT tails than
heads

Both sequences have the same probability.
So: for random walk starting at stopping time:

Any sequence with k£ more heads than tails in
next m tosses is matched to sequence with k
more tails than heads. Both sequences have
same prob.

Suppose Yy is a fair (p = 1/2) random walk.
Define

My = max{Y:,0 < k <n}
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Compute P(My, > x)7? Trick: Compute

First: if y > x then

{Mp > z,Yn =y} ={Yn =y}

Second: if M, > x then

T=min{k:Y,=z}<n

Fix y < x. Consider a sequence of H's and T's
which leads to say T'=k and Y, = v.

Switch the results of tosses K+ 1 to n to get a
sequence of H's and T's which has T' = k£ and
Yn=2z+4+ (x—y) =2x —y > x. This proves

P(T=kY,=y) =P(T=kKY,=2r—1y)
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This is true for each k so

P(Mp>x,Yn=vy) =P(My>x2,Y, =2z —1y)
= P(Y, =2z —vy)

Finally, sum over all y to get

P(Mp>2z)=)Y PYn=vy)
y>x

+ ) PYp=2z—y)

y<wx

Make the substitution £k = 2x — vy in the second
sum to get

P(Mp > z) = ) P(Yn=y)
y>x

+ZP(Yn:k)

k>x

=2 Z P(Y,=k)+ P(Y, =x)
k>x
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Brownian motion version:
M; = max{X(s);0<s <t}
Ty = min{s: X(s) = x}
(called hitting time for level ). Then

{Te <t} = {M > x}

Any path with T, = s <t and X(t) =y < x
iIs matched to an equally likely path with T, =
s<tand X(t) =2z —y > x.
So for y > «x

P(My 2z, X(t) >y) = P(X(t) > y)
while for y < x

P(My>x2, X)) <y)=P(X{&) >2x —vy)
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Let y — x to get

P(M;>x,X(@t) >x) =P(M; >z, X(t) < x)
= P(X(t) > x)
Adding these together gives
P(M; >x) =2P(X(t) > x)
= 2P(N(0,1) > z/Vt)
Hence M; has the distribution of |N(0,1t)].
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On the other hand in view of
{Ta: < t} — {Mt > x}

the density of T, is

%QP(N(O, 1) > z/Vt)

Use the chain rule to compute this. First

LP(N(0,1) > ) = ~6(y)
Y

where ¢ is the standard normal density
e_y2/2
V2T

because P(N(0,1) > y) is 1 minus the standard
normal cdf.
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So
%QP(N(O, 1) > z/V1t)
= —Qqs(a;/x/i)%(x/\/i)
\/ﬁ’;@ -5 exp{—a?/(2t))}

This density is called the Inverse Gaussian
density. T, is called a first passage time

NOTE: the preceding is a density when viewed
as a function of the variable t.

Martingales

A stochastic process M (t) indexed by either a
discrete or continuous time parameter t is a
martingale if:

E{M(t)|M(u); 0 < u < s} = M(s)
whenever s < t.
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Examples

e A fair random walk is a martingale.

e If N(t) is a Poisson Process with rate A
then N(t) — At is a martingale.

e Standard Brownian motion (defined above)
IS a martingale.

Note: Brownian motion with drift is a process
of the form

X(t) = oB(1) + pt

where B is standard Brownian motion, intro-
duced earlier. X is a martingale if u = 0. We
call u the drift
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e If X(¢) is a Brownian motion with drift then
Y(t) = eX (1)

IS @ geometric Brownian motion. For suit-
able u and o we can make Y (t) a martin-
gale.

e If 2 gambler makes a sequence of fair bets
and My is the amount of money s/he has
after n bets then M,, is a martingale — even
if the bets made depend on the outcomes
of previous bets, that is, even if the gam-
bler plays a strategy.
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Some evidence for some of the above:

