STAT 380: Introduction to Stochastic Processes
Course outline:
¢ Basic concepts of probability. Review of

— Distributions
— Expectation and moments
— Moment generating functions

— Independence, conditioning

e Markov Chains

¢ Poisson Processes

¢ Birth and Death Processes
¢ Brownian Motion

e Monte Carlo Simulation techniques

— Random number generators

— Generating random variables
Today’s lecture Summary

e Three examples to review

basic probability: sample space, events, random variables, expected value

— standard distributions: Binomial, Geometric, Poisson

conditional probability, independence

— Bayes’ rule
e Introduction to modelling
Some Basic Examples

Example 1: Three cards: one red on both sides, one black on both sides, one black on one side, red on
the other. Shuffle, pick card at random. Side up is Black. What is the probability the side down is Black?

Solution: To do this carefully, enumerate sample space, €2, of all possible outcomes. Six sides to the
three cards. Label three red sides 1, 2, 3 with sides 1, 2 on the all red card (card # 1). Label three black
sides 4, 5, 6 with 3, 4 on opposite sides of mixed card (card #2). Define some events:

A; = {side i shows face up}
B = {side showing is black}
C; = {card j is chosen}
One representation Q = {1,2,3,4,5,6}. Then A; = {i}, B = {4,5,6}, C1 = {1,2} and so on.

Modelling: assumptions about some probabilities; deduce probabilities of other events. In example
simplest model is

All of the A; are equally likely.



Apply two rules:
6

P(Uj4;) =Y P(4;) and P(Q) =1

to get, for i =1,...,6,

Question was about down side of card. We have been told B has happened. Event that a black side is down
is D ={3,5,6}. (Of course B has happened rules out 3.)
Definition of conditional probability:
p(oip) = PLOB) _ PUs.6) 2
P(B) P({4,5,6}) 3
Example 2: Monte Hall, Let’s Make a Deal. Monte shows you 3 doors. Prize hidden behind one. You
pick a door. Monte opens a door you didn’t pick; shows you no prize; offers to let you switch to the third
door. Do you switch?
Sample space: typical element is (a, b, ¢) where a is number of door with prize, b is number of your first
pick and ¢ is door Monte opens with no prize.

(1,1,2) (1L,1,3) (1,23) (13,2)

(2,1,3) (2,2,1) (2,2,3) (2,3,1)
(3,1,2) (3,2,1) (3,3,1) (3,3,2)

Model? Traditionally we define events like

A; = {Prize behind door i}
B;j = {You choose door j}
and assume that each A; has chance 1/3. We are assuming we have no prior reason to suppose Monte favours

one door. But these and all other probabilities depend on the behaviour of people so are open to discussion.
The event LS, that you lose if you switch is

(A1 N B1) U (42 N By) U (A3 N Bs)

The natural modelling assumption, which captures the idea that you have no idea where the prize is hidden,
is that each A; is independent of each Bj, that is,

P(A; N Bj) = P(A;)P(By)

Usually we would phrase this assumption in terms of two random variables, M, the door with the prize, and
C the door you choose. We are assuming that M and C are independent. Then
P(LS) =P(A1 N By) + P(42N Bs)
+ P(A3 N Bs)
=P(A1)P(B1) + P(A2)P(B>)
+ P(A3)P(Bs)
1

=3 {P(B1) + P(B>) + P(Bs)}

[y

Wl

So the event you win by switching has probability 2/3 and you should switch.
Usual phrasing of problem. You pick 1, Monte shows 3. Should you take 2? Let S be rv § = door Monte
shows you. Question:
PM=1C=1,5=3)

Modelling assumptions do not determine this; it depends on Monte’s method for choosing door to show
when he has a choice. Two simple cases:



1. Monte picks at random so
P(S=3M=1,C=1)=1/2

2. Monte chooses the door with the largest possible number:
PS=3M=1,C=1)=1
Use Bayes’ rule:

P(M =1|C=1,5=3)
P(M=1,C=1,5=3)
P(C=1,5=3)

Numerator is

PS=3M=1,C=1)PM=1,C=1)
=P(S=3M=1,C=1)P(C=1)/3
Denominator is
PS=3M=1,C=1)P(M=1,C=1)

+P(S=3M=2C=1)PM=2,C=1)
+P(S=3M=3,C=1)P(M=3,C=1)

which simplifies to

P(S=3M=1,C=1)P(M=1)P(C =1)

which in turn is
{P(S=3M=1,C=1)+1}P(C=1)/3

For case 1 we get

1/2 1
P(M_1|C—1,S—3)—1/2+1—§
while for case 2 we get
1 1
PM=1C=1,8=3)=— ==
( i 5 =3) 141 2

Notice that in case 2 if we pick door 1 and Monte shows us door 2 we should definitely switch. Notice
also that it would be normal to assume that Monte used the case 1 algorithm to pick the door to show when
he has a choice; otherwise he is giving the contestant information. If the contestant knows Monte is using
algorithm 2 then by switching if door 2 is shown and not if door 3 is shown he wins 2/3 of the time which
is as good as the always switch strategy.

Example 3: Survival of family names. Traditionally: family name follows sons. Given man at end of

20th century. Probability descendant (male) with same last name alive at end of 21st century? or end of
30th century?
Simplified model: count generations not years. Compute probability, of survival of name for n generations.
Technically easier to compute g, probability of extinction by generation n.
Useful rvs:
X = # of male children of first man

Zy, = # of male children in generation k&



Event of interest:
E,={Z,=0}

Break up E,:

gn = P(Bn) =) P(E.N{X = k})
k=0

Now look at the event E, N {X = k}. Let
Bjn—1 ={X = k} N {child js line extinct

in n — 1 generations}

Then
E,N{X =k} =n}_,Bjn1

Now add modelling assumptions:

1. Given (conditional on) X = k the events B; ,_; are independent. In other words: one son’s descendants
don’t affect other sons’ descendants.

2. Given X = k the probability of Bj,_1 is g,—1. In other words: sons are just like the parent.
Now add notation P(X = k) = py.

k=0
o0

= S POk Byt X = B
k=0
oo k

= Z HP(Bj,n—1|X = k)pk
k=0 1

I
=~
I
[}
3
&
i}
B

Probability generating function:

)
6(s) = 3 s*p = E(s¥)
k=0
We have found
q1 = Do

and

an = ¢(qn-1)
Notice that ¢; < g2 < --- so that the limit of the g, say g, must exist and (because ¢ is continuous) solve

doo = #(g0)

Special cases
Geometric Distribution: Assume

PX=k)=01-6% k=0,1,2,...

(X is number of failures before first success. Trials are Bernoulli; § is probability of success.)



Then

9(s) =D 5" (1-0)"0
0

=0 [s(1-0)"
0

3 0

1-35(1-0)

Set ¢(s) = s to get
s[l—s(1—-6) =86
Two roots are
1+,/1-401—0) 1+ (1—26)
2(1-90) 2(1-9)

One of the roots is 1; the other is
0
1-6
If @ > 1/2 the only root which is a probability is 1 and go = 1. If # < 1/2 then in fact ¢, — g0 = 6/(1 —6).
Binomial(m, #): If

P(X=k) = (’Z)aku —o)™*F k=0,...,m

then
o0 =3 (1) orra-omt
—(1—0+s0)m

The equation ¢(s) = s has two roots. One is 1. The other is less than 1 if and only if m8 = E(X) > 1.
Poisson()\): Now
PX=k)=e /K k=0,1,...
and
¢(s) = X7

The equation ¢(s) = s has two roots. One is 1. The other is less than 1 if and only if A = E(X) > 1.
Important Points:

e Use of conditioning.
e Approximate nature of modelling assumptions
e Key assumptions of conditional independence, homogeneity

Example 3: Mean values

Z,, = total number of sons in generation n.
Zy = 1 for convenience.

Compute E(Z,).

Recall definition of expected value:

If X is discrete then

If X is absolutely continuous then



Theorem: If Y = g(X), X has density f then

Key properties of E:
1: If X > 0 then E(X) > 0. Equals iff P(X =0) = 1.
2: E(aX +bY) = aE(X) + bE(Y).
3: IfOSXl SXQ S --- then
E(lim X,,) = lim E(X,,)

4: E1) =1.
Conditional Expectations
If X,Y, two discrete random variables then

EY|X =2) =) yP(Y =y|X =)
y
Extension to absolutely continuous case:
Joint pmf of X and Y is defined as
p(x,y) =P(X =2,Y =y)
Notice: The pmf of X is
px(z) =Y p(x,y)
y
Analogue for densities: joint density of X,Y is
flx,y)dedy ~ P(x < X <z +dr,y <Y <y+dy)

Interpretation is that

P(Xe€ AY € B) = /A/Bf(a:,y)dyda:

Property: if X,Y have joint density f(x,y) then X has density
fx(@) = [ )y
y

Sums for discrete rvs are replaced by integrals.
Example:

z+y 0<z,y<1
0 otherwise

//f(w,y)dxdy = /01 /Ol(m—l-y)dydw
:/Ola:da:-i-/olydy

f(JU,:l/) = {

is a density because

The marginal density of X is, for 0 <z < 1.

fx@ = [ " fy)dy

= / (z +y)dy

0

1 1
= (@ +y* /2|y =2+



For z not in [0,1] the integral is 0 so

T+ % 0<z<1
0 otherwise

fx(z) ={

Conditional Densities
If X and Y have joint density fx yv(x,y) then we define the conditional density of ¥ given X = z by
analogy with our interpretation of densities. We take limits:

Jyx (y|z)dy
Pr <X <z+dn,y<Y <y-+dy)
Pz < X <z +dx)

~

in the sense that if we divide through by dy and let dx and dy tend to 0 the conditional density is the limit

P(z<X<z+dz,y<Y<y+dy)

lim gz, dy—o (dz dy)
. P(z<X<z+dz
hmdm—)O (o< dz )

Going back to our interpretation of joint densities and ordinary densities we see that our definition is
just Fev(@.0)
X, Y\Z,Y
P ==
When talking about a pair X and Y of random variables we refer to fx y as the joint density and to fx as
the marginal density of X.
Example: For f of previous example conditional density of Y given X = z defined only for 0 < z < 1:

= 0<z,y,<1
0 0<z<ly>1
z) = - =
Frix(lz) =4 | 0<o<iy<o

undefined otherwise

Example: X a Poisson(\) random variable. Observe X then toss a coin X times. Y is number of heads.
P(H)=p

fr(y) =Y fxy(,y)
= ZfY|X(?J|33)fX($)

X [z A
=3 () -prrx e
y x!
z=0
WARNING: in sum 0 < y < z is required and z, y integers so sum really runs from y to co

Ve S -p)AT
! 2 (x —y)!

Iy (y)

=y

(PN)Ye™ o= [(1 = p)A*
; k!

y!
(p)‘)yei/\ e(lfp))\

y!
= PN [y



which is a Poisson(p) distribution.
Conditional Expectations
If X and Y are continuous random variables with joint density fx y we define:

Ewmzmz/wmwmw

Key properties of conditional expectation

1: If Y > 0 then E(Y|X =2) > 0. Equals iff P(Y =0|X =z) = 1.

2: E(A(X)Y + B(X)Z|X =z) = A(x)EY|X = z) + B(2)E(Z|X = x).
3: If Y and X are independent then

E(Y|X =) = E(Y)

4: EQX =2) =1L

Example:
z+y 0<z,y<1
‘r7 = .
f(@y) {0 otherwise
has conditional of Y| X:
= 0<2,y,<1

0<z<ly>1
0<z<1Ly<0

undefined otherwise

o O

frix(yle) =

so, for 0 <z <1,

1
r+y

EY| X =2) =

vix=2= [y

z/2+1/3
z+1/2

dy

Computing expectations by conditioning:

Notation: E(Y|X) is the function of X you get by working out E(Y|X = z), getting a formula in z and
replacing by X. This makes E(Y|X) a random variable.

Properties:

1: E(A(X)Y + B(X)Z|X) = A(X)E(Y|X) + B(X)E(Z| X).

2: If Y and X are independent then

EY|X) =E(Y)
3: E(11X) =1.
4: E[E(Y|X)] = E(Y) (compute average holding X fixed first, then average over X).
In example:
X+2/3
EY|X)= —"—
(¥1X) 2X +1

Application to last names problem. Put m = E(X)



E(Zn)

E[E(Z,| X))
E[XE(Z,-1)]
E(X)E(Z,-1)
mE(Z,_1)
m2E(Z,_2)

=m" 'E(Z))
=m"
For m < 1 expect exponential decay. For m > 1 exponential growth (if not extinction).
Summary of Probability Review
We have reviewed the following definitions:
e Probability Space (or Sample Space): 2 = set of possible outcomes, w.
e Events, subsets of (2.
e Probability: P function defined for events, values in [0, 1] satisfying:

1. P() =0 and P(R) =
2. Countable additivity: A;, As,--- pairwise disjoint (j #k A; N A, = 0)

oo L) — .
e Joint, marginal, conditional pmfs: X,Y dil; %Jéﬁl.A’) - Z P(4y)
— Joint pmf =1
pxy(z,y) = P(X =2,Y =y).

px(z) = P(X =2) = ZPX,Y(HJ;ZU)
y

— Marginal pmf

— Conditional pmf
py|x (W|z) = px v (z,y)/px ().
¢ Joint, marginal, conditional densities X,Y continuous:
— Joint. de?Sd &y, stSfY z,Y); probab111t1es are double integrals

— Margina
= /fX,Y z,y)d

Trixlz) = fxy(z,9)/ fx ().

=Y g(z)px(z)

F(g(X)) = / 9(@) fx (@)de

— Conditional density

e Expected value:

or

e Conditional expectation
E(g(Y)|X = z) Zg Y)py x (y|z)
or

B(g(¥)|X = ) = / 9(9) Fr1x (yl)dy



e E(g(Y)|X) is previous with z replaced by X after getting formula.

Tactics:

Convert English expressions to set notation:

— “Or” means union (remember inclusive or).
— “And” means intersection.

— “not” means complement.

Compute prob something happens as 1-prob it doesn’t.

Break up event into disjoint pieces and add up probabilities.

Find independent events and write event as intersection.

e Find A, B for which P(A|B) is known.

Use Bayes rule: if By, ..., By is a partition then

_ P(A|B,)P(By)
P(B,]A4) = ZP(A|;3]-)P(IBJ')

e Use first step analysis. (See family names example, craps game, alternating dice tossing on asst 1.)

Tactics for expected values:

o Use linearity:
E(YaiX;) =) aB(X))
e Condition on another variable and use

E[E(Y]X)] = E(Y)

e Use first step analysis. (Special case of previous.)
Markov Chains

Last names example has following structure: if, at generation n there are m individuals then number of
sons in next generation has distribution of sum of m independent copies of the random variable X which is
number of sons I have. This distribution does not depend on n, only on value m of Z,,. Call Z,, a Markov
Chain.

Ingredients of a Markov Chain:

e A state space S. S will be finite or countable in this course.
e A sequence X, X1, ... of random variables whose values are all in S.

e Matrix P with entries P; ; for 4,7 € S. P is required to be stochastic; for all i:

ZP,;]' =1 and 0 S Pz]
J

10



The stochastic process Xy, X1, ... is called a Markov chain if
P (X1 = j| X =14,4) = P j
for any A defined in terms of Xy, ..., Xg_1 and for all 4, j, k. Usually used with
A={Xt 1=4k-1,--.,X0 =140}

for some g, ..., 05_1.

The matrix P is called a transition matrix.

Example: If X in the last names example has a Poisson()) distribution then given Z,, = k, Z,, 11 is like
sum of k independent Poisson(\) rvs which has a Poisson(kA) distribution. So

1 0 0
e e ? Ne /2
P = e 22 (2)\)672’\ %(2/\)2672’\

Example: Weather: each day is dry (D) or wet (W).

X, is weather on day n.

Suppose dry days tend to be followed by dry days, say 3 times in 5 and wet days by wet 4 times in 5.
Markov assumption: yesterday’s weather irrelevant to prediction of tomorrow’s given today’s.

Transition Matrix: s 9
5 5
P =
1 4
5 B

Now suppose it’s wet today. P(wet in 2 days)?

P(Xy =W|Xo=W)

=P(Xo = W, X1 = D|Xo = W)
+P(Xy =W, X1 = W|Xo = W)
=P(Xs = W|X, = D, Xo = W)
x P(X, = D|Xo = W)
+P(Xy = WX, =W, Xo = W)
X P(X; =W|Xqg=W)
=P(X, = W|X, = D)
x P(X; = D|Xo = W)
+P(Xo=W|X; = W)
x P(X; = W|Xo = W)

=Pw.pPp,w + Pw,w Pw,w

-() )+ () G)

Notice that all the entries in the last line are items in P. Look at the matrix product PP:

3 2 3 2 114
5 5 5 5 25 25
14 104 718
5 5 5 5 25 25

Notice that P(Xs = W|Xo = W) is exactly the W, W entry in PP.

11



General case. Define
P™ = P(X, = j|Xo =)

1,7

Then

P(Xpmin = j|Xm =4, Xpne1 = im—1,...)
= P(Xm+n = Jle = @)
=P(X, = j|Xo =1i)
=P
=P")i;-

Proof of these assertions by induction on m, n.
Example for n = 2. Two bits to do:
First suppose U, V, X,Y are discrete variables. Assume

PY=yX=zU=uV =0
= P(Y =X =)

for any z,y,u,v. Then I claim

PY =yl X =2,U =u)
— P(Y =y|X = 2)

In words, if knowing both U and V doesn’t change the conditional probability then knowing U alone doesn’t
change the conditional probability.
Proof of claim:
A={X=2z,U=u}

Then

PY =yl X =2,U =u)
PY =y, A)
P(A)
2, PV =y, AV =0v)
- P(4)
2, PY =ylAV =v)P(AV =)
a P(4)
YL P =ylX =5)P(A,V =)
P(4)
_ PV =yl X=2)3, PAV =0
P(A)
_ P(Y =y|X = 5)P(4)

= P(Y =y|X =)

12



Second step: consider
P(Xpi2 =kl X, =1)

=Y P(Xny2 =k, X1 = j| X0 = )
J

:ZP(Xn+2 = k|Xn+1 = J)Xn = 7/)
J
X P(Xps1 = j|Xn = 1)

= P(Xnt2 = k| Xpy1 = )
J
X P(Xpy1 =jlXn =1)

:ZPi,ij,k
J

This shows that
P(Xpi2 = k| X, = i) = (P?)ix

where P2 means the matrix product PP. Notice both that the quantity does not depend on n and that we
can compute it by taking a power of P.
More general version
P(Xn+m = len = .7) = (Pm)j,k

Since P"P™ = P™"t™ we get the Chapman-Kolmogorov equations:

P(Xnpm = k| Xo =) =

S P(Xotm = kX = §)P(X = §|Xo = i)
J

Summary: A Markov Chain has stationary n step transition probabilities which are the nth power of
the 1 step transition probabilities.
Here is Maple output for the 1,2,4,8 and 16 step transition matrices for our rainfall example:

> p:= matrix(2,2,[[3/5,2/5],[1/5,4/511);

[3/5 2/5]
p:=1L ]
[1/5 4/5]

> p2:=evalm(p*p) :

> pd:=evalm(p2*p2) :
> p8:=evalm(p4*p4) :
> pl6:=evalm(p8+*p8):

This computes the powers (evalm understands matrix algebra).
Fact:

|
Wt

lim P" =
n—oo

=
W

> evalf(evalm(p));
[.6000000000 .4000000000]
L ]
[.2000000000 .8000000000]
> evalf (evalm(p2));
[.4400000000 .5600000000]
L ]

13



[.2800000000 .7200000000]
> evalf(evalm(p4));
[.3504000000 .6496000000]

L ]

[.3248000000 .6752000000]
> evalf (evalm(p8));

[.3337702400 .6662297600]

L ]

[.3331148800 .6668851200]

> evalf(evalm(p16));
[.3333336197 .6666663803]
[ ]
[.3333331902 .6666668098]

Where did 1/3 and 2/3 come from?
Suppose we toss a coin P(H) = ap and start the chain with Dry if we get heads and Wet if we get tails.
Then

P(Xo =) = ap z = Dry
0= aw =1—ap z=Wet

and

Notice last line is a matrix multiplication of row vector a by matrix P. A special a: if we put ap = 1/3

and aw = 2/3 then
1 2 12
3 3 3 3

In other words if we start off P(Xo = D) = 1/3 then P(X; = D) = 1/3 and analogously for W. This means
that Xy and X; have the same distribution.
A probability vector « is called an initial distribution for the chain if