Random walk: Uj,U»,,... iid with
PlU,=1)=PU;=-1)=1/2
and Y, =U; + --- 4+ U with Yo = 0. Then
E(Yn|Yo,...,Ys)

= E(Yn — Y, + Yi|Y0, ..., Y2)
= E(Yn — Yi|Y0, ..., Y) + Y%

n
= ) EU|UL,...,Up) + Y}
k+1

— 3 EW) +Yj
k+1
— Yk
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Things to notice:

Y. treated as constant given Yi,...,Y..
Knowing Yi,...,Y:. is equivalent to knowing
Ui,...,Ug.

For 5 > k we have Uj; independent of Uy, ..., Uy
SO conditional expectation is unconditional ex-
pectation.

Since Standard Brownian Motion is limit of
such random walks we get martingale property
for standard Brownian motion.
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Poisson Process: X (t) = N(t) —Xt. Fixt > s.

ECX (D)X (u);0 < u < s)
= E(X(t) — X(s) + X(s)[Hs)
= E(X(t) — X(s)[Hs) + X(s)
= E(N(t) — N(s) — A(t — 9)[Hs) + X(s)
= E(N({) —N(s)) = At —s) + X(s)
= At —5)— At —35)4+ X(s)
= X(s)

Things to notice:
I used independent increments.
‘Hs is shorthand for the conditioning event.

Similar to random walk calculation.
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Black Scholes

We model the price of a stock as

X)) = xoey(t)

where

Y (t) = oB(t) + ut

is a Brownian motion with drift (B is standard
Brownian motion).

If annual interest rates are e — 1 we call «
the instantaneous interest rate; if we invest $1
at time O then at time ¢ we would have e®t,
In this sense an amount of money z(¢t) to be
paid at time ¢ is worth only e=®x(¢) at time 0
(because that much money at time O will grow
to z(t) by time t).
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Present Value: If the stock price at time ¢
is X (t) per share then the present value of 1
share to be delivered at time t is

Z() = e X (1)
With X as above we see

Z(t) = woeaB(t)+(u—oz)t

Now we compute

E{Z(£)|Z(u);0 < u < s}
— E{Z(1)|B(u); 0 < u < s}

for s < t. Write
Z(1) = 2ge”BEF ()t o o(B(1)~B(s))

Since B has independent increments we find

E{Z({)|B(u);0 <u < s}
= e BOHE—)t g [ABO-BG)Y]
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Note: B(t) — B(s) is N(0,t — s); the expected
value needed is the moment generating func-
tion of this variable at o.

Suppose U ~ N(0,1). The Moment Generat-
ing Function of U is

My (r) = E(e'V) = /2

Rewrite
o{B(t) — B(s)} = o(t —s)U
where U ~ N(0,1) to see
E [GG{B(t)—B(S)}] — o2(t=5)/2
Finally we get
E{Z(1)|Z(u);0 < u < s}
— x0603(8)+(u—a)se(u—a)(t—s)+02(t—8)/2
= Z(s)
provided
n+o2/2=a.
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If this identity is satisfied then the present value
of the stock price is a martingale.

Option Pricing

Suppose you can pay $c today for the right
to pay K for a share of this stock at time ¢
(regardless of the actual price at time ¢t).

If, at time ¢, X(t) > K you willexercise your
option and buy the share making X(¢t) — K
dollars.

If X(t) < K you will not exercise your option;
it becomes worthless.

The present value of this option is

e (X (t) — K)y —c

L= A z>0
T 102<0

(Called positive part of z.)

where
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In a fair market:

e The discounted share price e X (t) is a
martingale.

e [ he expected present value of the option
is O.