(S
[SHIN)

S
SN

P(Xo =) = o
A Markov Chain is stationary if
P(X,=14)=P(Xo=1)

for all ¢
An initial distribution is called stationary if the chain is stationary. We find that « is a stationary
initial distribution if
aP =«
Suppose P™ converges to some matrix P*°. Notice that

lim P! = P*®

n—oo
and
P> = lim P"
= [limP" '] P
= PP

14



This proves that each row a of P> satisfies
a=aP

Def’n: A row vector z is a left eigenvector of A with eigenvalue A if
A =Xz

So each row of P is a left eigenvector of P with eigenvalue 1.
Finding stationary initial distributions. Consider the P for the weather example. The equation

aP =«
is really

ap = 3aD/5+aW/5
aw =2ap/5+4aw /5

The first can be rearranged to
aw = ZaD

and so can the second. If a is to be a probability vector then
aw +ap =1

S0 we get
1-— ap = 2(1[)

leading to
ap = 1/3

Some more examples:

0 1/3 0 2/3
1/3 0 2/3 0
0 2/3 0 1/3
2/3 0 1/3 0

P=

Set aP = a and get

o1 =az/3+204/3
as = o1 /3 +2a3/3
az = 2as/3 + as/3
o4 =201 /3+ as/3
l=0;+ay+a3+ay
First plus third gives
a1+ a3 =2 +ayq

so both sums 1/2. Continue algebra to get
(1/4,1/4,1/4,1/4).

p:=matrix([[0,1/3,0,2/3],[1/3,0,2/3,0],
[0,2/3,0,1/31,[2/3,0,1/3,011);

[ O 1/3 0 2/3]
[ ]
[1/3 0 2/3 01

15



p:=1[ ]
[ O 2/3 0 1/3]
[ ]
[2/3 0 1/3 01
> p2:=evalm(p*p) ;
[5/9 0 4/9 01

[ ]
[o 5/9 0 4/9]
p2:= [ ]
[4/9 0 5/9 01
[ ]
[o 4/9 0 5/9]
> puatétavalplPppt));
> p8l=8080RAQP41H4):0 , .4999999884 , 0]
> p16:=evalm(p8*p8): ]
>

p1T0=evaBRQPEePLLE)s 0 , .4999999884]
[ ]
[.4999999884 , 0 , .5000000116 , 0]
[ ]
[0, .4999999884 , 0 , .5000000116]

> evalf (evalm(pl7));
[0, .4999999961 , 0 , .5000000039]

[ ]
[.4999999961 , 0 , .5000000039 , 0]
[ ]
[0 , .5000000039 , 0 , .4999999961]
[ ]

[.5000000039 , 0 , .4999999961 , 0]
> evalf (evalm((p16+p17)/2));
[.2500, .2500, .2500, .2500]

L ]
[.2500, .2500, .2500, .2500]
L ]
[.2500, .2500, .2500, .2500]
L ]

[.2500, .2500, .2500, .2500]

P™ doesn’t converges but(P™ + P"1)/2 does. Next example:

2 3

£ 2 0 0

114 0
p=|3 3% 5 ;

0 O 58

0 O 5 3

Solve aP = a:

alzgal—}—gag
a2=3(11+3042
a3 = a+1a
3_5 3 5 4
a4:ga3+ga4

l=a1+as+a3+ay

16



Second and fourth equations redundant. Get

Qo = 3041
3az = ay
1 =401 +4a3

Pick a; in [0,1/4]; put a3 =1/4 — oy.
a=(a1,301,1/4—01,3(1/4 — a1))
solves aP = a. So solution is not unique.

> p:=matrix([[2/5,3/5,0,0],[1/5,4/5,0,0],
0,0,2/5,3/51,[0,0,1/5,4/511);

[2/5 3/5 0 01
[ ]
[1/5 4/5 0 01
p:=1[ ]
[ O 0 2/5 3/5]
[ ]
[0 0 1/5 4/5]

> p2:=evalm(p*p):
> pd:=evalm(p2*p2) :
> p8:=evalm(p4*p4) :

> evalf (evalm(p8*p8));
[.2500000000 , .7500000000 , 0 , 0]

[ ]
[.2500000000 , .7500000000 , 0 , 0]
L ]
[0, 0, .2500000000 , .7500000000]
L ]

[0, 0, .2500000000 , .7500000000]
Notice that rows converge but to two different vectors:
oM = (1/4,3/4,0,0)

and
o =(0,0,1/4,3/4)

Solutions of aP = « revisited? Check that

aOPp = oV
and
a@P = o
Ifa=Xa® + (1 =X)a® (0 < A<1) then
aP =«

so again solution is not unique. Last example:

> p:=matrix([[2/5,3/5,0],[1/5,4/5,0],
[1/2,0,1/211);

[2/5 3/5 0]
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L ]

p := [1/5 4/5 01
L ]
[1/2 0 1/2]

> p2:=evalm(p*p):

> pd:=evalm(p2*p2) :

> p8:=evalm(p4*p4) :

> evalf(evalm(p8*p8));

[.2500000000 .7500000000 0 ]
L ]
[.2500000000 .7500000000 0 ]
[ ]
[.2500152588 .7499694824 .00001525878906]

Interpretation of examples
e For some P all rows converge to some «. In this case this « is a stationary initial distribution.
e For some P the locations of zeros flip flop. P™ does not converge. Observation: average

P+P?+...+P"
n

does converge.

e For some P some rows converge to one a and some to another. In this case the solution of aP = « is
not unique.

Basic distinguishing features: pattern of Os in matrix P.
Classification of States

State i leads to state j if P7; > 0 for some n. It is convenient to agree that P° =1 the identity matrix;
thus 4 leads to i.

Note 7 leads to j and j leads to k implies i leads to k¥ (Chapman-Kolmogorov).

States ¢ and j communicate if ¢ leads to j and j leads to .

The relation of communication is an equivalence relation; it is reflexive, symmetric and transitive: if 4
and j communicate and j and & communicate then ¢ and & communicate.

Example (+ signs indicate non-zero entries):

oo+ =o
+ + oo o
+oococo

0
0
P=| +
+
0

+ o4+ o~

For this example:

1~2,2~3,3~ 1s501,2,3 are all in the same communicating class.
4 ~» 1,2,3 but not vice versa.

5~ 1,2, 3,4 but not vice versa.

So the communicating classes are

{1,2,3} {4} {5}

A Markov Chain is irreducible if there is only one communicating class.
Notation:

fi:P(3n>0:Xn:i|X0:i)

State 4 is recurrent if f; = 1, otherwise transient.
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If f; = 1 then Markov property (chain starts over when it gets back to i) means prob return infinitely
many times (given started in ¢ or given ever get to i) is 1.

Consider chain started from transient i. Let N be number of visits to state i (including visit at time 0).
To return m times must return once then starting over return m — 1 times, then never return. So:

P(N =m|Xo =i)= f""(1- f;)

form=1,2,....

N has a Geometric distribution and E(N|Xo =14) =1/(1 — f;).

Another calculation: -

N =) 1(Xy =1i)
k=0
SO
E(N|Xo=i) =) _ 0°P(X} =1i)
k=0

If we start the chain in state 7 then this is

E(N|Xo=1i) =) 0%P}
k=0

and i is transient if and only if
Z 0®°Pk < 00.
k=0

For last example: 4 and 5 are transient. Claim: states 1, 2 and 3 are recurrent.

Proof: argument above shows each transient state is visited only finitely many times. So: there is a
recurrent state. (Note use of finite number of states.) It must be one of 1, 2 and 3. Proposition: If one
state in a communicating class is recurrent then all states in the communicating class are recurrent.

Proof: Let ¢ be the known recurrent state so

R
n
Assume 7 and j communicate. Find integers m and k such that
P >0

and
Pk >0

Then
m k k m
ij-l-n—i- > PjiPZPij

D P=o0

Proposition also means that if 1 state in a class is transient so are all.
State 4 has period d if d is greatest common divisor of

Sum RHS over n get oo so

{n:P% >0}

If i and j are in the same class then i and j have same period. If d = 1 then state i is called aperiodic; if
d > 1 then i is periodic.

)

I
coroOo
S N N
cooro
—o oo o
oo O



For this example {1,2,3} is a class of period 3 states and {4,5} a class of period 2 states.

0 1/2 1/2
P=|1 0 0
1 0 0

has a single communicating class of period 2.
A chain is aperiodic if all its states are aperiodic.

Infinite State Spaces

Example: consider a sequence of independent coin tosses with probability p of Heads on a single toss.
Let X,, be number of heads minus number of tails after n tosses. Put Xo = 0.
X, is a Markov Chain. State space is Z, the integers and

P j=i+1
Py={1-p j=i-1
0 otherwise

This chain has one communicating class (for p # 0,1) and all states have period 2. According to the
strong law of large numbers X, /n converges to 2p — 1. If p # 1/2 this guarantees that for all large enough
n X, # 0, that is, the number of returns to 0 is not infinite. The state 0 is then transient and so all states
must be transient.

For p = 1/2 the situation is different. It is a fact that

Py, = P(# H = # T at time n)

For n even this is the probability of exactly n/2 heads in n tosses.
Local Central Limit Theorem (normal approximation to P(—1/2 < X,, < 1/2)) (or Stirling’s approxima-
tion) shows

V2mP(Binomial(2m, 1/2) = m) — (2/x)'/?

ZP(’)‘O =
n

SO:

That is: 0 is a recurrent state.
Hitting Times
Start irreducible recurrent chain X, in state 4. Let T} be first n > 0 such that X, = j. Define
mi; = E(Tj| Xo = 1)
First step analysis:
mi; =1-P(X; = j|Xo =1)

+ Y (1+E(T}|Xo = k))P;
k#j
=Y P+ Pimi;
k k#j
=1+ Z Pikmkj
k#j

Example

[SH[S)
SN

=
SIS
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The equations are
2
mp; =1+ 5Ma1
3
miz =1+ gm12

moy =1+ 5Ma1

1
Moz = 1+ —mya

5

The second and third equations give immediately
S 5
12 =5
mo1 = 5

Then plug in to the others to get

mi1 = 3
3
2 =5

Notice stationary initial distribution is

Consider fraction of time spent in state j:

1(Xo=j) +---+1(Xn =)
n+1

Imagine chain starts in state i; take expected value.

Yo P+ 100 =) _ Y=o Pi;

n+1 n+1

If rows of P™ converge to 7 then fraction converges to 7;; i.e. limiting fraction of time in state j is ;.
Heuristic: start chain in 7. Expect to return to i every m;; time units. So are in state ¢ about once every
m;; time units; i.e. limiting fraction of time in state ¢ is 1/m;;.
Conclusion: for an irreducible recurrent finite state space Markov chain

1

mi;

Ty =

Infinite State Spaces

Previous conclusion is still right if there is a stationary initial distribution.
Example: X,, = Heads — Tails after n tosses of fair coin. Equations are

1
moo =1+ 30 + 510

1
myo =1+ 52,0

and many more.
Some observations:
You have to go through 1 to get to 0 from 2 so

ma,0 = M2,1 +Mipo
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Symmetry (switching H and T):
mi,0 =M-_1,0

The transition probabilities are homogeneous:
M2 = M0

Conclusion:

moo =1+mypg
1
=141+ §m2,0
=2+ mi,0

Notice that there are no finite solutions!
Summary of the situation:
Every state is recurrent.
All the expected hitting times m;; are infinite.
All entries P}, converge to 0.
Jargon: The states in this chain are null recurrent.

One Example

Page 229, question 21: runner goes from front or back door, prob 1/2 each. Returns front or back,
prob 1/2 each. Has k pairs of shoes, wears pair if any at departure door, leaves at return door. No shoes?
Barefoot. Long run fraction of time barefoot?

Solution: Let X,, be number of shoes at front door on day n. Then X,, is a Markov Chain.

Transition probabilities:

k pairs at front door on day n. X,41 is k if goes out back door (prob is 1/2) or out front door and back
in front door (prob is 1/4). Otherwise X, 41 is k — 1.

0 < j < k pairs at front door on day n. X,,1; is j + 1 if out back, in front (prob is 1/4). X, is j — 1 if
out front, in back. Otherwise X, is j.

0 pairs at front door on day n. X,,4; is 0 if out front door (prob 1/2) or out back door and in back door
(prob 1/4) otherwise X,41 is 1.

Transition matrix P:

2 1 0 0 0
A 0
0 1 5 4 0

00 0 i

Doubly stochastic: row sums and column sums are 1.

So m; =1/(k + 1) for all i is stationary initial distribution.

Solution to problem: 1 day in &+ 1 no shoes at front door. Half of those go barefoot. Also 1 day in k+1
all shoes at front door; go barefoot half of these days. Overall go barefoot 1/(k + 1) of the time.

Gambler’s Ruin
Insurance company’s reserves fluctuate: sometimes up, sometimes down. Ruin is event they hit 0 (com-

pany goes bankrupt). General problem. For given model of fluctuation compute probability of ruin either
eventually or in next k time units.
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Simplest model: gambling on Red at Casino. Bet $1 at a time. Win $1 with probability p, lose $1 with
probability 1 — p. Start with k& dollars. Quit playing when down to $0 or up to N. Compute

Py, = P(reach N before 0|Xo = k)

X,, = fortune after n plays. Xo = k.
Transition matrix:

1 0 0 0 0
1-p 0 p 0 0
P= 0 1-p 0 p 0
| O 0 0 0 1|
First step analysis:
P():O
Pi=(1-p)P; 1 +pPi1
Py=1

Middle equation is
pP;i+(1—p)P;=(1—-p)Pi-1 + pPipa

or

1-—
Py — P = Tp(Pi —Pi1)

_ (%)2 (Pt - Pica)

Sum from¢=0to¢ =4k —1 to get

k—1 ].—p i
P, = ) p
-2 (%)
or
_1-{0-p)/p}*
=T G
For k = N we get N
_1-{(Q-p)/p}
Ao
so that

_1-{1-p)/p}*

1—{(1—p)/p}"

Notice that if p = 1/2 our formulas for the sum of the geometric series are wrong. But for p = 1/2 we
get

P

P, = kP,
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SO

k
Mean time in transient states
— -
3 3 00
1 3
i 31 00

IS,
N
=
=

1 1 3 1

L 4 4 8 8

States 3 and 4 are transient. Let m; ; be the expected total number of visits to state j for chain started in i.
Fori=1lori=2and j=3or 4:
mi; = 0

Forj=1lorj=2
ms; = 00

For i,j € {3,4} first step analysis:

1 1
mg3 =1+ 1783 + 7743

m3z 4 =0+ 7734 + 7M.

1
my,3 = 0+ sMm3.3 + M43

8 8
1+ 3 + L
My g = -m -m
4,4 g4+ g
In matrix form
m33 M3y 1 0
= +
mMya3 M4y 01
% % m33 M34
% % M43 M44
Translate to matrix notation:
M=1 + PTM

where I is the identity, M is the matrix of means and Pr the part of the transition matrix corresponding to
transient states.
Solution is
M=(I-Pp)!

In our case
3 _1
1 1
I-Pr=
_3 7
8 8
so that
14 4
9 9
M =
2 4
3 3

Poisson Processes
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Particles arriving over time at a particle detector. Several ways to describe most common model.

Approach 1: numbers of particles arriving in an interval has Poisson distribution, mean proportional to
length of interval, numbers in several non-overlapping intervals independent.

For s < t, denote number of arrivals in (s,t] by N(s,t). Model is

1. N(s,t) has a Poisson(\(t — s)) distribution.
2. For 0 < 51 <t; <83 <ty--- < s <ty the variables N(s;,%;);i = 1,...,k are independent.

Approach 2:

Let 0 < S; < S3 < --- be the times at which the particles arrive.

Let T; = S; — S;—1 with Sy = 0 by convention.

Then T1,T5, ... are independent Exponential random variables with mean 1/\.

Note P(T; > z) = e~*® is called survival function of T;.

Approaches are equivalent. Both are deductions of a model based on local behaviour of process.
Approach 3: Assume:

1. given all the points in [0, ¢] the probability of 1 point in the interval (¢,t + h] is of the form

A+ o(h)

2. given all the points in [0,¢] the probability of 2 or more points in interval (¢,t + h] is of the form
o(h)

All 3 approaches are equivalent. I show: 3 implies 1, 1 implies 2 and 2 implies 3. First explain o, O.
Notation: given functions f and g we write

provided
I
hs0 h
[Aside: if there is a constant M such that

lim sup

s ‘M‘<M

we say
f(h) = g(h) + O(h)

Notation due to Landau. Another form is

f(h) = g(h) + O(h)
means there is 6 > 0 and M s.t. for all |h| < ¢

|f(h) —g(h)| < Mh

Idea: o(h) is tiny compared to h while O(h) is (very) roughly the same size as h.]
Model 3 implies 1: Fix ¢, define f;(s) to be conditional probability of 0 points in (¢,¢ + s] given value of
process on [0, ].
Derive differential equation for f. Given process on [0, ] and 0 points in (¢,t+ s] probability of no points
in (t,t+s+h]is
fers(h) =1 —=Ah + o(h)
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Given the process on [0, t] the probability of no points in (¢, t+s] is fi(s). Using P(AB|C) = P(A|BC)P(B|C)
gives

fi(s + h) = fi(s) frrs(h)
= fe(s)(1 = Ah + o(h))

Now rearrange, divide by h to get

ft(8+h‘i)l_ ft(S) — —Aft(s) + %
Let h — 0 and find 8/4(s)
1) - o)

Differential equation has solution

fi(s) = f:(0) exp(—As) = exp(—As) .

Notice: survival function of exponential rv..
General case. Notation: N(t) = N(0,1).
N(t) is a non-decreasing function of ¢. Let

Pi(t) = P(N(t) = k)
Evaluate Py (t + h) by conditioning on N(s);0 < s < t and N(t) = j.
Given N(t) = j probability that N (¢ + h) = k is conditional probability of k — j points in (¢,t + h].
So, for j < k—2:

P(N(t + h) = k|N(t) = j, N(5),0 < s < )

=o(h)
For j = k — 1 we have
P(N(t+h)=k|N(t) =k—1,N(s),0< s <)
= Ah + o(h)
For j = k we have
P(N(t+h) =k|N() =k,N(s),0<s<t)
=1— M+ o(h)

N is increasing so only consider j < k.

k
> P(N(t+h) = kN (t) = j)P;(t)
=0
Pi(t)(1 = Ah) + AhPe_y (t) + o(h)

Pyt + h)

<

Rearrange, divide by h and let h — 0 t get
PkI: (t) = =APg(t) + APr—1(t)

For k = 0 the term Pj_; is dropped and
Pi(t) = ~ARy(t)

Using Py(0) = 1 we get
Py(t) = e
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Put this into the equation for k =1 to get
P{(t) = =AP;(t) + de™ ™

Multiply by e* to see
!

(MPi(t) = A

With P;(0) =0 we get
Py (t) = Mte ™

For general k we have Py (0) = 0 and
(M Py(t)) = AN Py ()
Check by induction that
e Py (t) = (At)*/K!
Hence: N(t) has Poisson(At) distribution.
Similar ideas permit proof of
P(N(s,t) = k[N (u);0 < u < s)

_ A= 8))F e
B k!

From which (by induction) we can prove that N has independent Poisson increments.
Exponential Interarrival Times

If N is a Poisson Process we define 71,75, .. . to be the times between 0 and the first point, the first point
and the second and so on.

Fact: Ty, T>, ... are iid exponential rvs with mean 1/A.

We already did T} rigorously. The event T' > t is exactly the event N(t) = 0. So

P(T > t) = exp(—At)

which is the survival function of an exponential rv.
I do case of T1,T5. Let t1,t5 be two positive numbers and s; = t1, s5 = t; + t2. Consider event

{th <Th <ti+66 )N {ta <Ty <ty + 62} .

This is almost the same as the intersection of the four events:

N(@0,] =0
N(ti,t1 + 6] =1
N(ti +01,t1 + 61 +12] =0
N(sg + 61,80+ 01+ 2] =1

which has probability
e M x A e M x eTM2 x \Jpe M2

Divide by ;62 and let é; and > go to 0 to get joint density of T, T5 is

)\26—th e—th

which is the joint density of two independent exponential variates.
More rigor:

¢ Find joint density of Si,...,Sk.
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e Use change of variables to find joint density of T, ...,Tk.