So:
c=e ME [{X(t) — K}_|_]

Since
2
X(t) :UOGN (ut,oc<t)

we are to compute

—
_I_
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This is
©®
/ (xoebu+d — K) e_uz/zdu/\/ 27
a

where
_ B 1/2
a = (log(K/xq) — ut)/(at='<)
b= otl/?
d= ut
Evidently

K/OO e~ /2qu/\/2r = KP(N(0,1) > a)

The other integral needed is
0
/ e_u2/2+budu/\/ 27
a

o0 e_(u b)2/2 b2/2
—/ du

00 p—V?/2 662 /Qd
— (V)
a—b \ 27m

— °/2P(N(0,1) > a — b)
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Introduce the notation

d(v) = P(N(0,1) <v)=P(N(0,1) > —v)
and do all the algebra to get

c= {e_ateb2/2+d:c0<b(b —a) — Ke_o‘tcb(—a)}

:UOG(’H_UQ/Q_O‘)tCD(b —a) — Ke “®(—a)
zo®(b—a) — Ke “d(—a)

This is the Black-Scholes option pricing for-
mula.
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Modelling Traffic Loading
on the
Lion’s Gate Bridge

Idea: want to know how strong bridge needs
to be.

Compute: load x such that

Expected time to first exceedance of load z is
100 years.

Method uses:

1) modelling assumptions.

2) conservative modelling; to replace random
variable of interest with stochastically larger

quantity.

3) moment generating functions; Markov's in-
equality — compute upper bound on =z.
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Facts about the bridge:

Built 1936-38 for $6M.

3 spans: 614, 1550, 614 feet long.

Originally 2 lanes now 3.

Originally toll bridge built by developers.

See
http://www.b-t.com/projects/liongate.htm

at Buckland and Taylor web site for engineer-

ing info.
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Begin with definition of process of interest.
Think of bridge as rectangle.

Co-ordinates: x runs from O to length Ly of
bridge, y runs from O to width Wg of bridge.

Define:

Z(x,y,t) = load on bridge at (z,y) at time ¢

General quantity of interest at time ¢: total
load or other force on segment of bridge:

| Z(2,y, 0z, y)dady
Y

Example w: load in strip across bridge between
x1 and zo feet out from south side on central
span

2 (Wp
Wtora) = | [0 2y, H)dyda
1
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Quantity of concern to engineers:

M+(L) = max max Wi(t,x1,z1 + L
r(L) t€[0,7] 0<z1<Lp—L (b 01,71 )

First modelling assumption. Years 1,...,7 are
lid.
So.

P(Mp(L) <y) = P(M1(L) <y)"

So: years to first exceedance of level y has ge-
ometric distribution with probability of success

P(M1(L) > y)

Find y so this last is 1/100; expected value of
geometric is 100.

Call this the 100 year return time load.
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Next modelling consideration.
Two kinds of loads: static and dynamic.
Consider only static not dynamic loading.

Observation: static loading much higher when
traffic stopped than not.

So: define N to be number of traffic stoppages
in year.

Let My ,(L) be worst load over segment of
length L during nth of N stoppages.
Idea
P(Mq(L = P( max M L
(M1(L) > y) = P max My (L) > )
Treat My ,(L) as iid given N.
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Next: Evaluate P(Mq1(L) > y) by conditioning.

Shorten notation:

M = max Xjp
1<n<N

where X; iid, cdf F', survival ftn S =1 — F.

P(M < y) = E{P(M < y|N)}
= E[{1 - S(»})]
= ¢llog{1 — S(y)}]

where
o(t) = E <etN>

iIs the moment generating function of N.
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Comment: ¢ is monotone increasing.

So: if S(y) < g(y) then

P(M >y) <1—¢[log{1l —g(y)}]

and solving

¢llog{l — g(y)}] = 0.99

gives larger solution than

P(M < y) = 0.99

Remaining steps:
1) Model for N.

2) Model / upper bound for S.
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Modelling N:
Simplest idea: Poisson process of accidents.

So N has Poisson(\) dist for some .

Then
B ()\et)n
B(t) =D e
which is
o(t) = exp{A(e’ — 1)}
Criticisms:

No allowance for variation in traffic densities,
weather, etc from year to year.
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Potentially better assumption.