First step: Compute
P(0<Sl S31<S2§32"'<Sk§3k)

This is just the event of exactly 1 point in each interval (s;_1,s;] for i =1,...,k — 1 (sp = 0) and at least
one point in (s;_1, sk] which has probability

k—1

g, —A(si—si-1) _ o= A(sk—sk—1)
1:[ {)\(s, Si—1)e }(1 e Sk 1)

Second step: write this in terms of joint cdf of S1,...,Sk. I do k= 2:
P(0<SIS$1<SQSSQ)
= F51,52 (315 82) - FSl,Sz (81, 31)

Notice tacit assumption s1 < so.
Differentiate twice, that is, take

82

881882

to get
fs1,8:(51,82)
62
— by —Asy 1— —A(s2—s1)
881652 e ( € )

Simplify to

/\267/\52

Recall tacit assumption to get
fs1,5,(51,82) = )\26_)‘821(0 < 81 < 82)

That completes the first part.
Now compute the joint cdf of 77,75 by

Fr, 1,(t1,t2) = P(S1 <t1,S52 — S1 < t2)
This is

P(S1 < t1,52 — S1 < t2)

t1 s1t+t2
/ / _)‘SZdSzdSl
t1
_ )\/ 7/\51 _ e*)\(81+t2)) d81

—/\tl —)\tQ + e—)\(t1+t2)

Differentiate twice to get
frim (t1,t2) = Ae M1 \e A2

which is the joint density of two independent exponential random variables.

Summary so far:

Have shown:

Instantaneous rates model implies independent Poisson increments model implies independent exponen-
tial interarrivals.
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Next: show independent exponential interarrivals implies the instantaneous rates model.
Suppose T7, ... iid exponential rvs with means 1/A. Define N; by N; = k if and only if

T+ +T <t<Ti+- -+ Tkt
Let A be the event N(s) = n(s);0 < s < t. We are to show
P(N(t,t +h)=1|N(@) =k, A) = M\h + o(h)

and
P(N(t,t+ h] > 2|N(t) = k, A) = o(h)

If n(s) is a possible trajectory consistent with N(¢) = k then n has jumps at points
s1=t1,80=t1+t2,...,85, =01+ -+l <t

and at no other points in (0, ¢].
So given N(s) = n(s);0 < s <t with n(t) = k we are essentially being given

Ty =t1,-- -, T =ty Thg1 >t — sp,
and asked the conditional probabilty in the first case of the event B given by
t—skp <Thy1 <t—sp+h <Tpya+Thya-

Conditioning on T4, ..., T} irrelevant (independence).

P(N(t,t+h] = N(t) = k, A) /h
= P(B|Tk+1 >t — Sk)/h
_ __P(B)

- he—k(t—sk)

The numerator may be evaluated by integration:

t—sip+h oo
P(B) = / / A2e=Ms1H52) goo sy
t t—sp+h—s1

— Sk

Let h — 0 to get the limit
P(N(t,t+ h)=1|N(t) =k, A)/h = A

as required.
The computation of
lim P(N(t,t + h] > 2|N(t) =k, A)/h
h—0
is similar.

Properties of exponential rvs

Convolution: If X and Y independent rvs with densities f and g respectively and Z = X + Y then

rz<a)= [ Z / : £ ()9(u)dyds

Differentiating wrt z we get
f20)= [ J@)gz - o)da

This integral is called the convolution of densities f and g.
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If Ty,...,T, iid Exponential()) then S, = Ty + - -- + T,, has a Gamma(n, \) distribution. Density of S,
is

fs,.(s) = )\()\s)"_le_)‘s/(n -1

for s > 0.
Proof:
P(S, >s)=P(N(0,s] <n)
n—1
=) (sfe /)
3=0
Then
fsu(8) = L p(S, <)
a8 = s n=8
d
=—{1-P(S,
L= P(S, > 8))
) ) —As
=AY n—1{j(xs) " = (Xs)} —
j=1
+ )\e—)\s
n—1
_ As) (As)it
= e As {( . _
j; it G-t
+ )\6_)‘3
This telescopes to
fsa(s) = X(As)"te™ A/ (n — 1)
Extreme Values: If X;,..., X, are independent exponential rvs with means 1/A;,...,1/\, then Y =
min{Xi,...,X,} has an exponential distribution with mean
1
M4+ A
Proof:

PY >y) = P(VkXy > y)

— ¢~ kY

Memoryless Property: conditional distribution of X — z given X > z is exponential if X has an
exponential distribution.
Proof:
P(X —z > y|X >zx)
PX>z+y,X>x)
P(X >x)

_PX>z+y)
T P(X >2)

e_)‘(w“l‘y)
e— Az

= e—)\y
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Hazard Rates

The hazard rate, or instantaneous failure rate for a positive random variable T with density f and cdf F’

is

Pt <T <t+6|T>t)

This is just

r(t) = lim 5
__f®
"0 =T Fm
For an exponential random variable with mean 1/ this is
/\ef)‘t

The exponential distribution has constant failure rate.
‘Weibull random variables have density

A @) = AAt)2Le~(AD®

for t > 0. The corresponding survival function is

| = F(t) = =00

and the hazard rate is

r(t) = A(At)* !

which is increasing for a > 1, decreasing for o < 1. For a =1 this is the exponential distribution.
Since

P = dF(t)/dt  dlog(1— F(t))
"O=T"F@ dt

we can integrate to find

1— F(t) = exp{— ; r(s)ds}

so that r determines F' and f.

1)

2)

Properties of Poisson Processes

If N1 and N, are independent Poisson processes with rates A\; and As, respectively, then N = N; + Ny
is a Poisson process with rate A; + Ao.

Suppose N is a Poisson process with rate A\. Suppose each point is marked with a label, say one of
Lq,...,L,, independently of all other occurences. Suppose p; is the probability that a given point
receives label L;. Let N; count the points with label ¢ (so that N = Ny +--- + N;). Then Ny,..., N,
are independent Poisson processes with rates p;A.

Suppose Uy, Us, . .. independent rvs, each uniformly distributed on [0,7]. Suppose M is a Poisson(AT)
random variable independent of the U’s. Let

M
N(t) =) 1(Ui <t)

Then N is a Poisson process on [0, 7] with rate A.

Suppose N is a Poisson process with rate A\. Let S; < S; < --- be the times at which points arrive
Given N(T) = n Si,...,Sp have the same distribution as the order statistics of a sample of size n
from the uniform distribution on [0, T.
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5) Given Sp41 =T, S1,...,S, have the same distribution as the order statistics of a sample of size n
from the uniform distribution on [0, T

Indications of some proofs:
1) Ny,..., N, independent Poisson processes rates A\;, N = > N;. Let Ap be the event of 2 or more
points in N in the time interval (¢, ¢+ h], By, the event of exactly one point in N in the time interval (¢, ¢+ h].
Let A;, and By, be the corresponding events for N;.
Let H; denote the history of the processes up to time t; we condition on H;.
We are given:
P(Azh|Ht) = O(h)

and
P(Bin|Hy) = Aih + o(h) .
Note that ,
A C U A;p U U (B,h n th)
i=1 i#]
Since

P(Bin N Bjn|Hy) = P(Bin|Hy) P(Bjn|Hy)
= (A\ih +o(h))(Ajh + o(h))
= 0(h?)
= o(h)

we have checked one of the two infinitesimal conditions for a Poisson process.
Next let Cj, be the event of no points in N in the time interval (¢,¢ + h] and Cj, the same for N;. Then

P(Cy|Hy) = P(NCip|Hy)
= [[ P(CinlH,)
=[] = Xih + o(R))
=1-()_X)h+o(h)
shows
P(By|Hy) =1 — P(Ch|Hy) — P(Ap|Hy)
= ()" A)h+o(h)

Hence N is a Poisson process with rate Y A;.

2) The infinitesimal approach used for 1 can do part of this. See text for rest. Events defined as in 1):
The event Bj;p, that there is one point in N; in (¢, + h] is the event, By, that there is exactly one point in
any of the r processes together with a subset of Aj where there are two or more points in N in (¢,¢ + h] but
exactly one is labeled i. Since P(Ap|H;) = o(h)

P(Bitht) = sz(Bh|Ht) + O(h)
= p;(Ah + o(h)) + o(h)
= p;Ah + o(h)
Similarly, A;, is a subset of A so
P(Aztht) = O(h)

This shows each N; is Poisson with rate Ap;. To get independence requires more work; see the text for the
algebraic method which is easier.
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3) Fix s < t. Let N(s,t) be the number of points in (s,t]. Given N = n the conditional distribution of
N(s,t) is Binomial(n,p) with p = (t — s)/T. So

P(N(s,t) = k)
=Y P(N(s.) = kN = n)
n=~k
= i P(N(s,t) = kI[N =n)P(N =n)
n=~k
> n! net AT)™
_Zkk'(n_k)!pk(l p) k — e AT
AT (o] 1— n—=k AT n—k
_ ek' ()\Tp)k;( p()n_i;)! )
e— AT s
= S OTp)* 30 (1= )T
e AT "
= ()\Tp)ke’\T(lfp)

_ e M=) (X (t — 5))k
k!

4): Fix s;,h; for i = 1,...,n such that
0<s1<s1+h1 <s2<---<8p<8p+h,<T

Given N(T) = n we compute the probability of the event

A=ﬂ{8i<5j<8i+hi}

i=1

Intersection of A, N(T') =n is (sg = hg = 0):
B =

m{N(Siq + hi—1,8i] = 0,N(s;,8; + h;] = 1}
=1

N {N(sn + hn, T] = 0}

whose probability is

<H /\hi) e= AT
So
. P(A,N(T) =n)
PAIN® =n) = 5Ny =m)
Ame M [T b
(AT)re=2T [n!
_ n!Th;

= ~m

Divide by [] h; and let all h; go to 0 to get joint density of Si,..., Sy is

n!
—1

T 0<s1 <<, <T)
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which is the density of order statistics from a Uniform[0, T'] sample of size n.
5) Replace the event S, 11 =T with T' < Sp41 < T + h. With A as before we want

P(A|T < Spt1 < T +h)
_ P(B,N(T,T+h]>1)

 P(T < Spy1 <T+h)

Note that B is independent of {N(T,T + h] > 1} and that we have already found the limit

P(B)
[1hi

N )\nef)\T

We are left to compute the limit of

P(N(T,T +h] > 1)
P(T < Snut1 <T+h)

The denominator is

zn:P(N(O,T] =k, N(T,T+h=n+1—k)

+o(h) = P(N(0,T] = n)Ah + o(h)

Thus
P(N(T,T+h]>1) _ Ah + o(h)
P(T < Snt1 <T+h) QD" -xTxp 1 o(h)
n!
= T)ne=xT

This gives the conditional density of Si,...,S, given Sp4+1 =T as in 4).
Inhomogeneous Poisson Processes

The idea of hazard rate can be used to extend the notion of Poisson Process. Suppose A(t) > 0 is a
function of ¢. Suppose N is a counting process such that

P(N(t+h) = k+1|N(t) = k, Hy) = A({)h + o(h)

nd
: P(N(t+h) > k+2|N(t) = k,Hy) = o(h)

Then N has independent increments and N (t 4+ s) — N(¢) has a Poisson distribution with mean

t+s
/ Au)du
t
If we put
¢
Alt) = / Au)du

0

then mean of N(t+ s) — N(t) is At + s) — A(2).
Jargon: X is the intensity or instaneous intensity and A the cumulative intensity.

Can use the model with A any non-decreasing right continuous function, possibly without a derivative.
This allows ties.

Compound Poisson Processes
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Imagine insurance claims arise at times of a Poisson process, N(t), (more likely for an inhomogeneous

process).

Let Y; be the value of the ith claim associated with the point whose time is S;.
Assume that the Y’s are independent of each other and of N.
Let

p =E(Y;) and o2 = var(Y;)

N(t)

X(t)=>)Y

be the total claim up to time ¢. We call X a compound Poisson Process.

Useful properties:

E{X(®)[N(t)} = N(t)u
Var {X (t)|N(t)} = N(t)o?
E{X(®)} = pE{N(t)}
= pAt
Var{X ()} = Var [E{X ()|N(®)}]
+ E[Var {X(¢)|N(t)}]
= Atp? + Mo®

(Look at all familiar? See homework.)

Continuous Time Markov Chains

Consider a population of single celled organisms in a stable environment.
Fix short time interval, length h.
Each organism has some probability of dividing to produce two organisms and some other probability of

dying.

We might suppose:

¢ Different organisms behave independently.

e Probability of division is Ah plus o(h).

e Probability of death is uh plus o(h).

e Probability that an organism divides twice (or divides once and dies) in the interval of length h is o(h).

Tacit assumptions:

Constants of proportionality do not depend on time: “stable environment”.

Constants do not depend on organism: organisms are all similar and live in similar environments.

Y'(t): total population at time ¢.

Hq: history of process up to time .

Condition on event Y () = n.

Probability of two or more divisions (more than one division by a single organism or two or more organisms

dividing) is o(h).

Probability of both a division and a death or of two or more deaths is o(h).
So probability of exactly 1 division by any one of the n organisms is n\h + o(h).
Similarly probability of 1 death is nuh + o(h).
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We deduce:

PY({t+h)=n+1|Y(t) =n,He)
= nAh + o(h)

PY({t+h)=n—-1Y () =n,H)
= nph + o(h)

P(Y(t+h) =n|Y(t) =n,H)
=1-nA+ p)h+o(h)
PY(t+h) ¢ {n—1nn+1}Y(t) =n,H)
= o(h)

These equations lead to:

This is the Markov Property.

Definition:A process {Y(¢);¢t > 0} taking values in S, a finite or countable state space is a Markov
Chain if

PY (t+s) = jY(s) = i,Hs)
=P(Y(t+5) =jlY(s) =1)
= Pij (S, s+ t)

Definition:A Markov chain Y has stationary transitions if
Pij (S, s + t) = P,‘j(O, t) = Pi]‘ (t)
From now on: our chains have stationary transitions.

Summary of Markov Process Results

Chapman-Kolmogorov equations:

P,’k (t + 8) = Z Pz'j (t)ij (S)

e Exponential holding times: starting from state i time, T}, until process leaves 7 has exponential distri-
bution, rate denoted v;.

e Sequence of states visited, Yy, Y7, Y5, ... is Markov chain — transition matrix has P;; = 0. Y sometimes
called skeleton.

¢ Communicating classes defined for skeleton chain. Usually assume chain has 1 communicating class.
e Periodicity irrelevant because of continuity of exponential distribution.
¢ Instantaneous transition rates from ¢ to j:
qi; = viPy;
e Kolmogorov backward equations:

P (t) = Z @ik Prj(t) —viPy(t)
k2
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Kolmogorov forward equations:

Pii(t) =Y qePir(t) — viPij(t)
Py

For strongly recurrent chains with a single communicating class:
Pz'j (t) — T;

Stationary initial probabilities m; satisfy:

’Uj7Tj= E qkjwk

k£
Transition probabilities given by
P(t) = e®!
where R has entries
L
Ry, = {qu .75J'
—V; 1=

Process is a Birth and Death process if
P =0if|i—j|>1
In this case we write \; for the instantaneous “birth” rate:
P(X(t+h) =i+ 11Xy =14) = \ih + o(h)
and p; for the instantaneous “death” rate:

PX(t+h)=i—-1|X¢;=1) = pih + o(h)

We have
0 Ji—jl>1
G =N j=i+1
wo j=i-1

If all pu; = 0 then process is a pure birth process. If all A; = 0 a pure death process.
Birth and Death process have stationary distribution

Ao An_1
fi1 - pin (1 + e %)

Necessary condition for existence of 7 is

Tp =

o

oA
Z 0 nl<oo
l”’ll’l’n

n=1
Linear birth and death processes have
An=(m+1)A fn = N

In this case (note immigration)
oy
ey
provided A < p.
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Detailed development
Suppose X a Markov Chain with stationary transitions. Then
P(X(t+s) =k|X(0) =1)
=Y P(X(t+s) =k X(t) = j|X(0) =1)
J

- ZP(X(H— 5) = k| X (t) = 4, X(0) = 1)
x P(X(t) = j|X(0) =)

- ZP(X(t+ s) = k|X(t) = j)
x P(X(t) = j|X(0) = 1)

= 3" P(X(s) = kIX(0) = J)

Il

x P(X(t) = j|X(0) =)

This shows
P(t+s) =P()P(s)

which is the Chapman-Kolmogorov equation.
Now consider the chain starting from ¢ and let T; be the first ¢ for which X (¢) # 4. Then T; is a stopping
time.
[Technically:
{T; <theH

for each t.] Then

P(T,>t+$|T,>S,X(O):Z)
=P(T;>t+s|X(u)=i;0<u<s)
= P(T; > t|X(0) =1)

by the Markov property.
Conclusion: given X (0) = ¢, T; has memoryless property so T; has an exponential distribution. Let v; be
the rate parameter.

Embedded Chain: Skeleton

Let Ty < Ty < --- be the stopping times at which transitions occur. Then X,, = X(T},). The sequence
X, is a Markov chain by the Markov property. That P;; = 0 reflects the fact that P(X(T,41) = X(T3,)) =0
by design.

As before we say i ~ j if P;;(t) > 0 for some ¢. It is fairly clear that ¢ ~ j for the X (¢) if and only if
i ~ j for the embedded chain X,.

We say i++j (i and j communicate) if ¢ ~ j and j ~» 4.

Now consider

P(X(t+h) = jlX(t) =i, He)

Suppose the chain has made n transitions so far so that T,, < t < T, 1. Then the event X (¢t + h) = j is,
except for possibilities of probability o(h) the event that

t<Tn+1 St—l—hanan_H =]
The probability of this is
(vih + o(h))P;; = v;Pijh + o(h)
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Kolmogorov’s Equations
The Chapman-Kolmogorov equations are
P(t+h) =P(t)P(h)
Subtract P(¢) from both sides, divide by h and let h — 0. Remember that P(0) is the identity. We find

P{+h) —P@{) _ P@@P() - P(0)
h h

which gives
P'(t) = P(t)P'(0)

The Chapman-Kolmogorov equations can also be written
P(t+ h) =P(h)P(t)
Now subtracting P(t) from both sides, dividing by h and letting h — 0 gives
P'(t) = P'(0)P(¢)
Look at these equations in component form:
P'(t) = P'(0)P(t)
becomes
Pi;(t) =) Pi(0)Py(t)
k
For i # k our calculations of instantaneous transition rates gives
i(0) = viPy

For i = k we have
P(X(h) = i|X(0) =i) = e %" 4 o(h)

(X (h) = i either means T; > h which has probability e %" or there have been two or more transitions in
[0, h], a possibility of probability o(h).) Thus

P;;(0) = —v;
Let R be the matrix with entries

R, = {%’j =Py i#]

—V; 1= ]
That is
R =P'(0).
R is the infinitesimal generator of the chain.
Thus
P'(t) =P (0)P(t)
becomes

Pi;(t) =Y RiPu;(t)
k

= Z Qikij(t) - UiPij (t)

ki
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Called Kolmogorov’s backward equations.
On the other hand
P'(t) = P(t)P'(0)

becomes
P;-j t) = Z Pk (t)Ry;
k
= aqrPir(t) — v;Pi;(1)
k]

These are Kolmogorov’s forward equations.

Remark: When the state space is infinite the forward equations may not be justified. In deriving them
we interchanged a limit with an infinite sum; the interchange is always justified for the backward equations
but not for forward.

Example: S = {0,1}. Then

01
P[]
and the chain is otherwise specified by vy and v;. The matrix R is

The backward equations become

Py (t) = voP1o(t) — voPoo(t)
Po; (t) = voP11(t) — voPor(t)
PIIO (t) = ’1)1P00(t) — ’U1P10 (t)
P11 (t) = v1Po1(t) — v1 P11 (2)
while the forward equations are
Poo(t) = v1Po1(t) — voPool(t)
Po; (t) = voPoo(t) — v1Poy ()
Pio(t) = viP11(t) — voPio(t)
P (t) = voP1o(t) — v1P11(t)

Add vy xfirst plus vgxthird backward equations to get
7}1P60(t) + U()P’lo(t) =0

S0
v1Poo(t) + voP1o(t) = ¢

Put t =0 to get ¢ = v;. This gives
v
Po(t) = = {1 = Poo(t)}

Plug this back in to the first equation and get
Pﬁo(t) =V — ('Ul + 'U())Poo(t)

Multiply by e(*1t%0)t and get
{e(vl+vo)tP00 (t) }I _ Ule(v1+vo)t
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which can be integrated to get

V1 Vo _
P t = e ('UIJF'UO)t
o(?) U0+v1+vo+vl

Alternative calculation:

Y
V1 —V1

can be written as

MAM !
where
1 Vo
M =
1 —V1
V1 Vo
vo+v1 vo+v1
M=
1 -1
vo+v1 vo+v1
and
0 0
A=
0 —(1}0 =+ ’1)1)
Then
Rt = ZR”t"/n!
0
> n t"
-3 Ay
n!
0
-M iAnﬁ M—l
= ] -
Now
N 1 0
DA = [ 0 e—(votunt ]
0
so we get
P(t) = e®!
1 0 1
RV ERI ¥
e—(votv1)t
B - Vo + V1
where
V1 Vo

vo+v1 vo+v1
P> =
V1 Vo
vo+v1 vo+v1

Notice: rows of P are a stationary initial distribution. If rows are = then

1

pe—| |

:|7TE].7T
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SO
aP®° =(rl)r ==

Moreover
TR=0

Fact: mg = v1/(vo + v1) is long run fraction of time in state 0.
Fact:

17 ,
O ES SN
0 .
J
Ergodic Theorem in continuous time.