N is overdispersed Poisson, say, Negative Bi-
nomial:

k—1
r+k )P"(1-p)* k=01,

P(Nzk)z(

T his makes
.

tXN p
ST Ay

Idea: for Poisson o = /L.

For Negative Binomial u = r(1 —p)/p and

o =\/r(L —p)/p? > \/1/pv/i > Vi

Idea: use of overdispersed variable makes for
longer tails relative to mean.
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Now we need to model / bound the survival
function §S.

Stoppage lasts random time 7.

During that time traffic builds up behind stop-
page; cars jam together.

Worst section of length L found by sliding win-
dow along line of stopped cars to find maxi-
mum.

Notional model (not the way we did it):
Model vehicles arriving at end of queue.
Might use Poisson Process.

Each vehicle has random mass, length, distri-
bution of load along length.

Random gaps between vehicle.

Just before traffic starts to move again:
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ook for heaviest segement of length L in stop-
page.

Problems:

1) different kinds of stoppage: # lanes, di-
rection of flow, location on bridge, cars trickle
past?

2) hard to deal with supremum over all seg-
ments of length L.

3) specify joint law of mass, length, distribu-
tion of load along single vehicle.

Digression to method we didn’t use:
Model length of stoppage 1" with density g.

Model N, number of vehicles arriving at end of
stoppage, given T as Poisson(\T).

Assume next vehicle arriving picked at random;
joint density h(w,l) of weight, length. W;, L;
values for ¢th arrival.
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Assume load distributed evenly along length of
vehicle.

Final length of line at end of stoppage is

N
Lp=) L.
1=1

Can compute mean, variance, generating func-
tion of L7

E{exp(sL)} = E [E{exp(sL)|N}]
=E ([E{exp(sLi)}]N>
= ¢n[l0g{or(s)}]

Here each ¢ is a moment generating function.

This is a method of analysis for a compound
Poisson Process. Can use the mgf of L to com-
pute distribution of L by inversion of Laplace
transform.

Problem: how to scan for maximum load??
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Simplify problem: discretize and bound.
General idea discretization.

If h is small and X (s) some process then

t+1
sup / X (s)ds
O<t<T—71Jt

IS close to

kh—4T
max/ X (s)ds
k kh

We took h to be 50 feet.
Considered 7 = 50n feet.

Switch from thinking about length of stoppage
in time to length of stoppage in multiples of h.

Let N; be number of segments of length h
building up on bridge during stoppage

Let X;;75=1,...,N; be the loads on the con-
secturive segments.
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So0O: our interest is in

max{X, +--- X, 4,11 <r<N;+1—-n}

Upper bound on survival function?

Define
U”I“ — XT + *e Xfr—|—fn,—]_
Argue that
1—-P( ma <1-— —
(1§T§XmUr>y>_1 H {1 P(Ur>y)}
1<r<im
for any m.

Rationale: Values of U, are positive orthant
dependent.

(Large values of one U suggest large values of
adjacent U.)
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SO now:

P(max{U;;1 <r < N;} > v)
<1 - ¢ [l0g{1 — Sy(y)}]

Final step we took.

Model law of X; by considering possible loading
patterns by cars, trucks, buses.

We took cars to be fixed length and weight.
Same for buses.

Trucks had fixed length, weight uniform on 12
to 40 tons.

Computed moment generating function of an
X

px (1) = E(e)
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Final step. Need to compute Sp.

Instead use Markov's inequality:

E{g(X)}
g(x)

for any increasing positive g.

P(X > ) <

Choose g(-) = exp(h-).

So:
E(th)
Su(y) < X0 ()
_ {ex(m)}"
exp(hy)
where

¢x (h) = E{exp(hX)}

These can be assembled to give a bound de-
pending on h.

Then: minimize over h > 0 to find good bound.
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