Birth and Death Processes

Consider a population of X (¢) individuals. Suppose in next time interval (¢, ¢+h) probability of population
increase of 1 (called a birth) is A;h + o(h) and probability of decrease of 1 (death) is u;h + o(h).

Jargon: X is a birth and death process.

Special cases:

All p; = 0; called a pure birth process.

All A\; =0 (0 is absorbing): pure death process.

An = n and p, = np is a linear birth and death process.

An =1, p, = 0: Poisson Process.

An =nA+ 6 and p,, = np is a linear birth and death process with immigration.

Queuing Theory

Ingredients of Queuing Problem:

1: Queue input process.

2: Number of servers

3: Queue discipline: first come first serve? last in first out? pre-emptive priorities?

4: Service time distribution.

Example:Imagine customers arriving at a facility at times of a Poisson Process N with rate A. This is
the input process, denoted M (for Markov) in queuing literature.

Single server case:

Service distribution: exponential service times, rate p.

Queue discipline: first come first serve.

X (t) = number of customers in line at time t.

X is a Markov process called M /M /1 queue:

1),'=)\+/J
ﬁ j=i—1>0
0 otherwise

Example:M /M /oo queue:
Customers arrive according to PP rate A. Each customer begins service immediately. X (¢) is number
being served at time ¢. X is a birth and death process with

Up = A+ npu

and )
px J=i-120
0 otherwise
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Stationary Initial Distributions
We have seen that a stationary initial distribution 7 is a probability vector solving

mTR=0

VT = z qijT;
i#]
Interpretation: LHS is rate at which process leaves state j; process is in state j a fraction m; of time and
then makes transition at rate v;. RHS is total rate of arrival in state j. For each state ¢ # j =; is fraction
of time spent in state ¢ and then g¢;; the instantaneous rate of transition from i to j.

So equation says:
Rate of departure from j balances rate of arrival to j. This is called balance.

Application to birth and death processes:
Equation is

Rewrite this as

(Aj + )T = Njo1 i1 + Hjr1 T4

for j > 1 and
Ao = P17y

Notice that this permits the recursion

Ao
T = —Tg
1

AL+ 1 Ao
1

M2 M2
Ao

— o

B 12

Ty =

which extends by induction to
Ao Apo1
Ty = ———————T0
A 1
Apply > 7 =1 to get
0 DYREED W
m 1+ 22 Al ) g

This gives the formula announced:

Ao An_1

A0 An—
e (14 202, 22emt )

Tp =

If

o0
Xo-

Z 0 n1<OO

i Hl...un

then we have defined a probability vector which solves

mTR=0
Since
P' =RP
we see that
{=P(t)} =0

so that 7P (¢) is constant. Put ¢ = 0 to discover that the constant is 7.
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Brownian Motion
For fair random walk Y,, = number of heads minus number of tails,
Y,=Ui+---+U,

where the U; are independent and

Notice:

Recall central limit theorem:
Uy+---+U, N

N
Now: rescale time axis so that n steps take 1 time unit and vertical axis so step size is 1/+/n.

We now turn these pictures into a stochastic process:
For £ <t < L we define

N(0,1)

Notice:

and
Var(X, (1) = -

As n — oo with ¢ fixed we see k/n — t. Moreover:

U+ +U \/ﬁ
At P
vk k (®

converges to N(0,1) by the central limit theorem. Thus
Xa(t) = N(0,1)

Another observation: X, (t + s) — X, (t) is independent of X, (¢) because the two rvs involve sums of
different U;.

Conclusions.

As n — oo the processes X,, converge to a process X with the properties:

1. X (t) has a N(0,t) distribution.
2. X has independent increments: if
O=to<ti <to<---<tg

then
X(t1) — X(to), -, X(tr) — X (te—1)

are independent .

3. The increments are stationary:
X(t+s)—X(s) ~N(0,t)

regardless of s.
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4. X(0) =0.
Definition:Any process satisfying 1-4 above is a Brownian motion.

Properties of Brownian motion

e Suppose t > s. Then

E(X(#)|X(s)) = E{X(t) - X(s) + X(5)| X (s)}
=E{X(?) - X(s)|X(s)}
+E{X(s)|X(s)}
=0+ X(s) =X(s)
Notice the use of independent increments and of E(Y|Y) =Y.

o Againift > s:

Var {X ()| X (s)}
= Var {X(t) — X(s) + X(s)|X(s)}
= Var {X () — X(s)|X(s)}
= Var {X(t) — X(s)}
=t—3s

Suppose t < s. Then X(s) = X (¢) + {X(t) — X(s)} is a sum of two independent normal variables. Do
following calculation:

X ~ N(0,0%), and Y ~ N(0,72) independent. Z =X +VY.
Compute conditional distribution of X given Z:

Now Z is N(O,’y2) where 72 — 02 + ,l_2 SO

1L o—2?/(20%) _1_ —(2—2)%/(277)

fx|z(a|z) = 228 e
> =€ z2/(2v2)
= T exp{—(z —a)?/(26°)}
TON 27

for suitable choices of a and b. To find them compare coefficients of 22,  and 1.
Coefficient of z2:

11 1
Poatm
sob=r710/7.
Coefficient of x: a
il
so that
2. 7.2 o’
a="bz/T" = g



Finally you should check that

a? 22 22

[
to make sure the coefficients of 1 work out as well.
Conclusion: given Z = z the conditional distribution of X is N(a,b?) with a and b as above.
Application to Brownian motion:

e Fort <slet X be X(t) and Y be X(s) — X(t)so Z =X +Y = X(s). Then 0? =t, 7> =s—t and

v? = 5. Thus
B (s —1t)
and
a= ;X(s)
SO: ;
BOX(0)|X () = Lx(s)
and ot
Var(X (5 X(s)) = * Y

The Reflection Principle

Tossing a fair coin:
HTHHHTHTHHTHHHTTHTH f T‘{“’re heads than
alls

THTTTHTHTTHTTTHHTHT more tails than
eads
Both sequences have the same probability.

So: for random walk starting at stopping time:

Any sequence with k£ more heads than tails in next m tosses is matched to sequence with k& more tails
than heads. Both sequences have same prob.

Suppose Y, is a fair (p = 1/2) random walk. Define

M, = max{¥;,0 < k <n}
Compute P(M,, > x)? Trick: Compute

First: if y > = then
{My, > 2,Y, =y} ={Y, =y}

Second: if M,, > x then
T=min{k:Y,=2}<n

Fix y < z. Consider a sequence of H’s and T’s which leads to say T =k and Y,, = y.
Switch the results of tosses k + 1 to n to get a sequence of H’s and T’s which has T = k and Y,, =
z + (z —y) = 22 —y > z. This proves

P(T = kY, = y) = P(T = k, Y, = 22— y)
This is true for each k so

P(MnZann:y):P(MnZz';Ynzzx_y)
=P(Y, =2z —y)
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Finally, sum over all y to get

P(M,, > ) ZP

y>

+ZP(Yn:2a}—y)

y<z

Make the substitution k = 2z — y in the second sum to get

P(M, > z) ZP

y>x

+Y PV, =

k>

=2 P(Yn=k)+P(Y, =2

k>z

Brownian motion version:
M; =max{X(s);0 <s <t}

T, = min{s: X(s) = z}

(called hitting time for level z). Then
{To <t} = {M; > o}

Any path with T, = s < ¢t and X (t) = y < x is matched to an equally likely path with T;, = s < ¢ and
X(@t)=2z—y >
So fory > x
P(M; > 2, X(t) > y) = P(X(t) > y)

while for y < z
P(M, > 2, X(t) <y) = P(X(t) > 22 — )

Let y — x to get

Adding these together gives

P(M; > z) =2P(X(t) > z)
=2P(N(0,1) > z/V/1)

Hence M, has the distribution of |N(0,)|.
On the other hand in view of
{To <t} ={M; >z}

the density of T, is

%zp( 0,1) > z/V1)

Use the chain rule to compute this. First

where ¢ is the standard normal density




because P(N(0,1) > y) is 1 minus the standard normal cdf.

So
%21)(1\7(0, 1) > z/V1)
= _2¢(x/\/¥)%(x/\/¥)
= W exp{—2?/(2t)}

This density is called the Inverse Gaussian density. T} is called a first passage time
NOTE: the preceding is a density when viewed as a function of the variable ¢.

Martingales
A stochastic process M (t) indexed by either a discrete or continuous time parameter ¢ is a martingale
if:
B{M(8)|M();0 < u < s} = M(s)

whenever s < .
Examples

e A fair random walk is a martingale.
e If N(t) is a Poisson Process with rate A then N(¢) — A\t is a martingale.
e Standard Brownian motion (defined above) is a martingale.
Note: Brownian motion with drift is a process of the form

X(t) = 0B(t) + pt

where B is standard Brownian motion, introduced earlier. X is a martingale if 4 = 0. We call u the drift
e If X (¢) is a Brownian motion with drift then
Y(t) = eX®
is a geometric Brownian motion. For suitable x4 and ¢ we can make Y () a martingale.

o If a gambler makes a sequence of fair bets and M, is the amount of money s/he has after n bets then
M, is a martingale — even if the bets made depend on the outcomes of previous bets, that is, even if
the gambler plays a strategy.

Some evidence for some of the above:
Random walk: Uy, Us,... iid with

P(U;=1)=PU; =-1)=1/2
and Yy =U; + --- 4+ Uy with Yy = 0. Then

E(Y,|Yo,. .-, Y%)
— E(Y, - Yi|Ye,...,Y2) + Y

= ZE(U]|U177Uk) +Yk
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Things to notice:

Y}, treated as constant given Y7,...,Y}.
Knowing Y3, ..., Y} is equivalent to knowing Uy, ..., Ug.
For j > k we have U; independent of Uy, ..., U} so conditional expectation is unconditional expectation.

Since Standard Brownian Motion is limit of such random walks we get martingale property for standard
Brownian motion.
Poisson Process: X (t) = N(t) — At. Fix t > s.

EX(#)|X(u);0<u<s)
=E(X(t) - X(s) + X(s)[Hs)
=E(X(t) - X(s)|Hs) + X (s)
=E(N(t) — N(s) = At — s)|Hs) + X(s)
=E(N(t) — N(s)) — Mt —s) + X(s)
=At—38)=At—3s)+X(s)
= X(s)

Things to notice:

I used independent increments.

Hs is shorthand for the conditioning event.
Similar to random walk calculation.

Black Scholes
We model the price of a stock as
X(t) = zoe¥®
where
Y(t) = o B(t) + ut

is a Brownian motion with drift (B is standard Brownian motion).

If annual interest rates are e* — 1 we call « the instantaneous interest rate; if we invest $1 at time 0
then at time ¢ we would have e*!. In this sense an amount of money z(t) to be paid at time ¢ is worth only
e~z (t) at time 0 (because that much money at time 0 will grow to z(¢) by time t).

Present Value: If the stock price at time ¢ is X (¢) per share then the present value of 1 share to be

delivered at time ¢ is
Z(t) = e ' X(t)

With X as above we see
Z(t) = xerB(t)Jr(u—a)t

Now we compute

E{Z(t)|Z(u);0 < u < s}
= BA{Z()|B@);0 < u < 5}

for s < t. Write
Z(t) = moeaB(s)"'(N*Q)t X eO’(B(t)fB(s))

Since B has independent increments we find

E{Z(#)|B(u);0 <u < s}

= gt BEH—a)t y B I:ea{B(t)fB(s)}

Note: B(t) — B(s) is N(0,t — s); the expected value needed is the moment generating function of this
variable at o.
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Suppose U ~ N(0,1). The Moment Generating Function of U is
My(r) = E(e"Y) = e’ /2
Rewrite
o{B(t) — B(s)} = o/t — sU

where U ~ N(0,1) to see
E [ea{B(t)—B(sn] = o (t=5)/2

Finally we get

E{Z()|Z(u);0 <u < s}

= e B +Hu—)s g(u—a)(t=s)+o?(t=s)/2

= Z(s)

provided
p+o’/2=a.

If this identity is satisfied then the present value of the stock price is a martingale.
Option Pricing

Suppose you can pay $c today for the right to pay K for a share of this stock at time ¢ (regardless of the
actual price at time t).

If, at time ¢, X (¢) > K you will exercise your option and buy the share making X () — K dollars.

If X (t) < K you will not exercise your option; it becomes worthless.

The present value of this option is
e X () - K)y —c

e = z 2>0
T lo 2<0

where

(Called positive part of z.)
In a fair market:

e The discounted share price e~** X (¢) is a martingale.
e The expected present value of the option is 0.

So:
c=E[e“{X(t)-K},]

Since
X(t) = :erN(“t"’Zt)

E { ($0€Ut1/2U+ut _ K) }
+

/ (zoe”+ — K) e /2du/V2r

we are to compute

This is

where

a = (log(K/zo) — pt)/(ot'/?)
b= ogt!/?
d=put
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Evidently
K/ e~ 2du/v/2r = KP(N(0,1) > a)

The other integral needed is

/ e_“2/2+b“du/v 27

a

oo ,—(u—b)2/2,b%/2
_ / e e T
a

V2
00 o—v?/2b%/2
- / e D
a—b V2o
=e"/2P(N(0,1) > a — b)

Introduce the notation
®(v) = P(N(0,1) <wv) = P(N(0,1) > —v)

and do all the algebra to get
c= {xoe*atebz/”d@(b —a) - Ke*"tq)(—a)}
= {moelt* /-0 (b - a) - Ke='(-a) }
= {z0®(b—a) — Ke *'®(—a)}
This is the Black-Scholes option pricing formula.
Simulation

Monte Carlo computation of expected value:

To compute E(X): do experiment n times to generate n independent observations all with same distri-
bution as X.

Get X]_,. 7Xn

Use

X =

S|

n
> X
1
as an estimate of E(X)
To estimate E(g(X)): use same X; and compute

Random Number Generation

In practice: random quantities are not used.

Use: pseudo-random uniform random numbers.

They “behave like” iid Uniform(0,1) variables.

Many, many generators. One standard kind: linear congruential generators.
Start with o an integer in range 0 < z¢g < m. Compute

Tpt1 = 0Tn +b mod m

Here the mod means compute the remainder after division by m.
Integers a and b are chosen so that
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e the sequence zg, . .., Z,, 1 runs through the set {0,...,m—1} (or as much of it is possible, sometimes).

e the sequence of pairs
(1'0;371); (-751;1'2)7 LR (Z‘m,1,$m)

fills up as much of the square {(i,5): 1 <i,j <m —1}.
e similarly for triples (2, Zg+1, Tk+2)-

Use

as Uniform(0,1) random numbers.
General Random Variables

We now pretend we can generate Uy, Us, ... which are iid Uniform(0,1).
Monte Carlo methods for generating a sample:

o Transformation:

— Inverse Probability Integral Transform
— Multivariate (e.g. Box Miiller)

e Acceptance Rejection
e Markov Chain Monte Carlo
Inverse (Probability Integral) Transform
Fact: F' continuous CDF and X, U satisfy
U=F(X)

then U ~Uniform(0,1) if and only if X ~ F.
Proof: For simplicity: assume F strictly increasing on inverval (a, b) with F'(b) =1 and F'(a) = 0.
If U ~Uniform(0,1) then

P(X <z) = P(
= P(
=F(x

(X) < F(z))

F
U < F(x))

~—

Conversely: if X ~ F and 0 < u < 1 then there is a unique z such that F(z) = u
P(U < u) = P(F(X) < F(x))

P(X <x)

F(x)

u

Il

Application: generate U and solve F(X) = U for X to get X = F~1(U) which has cdf F.
Example:For the exponential distribution

F(z)=1—e?*

Set F(X) = U and solve to get
X =—-log(1-0U)/A

Observation: U ~ 1 — U so X = —log(U)/\ also has an Exponential(\) distribution.
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Example:: for F' the standard normal cdf solving
FX)=U

requires numerical approximation but such solutions are built in to many languages.
Special purpose transformations:
Example: If X and Y are iid N(0,1) define R > 0 and © € [0,27) by

X = Rcos(0) Y = Rsin(0)

NOTE: Book says
0 = tan ! (Y/X)

but this takes values in (—m/2,7/2); notation
tan™'(z,y)
means angle 6 in [0,27) so that

o Y

B 9 - 9J
e 0 Teer

= sin(6).

Then
{(r,0) :r <r*,6 < 0%}

is part of circle of radius r*. (Start at (r*,0) and go clockwise to angle 6*.)
Compute joint cdf of R, © at r*,0*.
Define

C={(zy):2*+y* < (),
0 < tan™'(z,y) < 6"}

Then

P(R<r0<90)

o= (@ +17)/2
Ny Kl
I} 27T
r* 0 —T2/2
/ / € rdrdd
0 0 2

0" /(2m)

Do integral in polar co-ordinates to get

The 6 integral just gives

The r integral then gives
1 e—(r)?/2

So o

* ¥ = (1 = e (r)?/2 ha

P(RST,@SG)—(I e )x27r

Product of two cdfs so: R and © are independent.
Moreover R? has cdf
P(R?<gz)=1—e"2/?

which is Exponential with rate 1/2.
© is Uniform(0, 2n).
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So: generate Uy, Us iid Uniform(0,1).

Define
(“) = 27TU2
and
R =+/—2log(U)
Put

X = Rcos(0) Y = Rsin(0)

You have generated two independent N (0, 1) variables.
Acceptance Rejection

If F(X) = U difficult to solve (eg F hard to compute) sometimes use acceptance rejection.
Goal: generate X ~ F where F' = f.
Tactic: find density g and constant ¢ such that

f(@) < cg(a)

and s.t. can generate Y from density g.
Algorithm:

1. Generate Y which has density g.
2. Generate U ~Uniform(0,1) independent of Y.
B UHULfY)/{cg(V)}let X =Y.

4. If not reject Y and go back to step 1; repeat, generating new Y and U (independently) till you accept
aY.

Facts:

e Since you repeat the same experiment each trial: number of trials, N, success is Geometric (and sure
to be finite).

e The probability of success on a individual trial is

PIU < f(Y)/{eg(¥)}]
- / PIU < f(y)/{cg@)}Y = ylo(y)dy
cfg ((g;)) 9(y)dy
= % / f(y)dy
= l/C
SO E(N) — l/C

Most important fact: X ~ f:
Proof: this is like the old craps example:

We compute
P(X <z)=P[Y <z|U < f(Y)/{cg(Y)}]

(condition on the first iteration where the condition is met).
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Condition on Y to get
P(X <x)
L PIU < (V) {eg(W )Y = ylg(y)dy
- PU < f(Y)/{eg()}]
e BB gy
1/c

-/ " )y
= F(z)

as desired.
Example:Half normal distribution: X has density
2e—w2/2

flz) = T 1(z > 0)

(Density of absolute value of N(0,1).)
Use g(z) = ae=**1(x > 0. To find ¢ maximize

f(.'L') efz2/2+az

9(z) aVv2r
Rewrite as
eaz/Ze—(m—a)2/2
aVv2r
Maximum is at £ = a giving
ea2/2
c=——
av2w
Choose a to minimize ¢ (or log(c)); get a =1 so
e
c=——
V2T

Algorithm is then: generate Y = —log(U;) and then compute
e~ (Y=1)%
Generate U, and if
U2 S e—(Y—1)2

accept Y otherwise try again.
To generate N(0,1): use a third U to pick a sign at random: negative if u < 1/2 otherwise positive.

Discrete Distributions

The inverse transformation method works for discrete distributions.
X has possible values {z;, 2, ...} with probabilities {p1,p2,...} compute cumulative probabilities

Po=p1+--+pk

Generate U ~Uniform(0,1).
Find k such that
P 1 <U<LPB

Put X = Tk-
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